


Addison Wesley Longman
Edinburgh Gate, Harlow
Essex CM20 2JE, England
and Associated Companies throughout the world

© J. Hannah and M. J. Hillier 1971, 1988, 1995

All rights reserved; no part of this publication may be reproduced, stored in any
retrieval system, or transmitted in any form or by any means, electronic,
mechanical, photocopying, recording, or otherwise without either the prior
written permission of the Publishers or a licence permitting restricted copying in
the United Kingdom issued by the Copyright Licensing Agency Ltd, 90
Tottenham Court Road, London WIP 9HE.

First metric edition published in Great Britain by Pitman Publishing Limited 1971
Twelfth impression 1985
Second metric edition published by Longman Scientific & Technical 1988
Sixth impression 1993
Third metric edition 1995

Second unpression 1996

British Library Cataloguing in Publication Data
A catalogue entry for this title is available from the British Library

ISBN 0-582 25632 1

Set by 4 in Compugraphic Times 10/12 pt
Produced through Longman Malaysia, FP

Contents

Preface to third metric edition Xlii

Note on SI units XIV

Chapter I Statics
1.1 Mass, force and weight 1
1.2 Forces in equilibrium: triangle of forces 3
1.3 Resultant and equilibrant: parallelogram of forces 4
1.4 Resolution of forces 4

1.5 Polygon of forces 5
1.6 Moment of a force 6
1.7 Couple 6
1.8 Principle of moments 6

1.9 Resolution of a force into a force and a couple 7
1.10 The general conditions of equilibrium 8
1.11 Free-body diagram 9
1.12 Contact forces; supports and connections 10

Chapter 2 Frameworks
2.1 Forces in frameworks 22

2.2 Wind loads on trusses 24

2.3 Analytical methods: method of sections: method of resolution 31

Chapter 3 Friction
3.1 Friction on a rough inclined plane 38

3.2 The angle of friction and total reaction 42

3.3 Application of angle of friction to motion on the inclined plane 43
3.4 Wedges 45

3.5 Toppling or sliding 49

3.6 The ladder problem 51

3.7 Further notes on friction and lubrication 53

3.8 The square-threaded screw 55

3.9 Overhauling of a screw 58
3.10 Tribology 63



vi Contents

Chapter 4 Velocity and Acceleration
4.1 Average speed 64
4.2 Constant speed 64
4.3 Varying speed 64
4.4 Velocity 66
4.5 Motion in a straight line 66
4.6 Summary of formulae for uniform acceleration 67
4.7 Freely falling bodies 68
4.8 Relative velocity; velocity diagram 69
4.9 Angular velocity of a line 73
4.10 Motion of a body in a plane 73
4.11 Velocity triangle for a rigid link. Application to mechanisms 75

Chapter 5 Inertia and Change of Motion
5.1 Newton's laws of motion 81
5.2 Inertia and mass 81
5.3 Force 82
5.4 Weight 83
5.5 The equation of motion 84
5.6 Units of mass and force 85
5.7 Inertia force 86
5.8 Active and reactive forces 87
5.9 Variable forces 88
5.10 Tractive resistance 88
5.11 Tractive effort 91
5.12 Driving torque on a vehicle 94
5.13 Maximum possible tractive effort 95
5.14 Application of inertia force to connected bodies 98
5.15 The simple hoist 100

Chapter 6 Motion in a Circle
6.1 Centripetal acceleration 103
6.2 Centripetal force 104
6.3 The inertia force in rotation 105
6.4 Centrifugal force 105
6.5 Dynamic instability 107
6.6 Vehicle rounding a curve 109
6.7 Superelevation of tracks: elimination of side-thrust 109
6.8 Passenger comfort - the pendulum car 113
6.9 Overturning of vehicles 115

Chapter 7 Balancing
7.1 Static balance - two masses in a plane 119
7.2 Dynamic balance - two ~asses in a plane 119
7.3 Method of balancing rotors 120
7.4 Static balance - several masses in one plane 121
7.5 Dynamic balance of several masses in one plane 122

Contents vii

7.6 Dynamic forces at bearings 125
7.7 Car wheel balancing 127

Chapter 8 Periodic Motion
8.1 Periodic motion 130
8.2 Simple harmonic motion 130
8.3 Simple harmonic motion derived from a circular motion 131
8.4 Periodic time 134
8.5 Frequency 134
8.6 Amplitude 135
8.7 Dynamics of simple harmonic motion 138
8.8 The mass and spring 139
8.9 Simple pendulum 145
8.10 Resonance 147
8.11 Periodic motion of a conical pendulum 150

Chapter 9 Dynamics of Rotation
9.1 Angular acceleration 154
9.2 Angular velocity-time graph 155
9.3 Use of w-t graph 156
9.4 Dynamics of a rotating particle 159
9.5 Dynamics of a rotating body 161
9.6 Inertia couple 162
9.7 Accelerated shaft with bearing friction 162
9.8 Shaft being brought to rest 162
9.9 Units 163
9.10 Values of I for simple rotors 163
9.11 The hoist 167

Appendix to Chapter 9; Gravitation: Satellites 170

Chapter 10 Work, Energy and Power
10.1 Work done by a force 180
10.2 Work done in particular cases 181
10.3 Work done by a torque 182
10.4 Springs 183
10.5 Energy 186
10.6 Kinetic energy: work-energy equation 187
10.7 Potential energy 188
10.8 Units of energy 189
10.9 Strain energy 191
10.10 Conservation of energy 194
10.11 Kinetic energy of rotation 195
10.12 Total kinetic energy of a rolling wheel 196
10.13 Power 200
10.14 Power developed by a torque 201
10.15 Efficiency 201
10.16 Power to drive a vehicle 204
10.17 Function of a flywheel 207



viii Contents

Chapter 11 Impulse and Momentum
Il.l Linear momentum: impulse 21211.2 Units of impulse and momentum 21311.3 Force varying with time 21411.4 Conservation of linear momentum 21611.5 Impulsive forces 21711.6 Note on the use of momentum and energy equations 21711.7 Explosions 21711.8 CoIlision of two bodies 22111.9 Collision of perfectly elastic bodies 222
II.IO Inelastic collisions 224
II.II Collision of partiaIly elastic bodies 22911.12 Angular momentum and impulse 232

Chapter 12 Aircraft and Rockets
12.1 Reaction propulsion 23512.2 Jet propulsion aircraft 23512.3 Notes on aircraft speeds 23612.4 Thrust of a jet 23612.5 Compressible and incompressible flow 23712.6 Mass flow rate of air 23812.7 International standard atmosphere (ISA) 23912.8 Power developed by a turbo-jet engine 23912.9 PropeIler-driven aircraft 24312.10 Notes on lift and drag forces on an aircraft 24712.II Forces on an aircraft in flight 24912.12 Take-off and landing 25312.13 Banking of an aircraft 25612.14 Helicopters 25812.15 Rocket propulsion: thrust 26212.16 Forces on a rocket in flight 265

Chapter 13 Direct Stress and Strain
13.1 Stress 27313.2 Strain 27413.3 Relation between stress and strain: Young's modulus of elasticity 27413.4 Compound bars 277'13.5 Thermal strain 28113.6 Sign convention 28213.7 Effects of thermal strain 28313.8 Poisson's ratio: lateral strain 28713.9 Strain energy: resilience 28913.10 Application of strain energy to impact and suddenly applied loads 29213.11 Hoop stress in a cylinder 29513.12 Axial stress in a cylinder 29613.13 Tangential stress in a spherical sheIl 297

Contents ix

13.14 Effects of joints on stresses in thin shells 298
13.15 Rotating ring 301

Chapter 14 Mechanical Properties of Materials
14.1 Metals and alloys 305
14.2 Black mild steel in tension 306
14.3 Stress-strain curve 310
14.4 Modulus of elasticity 310
14.5 Specific modulus of elasticity 312
14.6 Black mild steel in compression: malleability 313
14.7 Bright drawn mild steel 313
14.8 Ductile metals 314
14.9 Proof stress 314
14.10 Brittle materials 315
14.11 Resilience and toughness 316
14.12 Mechanical properties of metals 316
14.13 Fatigue 319
14.14 Creep 320
14.15 Hardness 321
14.16 Polymers and plastics 323
14.17 Fibres 324
14.18 Fibre-reinforcement: composite materials 324
14.19 Non-destructive tests 325

Chapter 15 Shear and Torsion
15.1 Shear stress 327
15.2 Riveted joints 327
15.3 Shear strain 331
15.4 Relation between shear stress and shear strain: modulus of rigidity 332
15.5 Torsion of a thin tube 332
15.6 Twisting of solid shafts 334
15.7 Twisting of hollow shafts 335
15.8 Stiffness and strength 336
15.9 Power and torque 337

Chapter 16 Shear Force and Bending Moment
16.1 Shear force 341
16.2 Shear force diagram 341
16.3 Bending moment 342
16.4 Bending moment diagram 344
16.5 Calculation of beam reactions 345
16.6 Uniformly distributed loads 351
16.7 Combined loading 353
16.8 Condition for a maximum bending moment 357

Chapter 17 Bending of Beams
17.1 Pure bending of an elastic beam 362



x Contents

17.2 Relation between curvature and strain 363
17.3 Position of the neutral axis 365
17.4 Moment of resistance 366
17.5 I of rectangular and circular sections 368
17.6 Strength of a beam in bending 372
17.7 Calculation of I for complex sections 373
17.8 Modulus of section 378

Chapter 18 Combined Bending and Direct Stress
18.1 Principle of superposition 380
18.2 Combined bending and direct stress of a loaded column 380
18.3 Further notes on factors of safety: limit-state design 388

Chapter 19 Fluid at Rest
19.1 Fluid 389
19.2 Pressure 389
19.3 Transmission of fluid pressure 390
19.4 Density; relative density; specific weight; specific gravity 391
19.5 Pressure in a liquid due to its own weight 392
19.6 Measurement of pressure 393
19.7 Measurement of gauge pressure 394
19.8 Measurement of pressure differences 395
19.9 Total thrust on a vertical plane surface 396
19.10 Centre of pressure 396
19.11 Inclined surface 403
19.12 Centre of pressure for inclined surface 404

Chapter 20 Fluid in Motion
20.1 Pressure energy 407
20.2 Potential energy 408
20.3 Kinetic energy 409
20.4 Interchange of pressure and kinetic energy 409
20.5 Bernoulli's equation (conservation of energy) 410
20.6 Pipe flow: equation of continuity 410
20.7 Flow rate 411
20.8 Variation in pressure head along a pipe 411
20.9 The flow of real fluids 415
20.10 Viscosity 415
20.11 Flow at low velocities 415
20.12 Onset of turbulence 416
20.13 Pressure loss in turbulent flow 417
20.14 Eddy formation 417
20.15 Energy of a liquid and pressure loss 418
20.16 Measurement of pipe flow rate: Venturi meter 420
20.17 Coefficient of discharge for a Venturi meter 421
20.18 Discharge through a small orifice 423
20.19 Coefficient of discharge for a small orifice 424

Contents xi

20.20 Coefficient of velocity 424
20.21 Vena contracta: coefficient of contraction 424
20.22 Relation between the coefficients 425
20.23 Power of a jet

425
20.24 Experimental determination of orifice coefficients 427
20.25 Impact of jets. Rotodynamic machinery 429

Chapter 21 Experimental Errors and the Adjustment of Data

21.1 Experiment 431
21.2 Error and discrepancy 431
21.3 Classification of errors 432
21.4 Justifiable accuracy 434
21.5 Possible errors 434
21.6 Propagation of error, or derived error 435
21.7 Region of uncertainty 435
21.8 Accepted value 435
21.9 Error derived from the sum of two quantities 435
21.10 Graphical methods 437
21.11 The straight line graph 438
21.12 Equation to a straight line 439
21.13 Equations which may be reduced to a straight line 441
21.14 Choice of axes 442

Index
445



Preface to third metric edition

The first edition of Applied Mechanics was published over thirty years ago; the first
metric edition was introduced in 1971 when the system of SI units (Systeme
International d'U nites) was adopted as the primary system of weights and measures.
Since my co-author, Mr M. J. Hillier, was no longer collaborating on the writing
I carried out the revision for the third metric edition myself.
The aim, as in the past, has been to retain the original character of the book, with

its emphasis on the practical applications of the subject, the implications for design
and the importance of the many assumptions that have to be made in engineering
analysis.
Key points in the treatment remain: the number of formulae to be memorized is

kept to a minimum; each topic is followed by worked examples and a list of problems
for practice; purely mathematical derivations such as the moments of inertia are omitted
and only results stated; work likely to have been covered in preceding courses is omitted
or revised briefly, including centres of gravity, uniform velocity and acceleration;
topics such as friction, properties of materials and real fluids, the nature of experimental
and graphical work, and dynamics of aircraft are covered in more detail than is usual
at this level.
In this edition, the text, worked examples and problems have been thoroughly revised

and the diagrams redrawn. In particular, the work on aircraft, rockets and helicopters
has been expanded. Although this material is intended only as an introduction to these
topics there is an advantage in bringing together in the exercises the principles of
statics and dynamics of forces as well as those of thermodynamics, gas dynamics and
fluid flows. Some descriptive work on propulsion systems and aerodynamics has been
included to support the elementary mechanics. The coverage of gravitation and satellites
in the appendix to Chapter 9 has been increased; to contain the size of the book Chapter
20 (Fluid in motion) and Chapter 21 (Experimental errors and the adjustment of data)
have been slightly curtailed.
The text covers all the requirements of the units of study for the BTEC certificate

and diploma courses in Engineering, and some of the aspects of the new work -related
advanced GNVQ courses. It is hoped also that the book will continue to be useful
as a supporting text to students on the early stages of higher diploma and degree courses
and on comparable courses overseas.



xiv Preface to the Third Metric Edition

I am indebted to the users of the book in many parts of the world and to those in
industry, engineering and other institutions who have helped with information and
advice. My particular thanks are due to my colleague of many years' standing Mr
R. C. Stephens, for his most valuable and ever-ready assistance with this edition.

1994 John Hannah
Note on 81 units

SI is the abbreviation, in all languages, for the full title 'Systeme International d'Unites',
which is the rationalized form of the metric system of units agreed internationally.
Of the seven fundamental or base units, four will be met with in this book, i.e. the
metre (length), second (time), kilogram (mass), kelvin (temperature).
The sole derived unit for measuring work or energy is the joule and that for force

is the newton. The SI is a coherent system of units since the product of any two unit
quantities in the system is the unit of the resultant quantity. For example, unit velocity
(metre per second) results when unit length (metre) is divided by unit time (second).
Normally calculations in the text are carried out by converting all given quantities
to these base units, but on occasion it has been found convenient to work in multiple
or sub-multiple units. The kilojoule and kilonewton are particularly convenient. A
few non-SI units whose use is accepted have been used where appropriate, for example,
the bar (and its multiples) as a unit of pressure and the knot, a unit of speed, in aerial
and marine navigation work.
For full information on SI units reference should be made to Sllntemational System

of Units, R. J. Bell and D. T. Goldman (National Physical Laboratory), published
by H.M. Stationery Office (1986), and to British Standards No. 5555 and No. 350
Part I.













to Applied mechanics

1. 12 Contact forces; supports and connections

Smooth surfaces A perfectly smooth surface is one which offers no resistance to sliding
parallel to the surface. The force (or reaction) R exerted by such a surface must be
at right angles (normal) to the surface. If it were not normal the reaction would tend
to resist or assist sliding. In practice it is not possible that there are no frictional forces
resisting sliding, but in many cases it may be a fair approximation to reality. The
assumption of smoothness, meaning the complete absence of friction, simplifies the
solution to many practical problems.

Roller or ball support Figure 1.13(a) shows a smooth rigid roller or ball on a smooth
flat or curved surface. The reaction of the surface must be along the normal to the
surface of the roller at the point of contact. This is the case whether or not the roller
moves under the load.

Knife-edge support The direction of the reaction of a smooth surface to a knife-edge
contact is normal to the surface, Fig. 1.13(b). A simple support for a beam is one
in which the beam rests on a knife-edge.

Smooth pin-joint Figure 1.13(c) shows two links attached by a pin or hinged joint.
If the joint surfaces are perfectly smooth there is no resistance to rotation and the
links are free to rotate relative to each other. Each link can then transmit a force only
along its length.

Rigid wall fixing Figure 1.13( d) shows a cantilever, where the wall holds the beam
rigidly fixed in direction. Whatever the forces and moments acting on the beam, the
reaction at the wall can be represented by its vertical and horizontal components V
and H respectively. There will also be a fixing-moment M at the wall (see Section
1.9). The directions can be assumed and the signs finally obtained will indicate the
correct directions. An encastre or built-in beam has both ends fixed.

Flexible cables and belts Cables, ropes, cords and belts may be assumed to be
weightless unless otherwise indicated. A perfectly flexible cable offers no resistance
to bending, compression or shear so that when taut under load it can support only
a constant tensile force along its length. This tension remains constant even when
the cable or belt has its direction changed, e.g. by passing over a smooth gravity or
idler pulley. Where friction is involved, however, as in a belt drive, the tension in
the belt changes as it passes over a pulley. Figure 1. 13(e) shows a simple belt drive.
A belt passes over the driving pulley A then over the driven pulley B. The friction
between belt and pulley alters the tension in the belt, being P on the tight side where
it is pulled on to the pulley, and Q on the slack side leaving the pulley. For the driven
pulley or follower B, the tight side tension in the belt leaving is P, and in the slack
side going on it is Q. The relationship between P and Q can be shown to depend on
the angle of contact on the driving pulley and on the coefficient of friction between
belt and pulley.













Chapter 2

Frameworks

A framework is an assembly of bars connected by hinged or pinned joints and intended
to carry loads at the joints only. Each hinge joint is assumed to rotate freely without
friction, hence all the bars in the frame exert direct forces only and are therefore in
tension or compression. A tensile load is taken as positive and a member carrying
tension is called a tie. A compressive load is negative and a member in compression
is called a strut. The bars are usually assumed to be light compared with the applied
loads. In practice the joints of a framework may be riveted or welded but the direct
forces are often calculated assuming pin-joints. This assumption gives values of tension
or compression which are on the safe side.
Figure 2.1 shows a simple frame for a wall crane. In order that the framework

shall be stiff and capable of carrying a load, each portion such as abc forms a triangle,
the whole frame being built up of triangles. Note that the wall ad forms the third
side of the triangle acd. The forces in the members of a pin-jointed stiff frame can
be obtained by the methods of statics, i.e. using triangle and polygon of forces,
resolution of forces and principle of moments. The system of forces in such a frame
is said to be statically determinate.
The four bars shown in Fig. 2.2(a) do not form a stiff frame since they would collapse

under load. This latter arrangement may be converted into a stiff frame by adding
a fifth bar bd as shown, Fig. 2.2(b); then both abd and bdc form complete triangles.
However, if both bd and ac are joined by bars the result, Fig. 2.2(c), remains a frame
but is said to be overstiff. The forces in the members cannot then be obtained by the
methods of statics alone and the structure is said to be statically indeterminate or
redundant. Another example of an indeterminate structure is a beam built-in at one
end and propped at the other end. To find the forces in such a case, information must
be available about the deflection of the propped end. Redundant structures are beyond
the scope of this book.

2. 1 Forces in frameworks

The forces in a stiff or perfect frame can be found by using a force diagram, since
the forces in each bar are simply tensile or compressive. Figure 2.3 shows a tie and
a strut under load. The tensile forces acting on the tie at each joint are each balanced
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3.7 Further notes on friction and lubrication

Dry friction
The simplest explanation of the friction effect when dry clean surfaces rub together
is that it is due to surface roughness. When studied closely, even the most apparently
smooth surfaces consist of 'hills' and 'valleys'. There is a tendency for each surface
to shear the tips of the irregularities of the other. Since it is only the projecting 'hills'
or high spots which are actually bearing on one another the area of true contact is
very much less than the apparent area of contact; this is shown in Fig. 3.24. At average
loads, the area of true contact is proportional to the load applied and is almost
independent of the apparent area of contact. Hence the friction force, which is
determined by the area of true contact, is proportional to the load applied and almost
independent of the apparent area of contact: the ratio of friction force to load, 1-1-, is
therefore constant and for a given pair of materials independent of the load. However,
for very great loads the area of true contact may not increase in simple proportion
to the load but more rapidly. In practice therefore 1-1- may increase with the load. Also,
as surfaces become worn the value of 1-1- changes.
It would appear that dry friction would be reduced by improving the smoothness

of surfaces. For example, surfaces of smooth wood slide more easily on each other
than surfaces of emery paper. However, this is only true up to a point, for smooth
surfaces will have a greater area of true contact than rough surfaces. Owing to the
attraction between the surface molecules of the materials, there tends to be cohesion
or binding together of the surfaces and the greater the area of true contact the greater
is this tendency for cohesion. This condition ultimately leads to the surfaces seizing
together. For example, two highly polished dry-metal surfaces will tend to seize
together very rapidly under load.

Fluid friction (viscous friction)
When there is an excess of lubricant present, two solid surfaces may be separated
by a film of fluid so that friction depends wholly upon the lubricant and not on the
nature of the surfaces. The force necessary to produce relative motion is that required
to shear the lubricant film. The friction force in fluid friction increases with the velocity
of sliding. In contrast to dry friction, the friction force is proportional to the total
or apparent area of contact.
Fluid friction only exists when there is motion, otherwise the lubricant is squeezed

out by the load. In practice all bearings running under design conditions should have
fluid-film lubrication.
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Boundary friction (greasy friction)
It should be realized that for perfectly clean and dry surfaces, the coefficient of static
friction is often greater than unity and may be very high indeed. However, such
conditions are not usually met with in engineering practice. Unless specially cleaned,
all surfaces possess a very thin film of grease and this may only be an 'adsorbed'
film perhaps 0.0003 mm or 0.3 micrometres thick. This attaches itselfto the bearing
surface and may prevent metal-to-metal contact. Cohesion, therefore, between smooth
surfaces occurs between relatively weak grease molecules rather than strong metal
ones. The coefficient of friction now depends upon the nature of both the lubricant
and of the metal surfaces, but is very much lower than for dry surfaces. For greasy
friction, J1. may be between 0.01 and 0.05.
The laws of friction for greasy friction are the same as those for dry friction.
Under heavy loads, or at low speeds of sliding, bearings which appear profusely

lubricated may in fact be operating with boundary lubrication. The engineer seeks
to maintain the maximum thickness of the oily boundary layer.
Under excessive load the boundary layer itself may break down. Contact takes place

between high spots on the metal surfaces and the high rubbing temperatures which
occur may result in local melting and seizure.

Rolling resistance
A cylinder rolling on a flat plane encounters no friction resistance to motion providing
there is no sliding and that neither cylinder nor plane deform under load. In practice,
of course, both surfaces will deform to some extent. Assuming the cylinder to be
hard and the plane soft, the deformation is as shown in Fig. 3.25. For example, a
rotating cylinder pressed into a rubber surface travels forward in one revolution a
distance which may be 10 per cent less than its circumference. Negligible slip occurs
between cylinder and surface, but energy is lost due to the stretching of the surface
of the rubber along the line ABCD. Owing to the deformation of the surface the reaction
R has a horizontal component ab opposing the motion. This horizontal component
is an apparent friction force, Rr·
The rolling resistance is very little affected by lubricant films. Lubricant may reduce

wear but does not reduce the rolling resistance since there is no sliding friction. The
coefficient of 'friction' for rolling is about 0.001 or less, depending on the hardness

of the surfaces in contact. Rolling resistance may be assumed to be directly proportional
to the normal load and the ratio of rolling resistance to normal load is called the
coefficient of rolling resistance.
In designing machines the attempt is made to replace sliding by rolling friction

wherever possible. Hence the use of ball or roller bearings in place of plain bearings,
although in roller bearings, sliding friction may occur owing to their method of
construction. For example, it is usually necessary to enclose the rollers in a cage.
The effect is probably small since the cage carries little load. Again with ball bearings
it is often necessary to allow the balls to run in a groove in the ball race (Fig. 3.26).
Sliding now takes place between the ball and the sides of the groove and this contact
between the surfaces may be heavily loaded. Lubrication may therefore be necessary
to reduce sliding friction as well as wear and to protect the bearing against corrosion.
For further notes on rolling resistance of cars and trains see Section 5.10 and for
rolling resistance of aircraft taking-off and landing see Section 12.12.

3.8 The square-threaded screw

Figure 3.27 shows a single-start thread. The development of a thread is an inclined
plane ABC, the thread being formed in effect by wrapping the plane around the core
of the screw in the form of a helix or spiral. The height of the plane BC is the distance
moved axially in one revolution of the screw in its nut, i.e. the pitch, p. The base
of the plane AC is the circumference of the thread at the mean radius, i.e. 7rD where
D is the mean thread diameter. The angle () of the plane is therefore given by



























Chapter 5

Inertia and change of motion

Dynamics is the study offorces on bodies whose motion is changing. This necessitates
being able to describe precisely the motion of a body using information on its velocity
and acceleration as its position changes. Problems in dynamics are simplified by making
assumptions and approximations to produce a mathematical model, e.g. a body may
be assumed to be rigid or weightless or a surface to be smooth. Again, a rocket with
attached satellite in flight, however large, is a 'particle' in relation to space, but in
relation to one another, the rocket and satellite are large rigid bodies.

5.1 Newton's laws of motion

The fundamental facts concerning the science of dynamics were discovered by Galileo
in the seventeenth century. He was among the first to carry out experiments in dynamics
and to draw attention to the importance of the rate of change of the velocity of a body,
rather than its velocity, in relation to the forces causing the change. Subsequently
Sir Isaac Newton took these ideas further and made the first formal presentation of
all the then known facts in the form of three laws of motion:

Law 1. Every body continues in its state of rest or of uniform motion in
a straight line, except in so far as it is compelled by impressed forces to
change that state.

Law 2. Change of motion (change of momentum per unit time) is
proportional to the impressed force and takes place in the direction of the
straight line in which the force acts.

Law 3. To every action there is an equal and opposite reaction.

These three laws form the fundamental statements on which the study of dynamics
is based and we shall refer back to them in the following sections.

5.2 Inertia and mass

A change in motion of a body (treated simply as a particle, without rotation) can occur
both by a change in speed and in direction, i.e. by a change in its velocity. The rate
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other technical aids to counter the effects of lift, to improve the performance generally
and to reduce the demands on the driver.

Aerodynamic aids
One early aerodynamic innovation was to shape the underside of the car with 'venturi-
tunnels' and these, combined with 'skirts' attached to the side-pods, produced a
downforce. Regulations then changed to specify that for the space below the car,
between the rear edge of the front wheels and the front edge of the rear wheels, all
sprung parts visible directly from beneath the car had to be in one plane, i.e. the
underside of the car had to be flat. Also, spoilers of various designs were employed
to reduce the lift by disrupting the airflow around a vehicle and these were also subject
to rules. (Spoilers are in use on ordinary cars with little aerodynamic effect within
normal speed limits.)
The present solution is to fit 'negative lift wings' at the rear of the car in order

to produce a downforce, effectively adding to the weight of the car at the rear.
Mounted on struts, rigidly attached to the main body, an arrangement of wings is
carried at as high a level as permitted to be in the least turbulent airstream. Air is
directed over and through the wings in such a way as to achieve downforce. The height
and setting of the elements of these aerofoils can be adjusted in practice runs to suit
race conditions.

Technical rule changes
Regulations are continually updated to maintain safety standards, to control
performance aids, to resolve the effects of technology on the competitiveness of racing
and keep the emphasis on driving skills. For example, rear and front wing designs
for a FI car must take account of the maximum height specified for the car body
and strict limiting dimensions are specified for the width of car, overhangs, etc. Recent
technical rule changes have reduced the power of FI engines by about 40 kW, lowered
acceleration rates and cornering speeds and made improvements in the passive safety
of the cars. Engine capacity has been limited to 3000 cc and the power enhancing
engine air-box removed; this air-box produced a ram-effect to increase the pressure
of the intake air. Also, fuel must be standard pump quality. The aerodynamic changes
result in no rear wing forward of the rear wheel centre line, front wings reduced and
higher, and most importantly, the underside is no longer in one plane. Since the closer
to the ground a car runs the greater the downforce, a 'stepped' bottom is now required
to increase the gap between underside and ground. In spite of these changes, speeds
of 300 km/h are still attainable on the track.
Another example of technical change affecting the aerodynamics of a car is that

of vehicle suspension. Active suspension was introduced for racing cars (then banned)
and is now available for some luxury cars, to replace passive suspension. A passive
system simply reacts to the loads applied by springs absorbing the energy of motion
of the car then dissipating it through dampers and tyre resilience while the car rises
and falls relative to the ground. An active system consists of a hydraulic/electronic
actuator (incorporating springs and dampers), a transducer and accelerometer to
measure vertical displacements and accelerations respectively, together with an
electronic processing unit which receives signals from sensors and activates an energy
input as and when required. The result is a stable platform, reducing the roll and pitch
movements when cornering and braking and keeping to a minimum the vertical
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accelerations and dynamic loads on the wheels. It thus affects the air gap between
the underside of the car and the ground, giving the advantage of a fairly constant
ground clearance. A compromise between active and passive systems is the adaptive
system which controls the hardness of the ride as between straight line travel and
cornering by receiving signals as to how the driver is turning the steering wheel from
optical or electromechanical sensors.
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on the inside of the rails. As the train rounds a curved track, the centripetal force
required to provide the circular motion is provided by the inward thrust of the outer
rail. To reduce the magnitude of this lateral load, a second rail may sometimes be
provided on the inside curve so that the inner wheel flange is contained between two
rails. This second rail then takes some of the side thrust. More generally, the side
thrust may be eliminated completely at a particular speed by suitable banking of the
track. The amount of banking or cant depends on the tightness of the curve and the
speed of the trains using the track. In practice the amount of superelevation is limited
to about 150 mm, i.e. about 60 of cant since 25 mm of superelevation on a standard
gauge line is equal to I 0 of cant. The speed chosen is the average speed at which
a train (usually a freight train) may be expected to take the curve. At any speed higher
than the one suitable for that angle of banking, there will be a side thrust on the outer
rail, so that fast passenger trains have some lateral force; at lower speeds than the
design value there will be a side thrust in all cases on the inner rail. The amount of
extra banking needed at a given speed to remove this side thrust altogether is called
the 'cant deficiency' and this is normally limited to about 110 mm of superelevation.
The banking of a car race track serves a similar purpose to the superelevation of

a rail track, i.e. to eliminate side thrust on the tyres. To serve its purpose for cars
of different speed, the gradient of the banking is increased towards the outside of
the curve. There is a correct angle of banking for any particular speed and this
angle is independent of the weight of the vehicle (see example page 112). Most racing
tracks are now unbanked (except in the USA) so that means have had to be found
to provide an increase in side thrust to allow high speeds round corners. Large, wide
tyres give extra adhesive force but cause extra drag. In order to increase the downward
force on the vehicle without affecting the weight, aerodynamic devices are used (see
page 90).

Example A car of mass 2 t rounds an unbanked curve of 60 m radius at 72 km/h. Calculate
the side thrust on the tyres.





In addition to reducing the side thrust on the rails, superelevation tends to ensure that
the resultant force due to weight and inertia force is normal to the seat. Then if the
superelevation is sufficient, there is no side force tending to slide the passenger across
the seat. However, if a train moves slowly or stops on a curve, the inside rail is subject
to considerable thrust.
A second solution to the problem is to allow the body of the carriage to swing like

a pendulum about a longitudinal axis 0, placed above its centre of gravity G, Fig.
6.11(a). The train in effect leans into the bend, passengers feel more comfortable and
bends can be taken faster. This is passive tilting, limited in practice to about 6° of
tilt at a maximum speed of 120 km/h. The disadvantage is the slow response time
when entering and leaving a bend. In an active system the carriage is tilted by hydraulic
jacks, electronically controlled. In practice there is a combination of banked track
and tilting carriage. Speeds above 200 km/h are possible with a pendulum car subject
to res,trictions for other reasons such as braking requirements.
The forces acting on the swinging carriage are: its weight W, the inertia force mu2/r

radially outward and the reaction R at the pivot. The three forces are in equilibrium,
hence all three forces pass through G. The line of action of R is therefore from G
to O. The resultant force is always normal to the carriage floor; a similar argument
applies also to any passenger seated in the swinging carriage.
The triangle of forces abc is shown in Fig. 6.11(b). If there is no superelevation

of the track, the angle between the vertical and the reaction R is the angle ex through
which the carriage swings about O. From the triangle of forces:

































8. 10 Resonance

If every time an oscillating body reaches the point of maximum displacement it receives
an external impulse, the amplitude will increase and build up to a maximum value
depending on what forces are acting to damp down the oscillation. If no damping forces
are present then the system will finally collapse. The frequency of the external impulse
is equal to the frequency of the free oscillation, and the effect of the impulse being
in unison with the oscillation is called resonance. The effect is most pronounced at
the fundamental frequency but may also occur at a higher order frequency (harmonic).
In any spring-mass system when a disturbing frequency coincides or nearly coincides
with a natural frequency, resonance may be possible. Examples of this phenomenon
occur in a wide range of engineering situations including aircraft wings, motor vehicles,
machine tools and in many other fields such as radio and musical instruments. For
example, severe vibrations may occur in a drilling machine if it is operated at, or
near, the natural frequency of free oscillations of the drill and its holder. Also, if
the foundations on which the machine rests vibrates there can be resonance effects
on the drill. Rotating machinery has critical speeds which coincide with the natural
frequencies of the system. A turbine, for example, starting up from rest may have
to pass through one of its natural frequencies before reaching its operating speed and
care must be taken to pass through such speeds as quickly as possible. In an aircraft
there are a number of sources that can lead to resonance; these include engine vibration,
propeller downwash and 'flutter' due to bending and twisting of structural parts such
as wings, tailplane and elevators. Again, in the absence of atmosphere in space, when
an oscillation develops there is no natural damping and other means of damping have
to be devised.
Vibrations may be reduced in a number of ways, the aim being to keep the natural

frequency well below or above the expected forcing frequency. The distribution of
mass in a system or structure may be altered to achieve this, or the stiffness increased
by design improvements or the use of different materials. If the cause is an out-of-
balance force, this may be eliminated by balancing the machine. Heavy spring



























Geostationary orbit
The satellite dealt with above orbits in the equatorial plane at altitude 36 bOO km with
a speed of 3 km/s and circles the earth every 24 h. The orbital period is the same
as that of the earth and its motion is therefore synchronous with that of the earth.
It is called a geosynchronous orbit and to be exact its period should be 23 h 59 min
6 s. If it is moving in the same direction as the earth's rotation it appears to remain
'fixed' in longitude at a point above the earth's surface. Such a satellite provides a
stable body, relative to earth, for communication signals. Its motion is a special case
of synchronism* and the satellite is said to be in geostationary orbit. For several reasons
it is not absolutely 'stationary' nor is the orbit truly circular so that periodically it
has to be adjusted back on station. For these satellites the advantage of constant visibility
from ground stations offsets the disadvantage of high power requirements due to the
enormous transmission distances involved. Only three satellites in this orbit are
theoretically required to cover the entire surface of the globe. The geostationary orbit
is the most important and valued position for world-wide communication systems in
which many countries share control. One of a number of systems is INTELST AT
(International Telecommunications Satellite Consortium) which has units in position
over the oceans providing fixed international links with global coverage, except for
the polar regions. There are innumerable systems now operating to meet a myriad
of demands from civil, military, scientific and industrial bodies producing congestion
in certain areas of the orbit.

Achieving orbit
Suppose a satellite is given an impulse by its launch rocket to set it moving freely
in a direction tangential to the earth's surface, from a point above the earth's
atmosphere, say 200 km. If it has moderate speed, it will strike the surface of the
earth partway round the globe as its flight follows a descent curve under the effect
of the gravity force even though the surface of the earth is also falling away because
of its curvature, Fig. 9.11. If the initial impulse is sufficiently increased the satellite's
speed will eventually keep it to the same height or more above the surface, going

* A synchronous orbit has the same period and direction of rotation as the earth but may
be inclined to the equator and then it follows a figure-of-eight pattern of flight in latitude.

* The escape velocity of 11.2 km/s can be found by considering the work done against the
pull of gravity in lifting the satellite to infinity. A body falling to earth from infinity will strike
the ground with acceleration 9.8 m/s2 and velocity 11.2 km/s. The escape velocity from the
surface of the moon is 2.4 km/s.



174 Applied mechanics

820 km (a low orbit) with an inclination of 98.7 0, circling the globe about sixteen
times each day. For this so-called sunsynchronous orbit the orbital plane observed
from the sun appears to hold the same orientation over the year. Since the earth's
polar axis has a tilt of 23.5° away from the vertical to the plane of its orbit round
the sun, and stays pointed in direction in space throughout the year, the orientation
of the polar axis with respect to the sun alters throughout the year and the poles in
turn incline towards, or away from, the sun.

Loworbits Because of lack of power, the early satellites, starting with Sputnik I
then Explorer I, used low elliptical orbits rising from just over 200 km at their nearest
point to earth; these were followed by large numbers of low-earth orbiters (LEOs)
in the range 200-1600 km but at present there are no large-scale global systems.
A number of such systems are being developed, varying in satellite size and number,
signalling power, ground station coverage, etc. A main potential use is for data and
voice plus data services, particularly linking up between cellular telephones and the
satellites; a key factor will be the ability of a system to penetrate buildings. A satellite
in low orbit covers only a small part of the earth's surface as it circles, its' footprint' ,
and hence a large number are necessary, following one another in close proximity,
to give uninterrupted coverage. The advantages include short transmission distances,
no time delay in signals and savings in costs since the satellites would consist of
lightweight, compact units, capable of being mass produced and launched in clusters
by single-stage rockets. A typical system would consist of 48 satellites, 52° inclination,
deployed world-wide in 8 orbital planes with 6 satellites in each plane and requiring
8 launches. Another system would employ 66 satellites in polar orbit. The disadvan-
tages, apart from the hazards due to the ever-increasing space debris, include (a) the
short life of LEOs, (b) their high speed means short contact time with ground receivers
for each satellite (c) satellites usually depend on the sun's energy via solar cells to
top up storage batteries for power supplies and LEOs spend nearly half their lifetime
shadowed by the earth.
An example of a single LEO is the sophisticated ERS-l (European Remote-Sensing

Satellite) which circles the globe every 100 min in sunsynchronous orbit at 780 km.
With a mass of 12 t and 12 m long, it carries radars, infra-red sensors and other
instruments, to send back images of land and sea, providing data on the polar ice-
caps, coastal erosion, oil spills, wind and wave patterns, as well as detecting changes
in climate, crop growth, carbon dioxide and ozone levels, etc.

Intermediate orbits An important system for positioning and navigation is the USA's
GPS (Global Positioning System), completed in mid 1993 with the launch of the final
satellite. It employs an intermediate orbit of20 000 km (10 900 n.m. (nautical miles))
with 55° inclination, to give entire global coverage by a 'fleet' of24 Navstar 12-hour
satellites, mostly active but with a few passive spares. The active types transmit
recognition data, position with exact time and receive and process signals; the passive
types simply send out or reflect signals. There are 6 orbital planes, offset from each
other. Each satellite is 3-axis stabilized (see below) and carries atomic clocks and
momentum wheels. The system depends on the gravity field, the speed of the radio
waves and most critically on the accuracy of the clocks, to provide extremely accurate
data on height, latitude and longitude. One of the users of GPS is Ordnance Survey
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which previously relied on mapping information derived from control points fixed
by astronomical observations and triangulation.

Effects of drag and gravity Air resistance (drag), tidal forces, solar radiation, and
the gravity pulls of the earth, moon, sun and stars, all affect the motion of an earth
orbiter. At low orbit, a satellite's speed is soon reduced if it is uncontrolled, depending
on its mass, size and surface area. For low altitudes, an orbiting body must either
be designed assuming it will burn out in a few days or weeks, when it falls to a height
of about 120 km, or be equipped with reaction thrusters to maintain it in orbit. Its
lifetime in orbit when it becomes uncontrollable can be calculated fairly accurately.
In the rarefied conditions above the earth's atmosphere, the air molecules are very
far apart but air drag still exists. The pull of gravity reduces with altitude and although
the other forces still have effect, a satellite at high altitudes will orbit for hundreds
of years, its useful life, however, being limited by the power available and its
instrumentation. For example, a 100 kg unit in circular orbit at a height of 800 km
has an estimated orbital lifetime of over 450 years before destruction in the atmosphere.
For current geostationary satellites, the useful or design lifetime is five to seven years.

Moon satellite The above calculations may be applied to a satellite orbiting the moon
except that the acceleration due to gravity at its surface (go) is about one-sixth that
of the earth, i.e. 1.62 m/s2, and the radius of the moon's surface Ro is 1740 km.

Satellite guidance and control A satellite requires guidance and control in regard
to several aspects of its motion and tasks, including

(a) keeping on-station, changing orbit or making rendezvous
(b) maintaining correct attitude (orientation); for example, solar panels have no

energy intake when they move from sunlight into shadow so they have to be
kept sun-pointing as long as possible by optical sensors

(c) controlled spinning or de-spinning about an axis or stabilizing a tumbling motion;
spinning about a single axis gives a structure stability and it may be required
to spin continuously, intermittently or not at all

Specifying and achieving the motion and attitude of satellites and their instruments
in reference to the earth, sun and stars is a complex task necessitating a variety of
engineering and scientific methods to carry it out. The mechanical engineering aspects
are concerned with the important inertial navigation systems which use a combination
of accelerometers, spinning-mass momentum-wheels, gyroscopes and reaction
thrusters, to provide the necessary control torques and forces in response to signals
received. The system relies on the inertia reactions against spinning masses* and is
independent of outside influences such as weather and electrical disturbances. Any
change in speed causes an acceleration, measured by an accelerometer which transmits
a signal to an on-board processor thereby activating an electromechanical control

* A spinning body tends to react to an applied torque by rotating slowly (precessing) in a
direction at right angles to the direction of the torque. A gyro may be isolated from the structure
carrying it by means of gimbals. A rate gyro can be used to indicate fore-and-aft roll by being
mounted on a single gimbal.
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device. Momentum-wheels of small mass relative to that of the satellite and driven
at moderate speed are used for the exchange of angular momentum and energy.
Momentum-bias wheels are of greater mass and rotate at high speed so that they have
high angular momentum; such wheels, when their axis of rotation is fixed in direction,
strongly resist any effort to change this direction, thus restraining the structure's axis
to the same direction. A satellite can be stabilized in 3-axes using a combination of
three wheels (with their axes at right angles) and reaction thrusters. Gyroscopes are
used in rate sensing units to sense any chan[?es in attitude and other types of sensors
(infra-red) measure the direction of the sun and stars relative to the satellite.
Momentum-wheels and gyros differ in the way they are mounted on platforms and
gimbals. Also, the wheels affect the motion of the satellite whereas gyros are relatively
small and the momentum and torques they generate have negligible effect.
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5. A 5 kg mass falls from a height of 600 mm on to a plate on top of a compound spring.
The spring arrangement consists of two concentric springs of which the outer spring
has stiffness 2.2 kN/m and the inner one 1.8 kN/m. The outer spring is 40 mm longer
than the inner one so that the falling mass does not affect the inner spring until the outer
one has been compressed 40 mm. Find the total compression of the compound spring.

(152 mm)
6. A spring gun consists of a cylinder holding a spring of free length 3oo mm and stiffness

2oo N/m. When the gun is set, the spring is compressed to a length of 120 mm and
a shot of mass 50 g is placed in the cylinder against the spring. Neglecting friction, find
the speed of the shot when released.

(11.4 m/s)
7. A cylinder is inclined at 15° to the horizontal and the bottom end is rigidly capped. The

cylinder houses a spring of stiffness 5 kN/m fastened to the closed end. A mass of 36 kg
is released from a point in the cylinder and travels downwards a distance of 1.7 m before
striking the top of the spring. Neglecting friction, what is the striking velocity of the
mass and the maximum compression of the spring, assuming its free length permits it?
What is the amount of energy absorbed by the spring at maximum compression?

(2.94 m/s; 268 mm; 179.7 J)
8. A train of twenty loaded wagons, each of total mass 12 t, is brought to rest by a pair

of parallel buffer springs. The stiffness of each spring is 30 kN/m and the initial resisting
force in each spring before impact is 4.5 kN. If the train speed is 2 km/h when it strikes
the buffers, calculate the maximum compression of the springs. Hint: the area under
the load-compression graph is equal to the work done in compressing the spring.

(975 mm)

10.10 Conservation of energy

The principle of conservation of energy states that energy can be redistributed or
changed in form but cannot be created or destroyed. The following examples will
show how this occurs.

Falling body A falling body loses potential energy but gains a corresponding amount
of kinetic energy.

Mass-spring A mass vibrating at the end of a spring loses kinetic energy in stretching
the spring but the spring then possesses potential or strain energy. When the motion
is reversed and the spring is acting on the mass, its strain energy is transferred to
the mass as kinetic energy of motion.

'Lost' energy when friction is involved A body moving along a rough surface loses
kinetic energy corresponding to the work done against the friction forces. This work
is generally 'lost' for mechanical purposes but reappears as heat energy in the body
and surface. Thus the total energy of the system, body and surface, is conserved.
The work done in overstretching a spring so that it is permanently deformed is again
lost for mechanical purposes and converted into heat.

Collision of bodies When two perfectly elastic bodies collide, the work done in elastic
deformation is recovered as they rebound. For example, when two steel balls bounce
together, there is compression of the steel on impact but as they move apart the steel























Problems
1. A 1200 kg mass has a net force applied to it which varies uniformly from 600 N to a

peak of 900 N in 12 s from rest and then falls uniformly to zero in the following 18 s.
Find the speed attained in km/h after 30 s from rest.

(51.3 km/h)
2. A 4 kg mass moving at 3 m/s on a smooth horizontal plane is acted upon by a force

which is applied in the same sense and direction as the motion of the mass and rises
uniformly from zero to 200 N in 0.025 s before falling uniformly to zero in a further
0.025 s. Find the velocity of the mass after 0.05 s. What is the average force producing
the same impulse?

(4.25 m/s; 100 N)
3. A force F acts on a mass of 400 kg initially at rest on a smooth horizontal plane. If

F = 60t N, where t is in seconds, and the line of action of the force is parallel to the
plane, determine for a period of 20 s from rest (a) the impulse; (b) the velocity attained;
(c) the average force to produce the impulse. If the distance travelled by the mass during
the 20 s impulse period is 200 m, what is the constant force to produce the same work
done?

(12 kN s; 30 m/s. 600 N; 900 N)
4. A 10 kg mass initially at rest on a smooth horizontal plane is acted upon by a force F

parallel to the plane such that F = 10 + 8t N where t is the time in seconds. Determine
(a) the total impulse on the mass after the first 3 s of motion and the average force to
produce this impulse; (b) the final kinetic energy and the average force to produce this
energy if the mass travels a distance of 8 m during the period of the impulse.

(66 N s; 22 N; 218 J; 27 N)

11.4 Conservation of linear momentum

The total momentum of a system of bodies is obtained by adding together the
momentum of each individual body. When the external forces acting on a body are
in balance, the body is at rest with zero momentum, or moving at constant speed with
constant momentum, providing the mass remains unaltered. There can be no change
in the momentum of the body unless the external forces are unbalanced. If a number
of bodies impinge on one another, or interact in some way, they may be treated as
a system isolated from its surroundings, a 'closed' system in effect. There can be
no change in the total linear momentum of the system in any given direction unless
there is a resultant external force acting on the system in that direction. This is the
principle of conservation of linear momentum which may be stated as
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The total linear momentum of a body or system of bodies in anyone direction
remains constant unless acted upon by a resultant force in that direction.

11.5 Impulsive forces

When a constant force F is applied to a body for a time t, the impulse is Ft. When
the force is large and the time interval very short, near instantaneous, it is called an
impulsive or impact force. An impact force varies in magnitude from zero to a peak
value and back to zero but the variations are incalculable and the force is assumed
to be constant. Impulsive or impact forces arise in collisions, explosions, in the sudden
tightening of a tow-rope or the driving of a pile. The principle of conservation of
linear momentum may be applied for the very short period of impact even although
external forces, such as gravity and friction, may be acting, because they are normally
negligible in comparison with the large impact force. Similarly where a spring is
involved, it may be assumed that the spring force does not come into action until after
the impact is over.

11.6 Note on the use of momentum and energy equations

Both the momentum-impulse and work-energy equations can be used to solve
problems in dynamics but usually one or other will be the more suitable and in some
cases only one method will be possible. Key points to realize are:

I. Momentum is the easier concept to use when 'time' is the known quantity and
for some situations the only concept. When 'distance' is the known quantity,
the work-energy equation is probably the more useful and convenient.

2. The momentum principle has the advantage in impact problems where the impact
force is not known or required and where inevitably there is a loss of energy.
The law of conservation of energy cannot be used directly unless the problem
is idealized by assuming perfectly elastic bodies (see page 222). The law applies
but the various energy changes cannot be calculated.

11.7 Explosions

When a body explodes freely, fragments fly off due to the internal forces produced.
Energy is added to the system from the explosion and appears as kinetic, heat and
sound energy. The distribution ofthis additional energy is not known, hence the final
motion of the fragments cannot be found simply by applying the law of conservation
of energy. It is necessary also to use the momentum principle and this can be applied
because there are no external forces acting except for gravity and its effect can be
neglected, since an explosion is instantaneous. The total momentum, although
redistributed, remains unchanged in any given direction before and immediately after
an explosion. There are several examples of explosions:

Body exploding from rest
The total initial and final momentum of the fragments must be zero in any given
direction.
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Rocket stage separating out
A rocket in flight may be separated from its payload by an explosive bolt or release
of a powerful spring mechanism. If the two parts continue along the line of flight
then the sum of their momenta after separation must equal the initial momentum of
the rocket. The impulse on each part is the same, given by thrust X time of separation

Rifle and bullet
When a rifle fires a bullet, the rifle kicks back due to the force of recoil. Equal and
opposite forces are exerted on the rifle and bullet during the time that the bullet takes
to traverse the barrel, hence the same impulse is applied to both rifle and bullet. The
momentum of the bullet therefore equals that of the rifle. Or, the final momentum
of the rifle-bullet system must be zero, hence the forward momentum of the bullet
must equal the backward momentum of the rifle. For heavy guns firing shells, additional
factors have to be considered since guns may be sited on inclines, travel on rails and
have specially designed arrangements of buffer springs, piston-cylinder mechanisms
and retracting barrels to reduce or prevent recoil forces completely. The momentum
of the bullet equals that of the rifle but the kinetic energy given to the bullet is very
much greater than that given to the rifle. The forces are equal but the work done in
each case is different since the bullet travels a greater distance during the explosion.
This is the difference between the 'time effect' of a force and the 'distance effect'.

















Chapter 12

Aircraft and rockets

12.1 Reaction propulsion

The principle of reaction propulsion whereby a jet of fluid is formed and expelled
from an engine or pushed by a rotating rotor is the basis of working for propeller-
driven ships and planes, jet planes, rockets, helicopters and satellite control. Apart
from the mechanical aspects and body structure, each type of vehicle differs greatly
in regard to the mass of fluid dealt with and the speed and form of the jet.

For any type of jet-propelled machine, the mass fluid flow, jet speed and flight
speed, govern the magnitude of the propelling force or thrust as shown below.

12.2 Jet propulsion aircraft

The simplest form of jet propulsion is the ramjet, used for high-altitude, high-speed
flight. The 'ram effect' is due to the forward speed of the plane or missile forcing
the necessary air for combustion into the engine through a front duct and diffuser
(a diverging chamber) which greatly slows it down, and then a jet of hot, extremely
high-speed gas is ejected from the tail. A ramjet cannot be used on its own but must
be launched at high speed or have an auxiliary power supply to bring it to its operating
speed. In a turbo- or straight-jet, the incoming air has its pressure raised by a
compressor followed by combustion and the issue of a jet through a nozzle in an exit
jet pipe. Jet nozzles are designed according to the speed of flow required and the
exit velocity usually exceeds the speed of sound. Some of the hot gas is utilized to
drive a turbine which in turn drives the compressor. This is called gas-turbine
propulsion and, as described, is the basic form of the jet engine, now superceded
by the turbofan and turboprop (see below). The S/VTOL (Short/Vertical Take-Off
and Landing) machines take off vertically or from short runways but overcome the
drawback of their precursor, the helicopter, with its low forward speed. In somedesigns
two engines are fitted, one for take-off and one for flight. The Harrier Jump Jet uses
'vectored thrust' whereby only one engine is required and the plane is propelled by
several swivelling nozzles, controlling speed and direction of flight. Ramps with
gradients upwards of 7° are used to assist take-off in situations of short run-up, e.g.
ship's deck.
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The thrust of a jet in practice is fairly constant with flight speed and hence the power
output varies directly with the flight speed, unlike the engines of a propeller-driven
plane or motor car where the power output does not depend on the speed of the vehicle
itself; this is called the 'shaft' or 'brake' power because work is done by a torque
rotating the engine crankshaft. Shaft power may be measured when the engine is
stationary by a brake resisting the crankshaft rotation. There is no shaft work for a
jet engine, so its power output cannot be measured and thrust is used instead to assess
propulsion performance. The 'static' thrust can be measured directly on a stationary
test rig, usually at sea-level standard conditions with maximum power settings. An
engine may be rated to static, sea-level thrust on a test rig at ISA conditions but there
are other methods of rating an aero engine, e.g. at ambient conditions. Ratings may
be classified as normal, cruise or take-off. The thrust of an engine on a rig is usually
greater than when installed in an aircraft. In flight the thrust may be gauged by
monitoring the engine pressure ratio (EPR), i.e. the ratio of turbine discharge pressure
to compressor inlet pressure and this gives an indication of achieved power. A large
airliner, such as a Boeing 747, for example, has a static thrust of 900 kN at full power
settings for take-off registered by a particular EPR and the thrust lever can be set
at this position.
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of the intake duct is 0.4 m2, the speed of the exhaust jet is 600 m/s and the fuel
consumption, 0.9 kg/so Show that the density of the intake air is 1.22 kg/m2 and
allowing for the fuel in the jet, find the thrust, air/fuel ratio and the specific fuel
consumption, i.e. the rate of fuel used per unit of thrust.

(28.7 kN; 65:1; 113 kg/h per kN)
8. A twin-engined turbofan draws in air to each engine at the rate of 45 kg/s and the exhaust

jets are expelled at a mean speed of 1 km/s relative to the aircraft. Find the output power
if the speed of flight is Mach 0.8 and the local speed of sound in air is 1188 km/h.

(17.5 MW)
9. Ajet plane travels at 900 km/h at an altitude where the air pressure is 470 mbar (abs.)

and temperature -24 °e. The total intake scoop area of cross-section is 0.28 m2 and
the exhaust jet velocity is 950 m/s relative to the aircraft. Find the density of the intake
air, the mass flow rate of air through the scoop and the thrust.

(0.66 kg/m3; 46 kg/s; 32 kN)

12.9 Propeller-driven aircraft

Aircraft driven solely by propellers are powered by piston engines, limited in output
to about 3 MW. In a turboprop plane, a gas turbine supplies much greater power
and the thrust is provided mainly by the propeller but also by the reaction to the exhaust
jet. The propeller or 'airscrew' shaft is driven by the engine, rotating the blades, thereby
drawing in a very large quantity of air and pushing it backwards with a moderate
increase in speed (Fig. 12.2). The reaction to the formation of the propeller slipstream
or race produces a thrust. Besides the speed of rotation, many other variables affect
the performance of propellers, including the shape and diameter of the blades and
the pitch, which may be fixed, adjustable by the pilot or automatically variable and
speed controlled. The pitch is the distance travelled by the propeller through the air
in each revolution, assuming there is no slip. Variable-pitch has several advantages,
one of which is that adjustment of the blades to a negative angle enables the pilot
to obtain a negative or reverse thrust by blowing the air forwards, for braking and
taxying.

Besides the conventional propellers, there are high-speed designs which are ultra-
light and uniquely shaped from composite materials and there are ducted and unducted
fans with many more blades than the usual three to six. The unducted or prop fan has
very large, thin, fan-like blades rotating freely in the air, whereas the ducted fan has
its blades shrouded in a casing, resulting in a different form of airflow. A single
propeller causes a swirling action in the slipstream and to counteract this, a second
propeller may be placed downstream on the same shaft, rotating in the opposite
direction to the first. This contraflow arrangement reduces the loss of energy from
turbulence and also serves to offset the torque reaction caused by a piston engine.
We consider here only the thrust and power aspects of a propeller rotating freely in
air and powered by a piston engine.

Power
The power output for a propeller-driven aircraft (Fig. 12.2) is thrust x forward
speed, as for a jet engine. The power supplied to the engine is the energy in the fuel
consumed per second. Some of this energy is lost due to the inefficiency of the engine
itself and there are further losses between engine brake shaft and propeller shaft as
well as in the propulsive process of the propeller. The overall efficiency of the system
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and the thrust is

T = m(ve - v)

as for a jet engine.

Example A single-engined plane flies at 540 kmlh in still air (density 1.15 kg1m3). The power
supplied to the propeller shaft is 800 kW, the 'disc' area swept by the blades is 4 m2 and the
conversion efficiency is 85 per cent. Find the thrust and estimate the velocity of the jet well
downstream of the blades.

SOLUTION
v = 540 km/h = 150 mls

Thrust x speed = power output

thrust =
0.85 x 800 x 103

= 4533 NI.e.
150

Since Q = AVb

= 4 x
(vc + v)

2

= 2(ve + v) m3/s
and m = pQ = 1.15 x 2(ve + v)

= 2.3(ve + v) kg/s
then thrust = m(ve - v)

= 2.3(v; - v2) N
I.e. 4533 = 2.3(v; - 1502)

Therefore Ve = 156 mls (relative to the plane)

Example A twin-engined aircraft cruises at 330 knots with the slipstream of each propeller
moving at 180 mis, relative to the aircraft. at a point well downstream where the jet diameter
is 1.8 m. The density of the air is 1.23 kglm3 and the efficiency of each propeller is 85 per
cent. Find the total brake power required. 1 knot = 0.514 mls.

SOLUTION
Flight speed, u = 330 x 0.514 = 170 m/s.

For each engine, Q = area of cross-section of jet x speed of flow relative
to aircraft (ue)

11" X 1.82

x 180-
4

= 458 m3/s
and m = pQ = 1.23 x 458 = 563 kg/s
therefore T = m(ve - u)

= 563(180 - 170)
= 5630 N
= 5.63 kN, for each engine
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Total brake power required = 2 x (thrust x flight speed)
propeller efficiency

2 x 5.63 x 170
=

0.85

= 2250 kW

Problems
(Take density of air as 1.2 kg/m3).

1. A propeller-driven aircraft of mass 12 t has a thrust of 12 kN when the power delivered
to the propeller shaft is 2.2 MW at 500 km/h in steady, level flight. Find the propeller
efficiency. What additional thrust is needed for an acceleration of 0.2 m/s2?

(76 per cent; 2.4 kN)
2. Find the power required at the engine brake shaft of an aircraft flying at a steady 60 mis,

if the thrust is 2.5 kN and the propeller efficiency 75 per cent. What is the velocity of
flow in the propeller slipstream relative to the aircraft at a point where the jet diameter
is constant at 1.6 m?

(200 kW; 74 m/s)
3. An aircraft lands at 90 knots and the pitch of the propeller blades is adjusted to completely

reverse the flow of air through the propeller and produce a braking thrust of 7 kN. The
jetstream has a forward velocity of 85 mls relative to the aircraft. Find the cross-sectional
area of the jet.

(1. 77 m2)

4. An aeroplane is stationary on the runway under test and air is drawn into the propeller
at 50 m/s. The slipstream has a velocity of 90 mls and a jet diameter of 1.8 m well
downstream. Find the thrust developed.

(11 kN)
5. A propeller-driven aircraft flies at 432 km/h in level flight. The engine supplies 800 kW

to the propeller shaft and the conversion efficiency of the 2.8 m diameter propeller is
80 per cent. Find the thrust and estimate the velocity of the air in the downstream well
beyond the blades, relative to the craft.

(5.33 kN; 126 m/s)
6. An aircraft flies at 324 km/h in still air. The propeller diameter is 2.5 m and its propulsive

efficiency is 78 per cent. The velocity of the air across a section at the propeller is 98 mis,
relative to the aircraft. Estimate (a) the mass of air projected per second, (b) the velocity
of the air at a point in the downstream, relative to the aircraft, (c) the power delivered
to the propeller shaft.

(577 kg/s; 106 m/s; 1.07 MW)
7. An aeroplane flies in still air at 300 km/h. The velocity at a point in the slipstream in

steady flow beyond the propeller is 95 mls relative to the plane, and the propeller sweeps
out an area of 7.06 m2. Find the mass of air per second projected past the blades and
the thrust. If the power delivered to the shaft is 950 kW, find the conversion efficiency
of the propeller.

(755 kg/s; 8.8 kN; 0.77)

12.10 Notes on lift and drag forces on an aircraft

To be airborne and fly, any type of machine must be provided with a lifting force
equal to or greater than its deadweight, and this force is generated by the flow of
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air over the surface of wings or aerofoils when thrust forward. Alternatively it can
be provided by rotating blades or downward-directed jets. When a fixed wing aircraft
flies, the air flows over the wings in streamlines and a resultant force is produced
on the plane because of a slight difference in air pressure at the top and bottom skins
of the wings. * This force has two components (i) a lifting force L, normal to the
direction of airflow, counteracting the weight of the plane, (ii) a drag force D acting
in the same direction as the flow of air, i.e. parallel to the line of flight opposing
the motion of the plane. The drag is due to skin friction, turbulence and shock effects,
and these components vary for different aircraft depending on their shape and speed,
and particularly between subsonic and supersonic types. The forces Land D are shown
in Fig. 12.4(a) for a plane in level flight. The lift depends on the density of the air
and on the shape and angle of attack of the wings into the air. The lift acts at the
centre of pressure C (see page 396) and the weight Wacts through the centre of gravity
G. The positions of C and G may vary because of the loading and also during flight
but are not usually far apart; the centre of gravity must lie within specified limits.
The line of action of the drag force is offset, above or below the line of resultant
thrust which acts along the centre line of the propeller shaft or jet, in the case of a
single engine, or central longitudinal axis of a multi-engined aircraft. The line of thrust
is also affected by the location of the engines relative to the wings. Figure 12.4(a)
shows (not to scale) the lift behind the line of action of the weight, and the drag force
above the thrust. Figure 12.4(b) shows an aircraft climbing; the lift is normal to the
line of flight and its magnitude is critical in regard to the stalling speed of the aircraft
which occurs when there is a sudden loss of lift due to the streamline flow of the
air over the wings becoming turbulent. At this point the angle of attack at which the
airflow strikes the wings has exceeded a critical value and the main wings stall as
the total lift is disrupted, the aircraft shakes and shudders, the drag increases sharply
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and the nose pitches downwards. Too Iowa speed for the conditions of flight !lCCM

the onset of stalling.
In practice, the lines of action of the resultant forces are determined largely by

experiments on models, including full-scale rigs, using wind tunnels and other devices.
For a rocket, lift is supplied by downward-directed jets but there are also aerodynamic

forces due to airflow. Helicopters with power-driven rotors obtain their lift from the
blades pushing the air downwards but with propeller-driven autogyros the lift comes
from 'auto-rotation' due to the upward flow of air through the horizontal rotor blades.
Note that the lift and drag forces on wings may be expressed in terms of the density
of the air, wing area, speed of airflow and coefficients of lift and drag (see page 88
for drag on a vehicle). The aim of a designer is to achieve as high a lift/drag ratio
as possible.

For every airborne vehicle, once the values of the four main forces-thrust, lift,
drag and weight-are known, the principles of dynamics can be applied to finding
the motion of the vehicle.

12.11 Forces on aircraft in flight

Level flight
For an aircraft to fly in straight and level flight at steady speed, the forces acting
on it must balance and the net moment about any axis must be zero, Fig. 12.5(a).
The aircraft is in equilibrium; this is not the same as being stable, since stability requires
that the aircraft, if displaced slightly from its equilibrium position by wind buffeting
or turbulence, must return to its original position without other controlling forces being
applied. Natural stability in regard to pitching is brought about by maintaining the
centre of gravity in front of the centre of pressure as shown in Fig. 12.4. Although
aircraft are usually designed to be inherently stable, * there is always some degree
of instability, more so in yawing and rolling than in pitching. Thus, for equlibrium

thrust T = drag D
and lift L = weight W

If the centres of gravity and pressure are assumed to coincide there will be no
unbalanced moment. In practice, however, the lines of action of the forces are off-
set, as shown in Fig. 12.4, so that pitching moments are caused by thrust-drag and
lift- weight couples forcing the aircraft to nose up or down. A correcting moment
is supplied by a small force acting at a large moment-arm due to the airflow on the
tailplane (horizontal stabilizer) and elevators. This force may be neglected in relation
to the main forces (see problem 9, page 18).

When thrust exceeds drag, Fig. 12.5(b), the accelerating force is

F=T-D-ma

where m is the mass of the aircraft and a its acceleration. When drag exceeds thrust,
the plane decelerates. In level flight, the nose of the aircraft is often pitched up slightly

* Ultra-modern fighter aircraft are aerodynamically unstable and are controlled in flight by
computer systems. The limits of manoeuvrability in such aircraft are determined primarily by
the gravity forces (g-forces) pilots can bear. Because of the aircrafts' instability they are able
to make more extreme manoeuvres, such as fighter turns, than aircraft with inherent stability.







proceeds. To be airborne, the angle of attack of the wings, setting of aerodynamic
aids and the airspeed, must be such as to produce sufficient lift. The length of runway
needed depends on the thrust available, the texture, gradient and contamination of
the track, as well as the weight and its distribution, wind forces and clearing height
for obstacles.

The landing run is usually shorter than that for take-off. The pilot has a specified
landing groundspeed for the conditions and, at a reduced speed, the aircraft approaches
on a 'glide' path with minimum power or the engine idling. Touch-down is made
with the least possible vertical velocity. On the run-down to rest, the retarding forces
include wheel brakes, rolling resistance, wind drag, spoilers and possibly reverse
thrusters or drogue parachutes. Spoilers are hinged plates on the wings to 'spoil' the
lift by disrupting the airflow, creating turbulence and at the same time increasing the
drag. Reverse thrusters are moveable buckets or louvre-type devices which partially
or fully reverse the forward thrust on landing by deflecting the jet backwards to the
direction of motion (Fig. 12.8); such thrusters are a reserve braking force where tarmac
conditions reduce the efficiency of wheel brakes. If the total thrust is T, then the reverse
thrust is T sin (), where () is the angle made by the exhaust jet to the vertical. The
vertical components of the deflected jet oppose one another. Usually up to 40 per
cent of the total thrust available at landing is employed to assist in normal braking.
In the case of a high BPR engine, only the cold by-pass airstream may be deflected.

Example An aircraft of mass J 05 t touches down at J 00 knots with no vertical component
of velocity. The total forward thrust on approach to landing is 60 kN. Find the minimum distance
required to come to rest and the time taken allowing for a wheel braking force of 50 kN, reverse
thrusters as shown in Fig. 12.8 where (j = 250 and track resistance (fJ.r = 0.04). 1 knot
= 0.514 mls.

l. A four-engined plane touches down at 120 knots and each engine scoops in air at the
rate of 66 kg/s with the jet issuing at 500 m/s relative to the engine. The jet is deflected
by partially reversing buckets to leave the engine at an angle of 180 to the vertical as
shown in Fig. 12.8. Find the reverse thrust.

(36 kN)
2. A jet aircraft of mass 9 t on stationary test takes in air of density 1.18 kg/m3 to its

engine scoop which has an area of 0.2 m2• The speed of the air at entry is 65 m/s and
the exhaust jet issues at 600 m/s. Find the thrust.

If the thrust at take-off is 50 per cent greater than the test value when the plane takes
off from dry tarmac at 234 km/h from a standing start in 70 s, find the coefficient of
rolling resistance. Assume the maximum thrust is exerted from the start and remains
constant during the run-up and that no other retarding force is acting besides track
resistance.

(8.2 kN; 0.045)
3. A 180 t, four-engined, turbofan transporter reaches a take-off speed of 270 km/h from

a standing start. Each engine on stationary test takes in air at 75 mis, the mass flow
rate is 90 kg/s and the exhaust jet issues at 845 m/s. There are two auxiliary jet engines
which, on stationary test, give a total thrust of 66 kN at the same intake air conditions.
Assumingthe total thrust at take-off to be the thrust from the static tests and that it remains
constant during the run-up, find the initial acceleration and minimum length of runway
required, allowing for track resistance only (fJ.r = 0.06).

(\ .32 m/s2; 2130 m)
4. One engine of a four-engined turbofan is tested on a static rig and uses 1.8 kg/s of fuel

with an air/fuel ratio of 45 and mean jet speed 950 m/s. The air is drawn into the engine
at 80 m/s. Find the total 'static' thrust for the aircraft allowing for the fuel in the jet
and assumingeach engineproduces the same test results. If the plane takes off at 288 km/h
when at its maximum allowable load of 240 t with the static thrust boosted by 60 per
cent, what is the minimum length of runway required? AlIow for a retarding force of
75 kN due to drag and rolling resistance and assume a constant thrust during the take-
off run.

(288 kN; 1990 m)
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5. An aeroplane, mass 20 t, touches down on a dry concrete runway at 240 km/h with the
engine stopped and a parachute opens immediately. Allowing for track resistance
(J1., = 0.05) and a wheel braking force of 50 kN, find the force needed from the
parachute to bring the speed down to 54 km/h in a distance of 450 m, at which point
the braking effect of the parachute ceases. What is the full distance required for the plane
to come to rest and the total time taken? Assume the wheel brake force acts until the
plane comes to rest.

(34 kN; 488 m; 16 s)
6. A twin-engined plane, mass 12 t, touches down at 100 knots with each engine exerting

a forward thrust of 20 kN. Reverse thrusters immediately deflect the exhaust jet backwards
at 30° to the vertical (see Fig. 12.8). The reverse thrust ceases when the speed drops
to 37 km/h. Assuming the only other retarding force to be track resistance (JL, = 0.05),
find the minimum ground run required and the total time taken to come to rest.

(695 m; 40 s)
7. An aircraft of mass 45 t lands on rising ground (gradient 2°) at 100 knots without power

and its speed after 25 s on the ground is 30 knots. Assuming no applied braking forces
other than track resistance, find its magnitude per tonne of aircraft, the coefficient of
rolling resistance and the distance travelled before coming to rest.

(1.1 kNIt; 0.11; 917 m)

12. 13 Banking of an aircraft

When an aircraft makes a level turn in a circle, the thrust is equal to the drag as in
straight, level flight; the other forces acting are the weight and lift. However, as
explained in Chapter 6, an active radially inwards force-the centripetal force-is
required to maintain the circular motion and this can only be provided by the increased
lift force when the aircraft banks. The centripetal acceleration of a mass m rotating
in a circle of radius r at constant linear speed v is a = v2/r and the centripetal force
is mv2/r. The tilting of the aircraft increases the lift which acts in the plane of
symmetry, normal to the lateral axis, as shown in Fig. 12.9. For correct banking,
the horizontal component of the lift is equal to the centripetal force and its vertical
component is equal to the weight, thus



12. 14 Helicopters

A helicopter (Fig. 12.10) may have more than one engine supplying power to one,
two or three main rotors, and each rotor usually has between two and six blades.
One type of rotor is the articulated version, where each blade is hinged and free to
flap. The rotating blades of large diameter push a great quantity of air downwards
for vertical movement and hovering, producing an upwards thrust in reaction to the
formation of the jet. The ability to fly in all directions is through the tilting of the
shaft and the deflection of the blades, but the speed of rotation of the blades is kept
fairly constant. In forward flight, the thrust is inclined forwards to the vertical thereby
giving a horizontal component to overcome the drag force in the line of flight and
a vertical component to support the weight. A single rotor causes a torque reaction
and the usual method of counteracting this is the provision of a vertical rotor at the
tail. An alternative method is to use a pair of contra-rotating main rotors.

The thrust in vertical flight and hovering may be found in terms of the airflow or
from the shaft power as for propellers. This thrust must be greater than the total
downwards force for lift-off and equal to it for hovering, allowing for the weight of
the machine, any load slung below it and down-gust or up-gust forces. When hovering,
the engines must develop sufficient power to provide the thrust necessary to keep the
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6. A helicopter has an all-up mass of 42.5 t at vertical take-off. It has a main rotor, and
auxiliaryrotors. Assumingall thepower to be suppliedby the main rotor, fIndthe minimum
diameter of the rotor blades required if the initial thrust is to exceed the dead weight
by 20 per cent and the slipstreamvelocityat take-off is to be 27 mIs relativeto the machine.

Power is supplied by a shaft turbine engine. If the rotor effIciency is 70 per cent what
is the minimum power required from the engine at the rotor shaft?

(38.1 m; 9.64 MW)
7. A 12 t helicopter has a single rotor and when airborne it climbs vertically at a steady

speedof 18 km/h againsta down-gustof 6 kN. What is the thrust and shaftpower required,
assuming a rotor effIciency of 70 per cent?

(123.6 kN; 883 kW)
8. A helicopter of mass 15 t accelerates vertically upwards in still air. Find the acceleration

at a point where its velocity is 4 m/s and the slipstream of the single rotor is a uniform
jet of cross-sectional area 180 m2 in steady flow at 30 mis, relative to the machine.

(1.43 m/s2)

9. A helicopter of mass 22 t makes a level turn at a steady speed of 160 km/h. The angle
of banking is 50° (Le. the lateral axis of the rotor is at 50° to the horizontal). Find the
radius of the turning circle, the total lifting force and the centripetal force.

(169 m; 335.4 kN; 257 kN)

12.15 Rocket propulsion: thrust

Rockets do not depend on surrounding atmospheric air for the combustion process,
making them the ideal vehicles for high altitude and space travel. A chemical rocket
carries its own oxidizing agent which together with solid or liquid fuel is called the
propellant. The principle of operation is simple - the propellant is burned in a
combustion chamber open at one end and a continuous high-speed jet issues through
the opening via an exit nozzle, Fig. 12.II(a). A rocket firing, therefore, is similar
to an inflated balloon suddenly released with the air exhausting from the open neck.
The burning of the propellant takes a finite time and this distinguishes the combustion
process from an explosion. The propellant is initially at rest relative to the rocket
before being ignited, and if the exhaust jet speed relative to the rocket is Ue, then the
thrust is given by

T = rate of change of momentum of propellant
= mass/s X change in speed of propellant
= mVe

Launch rockets require large thrusts for 'long' periods measured in minutes and seconds
and are chemically propelled using solid or liquid propellants but for other purposes
connected with spacecraft a variety of propulsion systems are employed. Enormous
thrusts can be generated by giving large quantities of propellant, for a few minutes
only, a high speed relative to the rocket. The initial thrust of a Saturn V rocket system,
for example, is about 35 MN for a burning time of 160 s. Again on a different scale,
small gas jets with tiny thrusts are capable of sensitive control and attitude correction
of satellites. These micro-reaction thrusters use a number of methods for producing
thrusts, including vaporizing liquids and cold gases such as nitrogen and argon stored
at high pressure; the requirement is to fire frequently for periods measured in seconds
and milliseconds.

Staging increases the performance of rockets, whereby a series of rockets are placed
end-on, the main booster being at the base. On a multi-stage vehicle, as each stage
bums out, redundant rocket casings and equipment are discarded, the mass of propellant
decreases rapidly and since the thrust remains approximately constant, a greater
acceleration is achieved. An alternative to staging is clustering whereby a number
of rockets are clustered around a central core 'sustainer' rocket which is the final
vehicle. Without staging or clustering a space vehicle could not attain a final forward
speed equal to that needed to escape from the earth's gravitational field (about 11 km/s,
see page 173) because of the limitation to the exhaust jet speed (about 6 km/s) of
a single rocket. At the moment of launching a rocket may consist only of a casing,
propellant and a cargo of instruments carried in a satellite but for a spaceship there
will also be booster and stage rockets, a payload of passengers, several satellites and
lunar modules. The propellant accounts for the greater part of the total mass. A Saturn
V rocket, for example, had a mass at launching of over 3000 tonnes, of which nearly
80 per cent was kerosene and liquid oxygen, and this huge quantity was needed to
deliver a payload of a 50 tonne Apollo spacecraft to orbit the moon.

The following description of the launch and flight of the Space Shuttle 'ferry' system,
using a typical set of figures, gives an indication of the aero- and thermodynamic
problems involved when dealing with the great masses and forces associated with such
a project. Only the combination of modern telecommunications and the power and
speed of extraordinary lightweight, compact computers, has allowed space flights to
be controlled, both from ground stations and on-board terminals. The Shuttle is
modified continually, in the light of experience, to improve the efficiencies of its
elements but particularly to reduce the weights of its various parts.

Space Shuttle
This spacecraft, designed to place a vehicle in orbit and then enable it to return to
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earth under its own power, has a total mass of 2040 t and an overall length of 56 m
on the launch pad. It consists of (i) a re-usable Orbiter, a triple-engined, delta-winged
'aircraft', (ii) an expendable external tank (36 t) holding over 700 t ofliquid hydrogen
and oxygen in separate compartments to be burned in the Orbiter's engines with an
02/H2 ratio by weight of 6 to 1, (iii) two recoverable 'strap-on' booster rockets, each
of mass 65 t and holding over 500 t of solid propellant. The external tank and booster
rockets are designed to absorb the thrust loads on launching.

The Orbiter and booster rockets are carried 'piggy-back' on the tank. At lift-off,
which is vertical, the Orbiter's three main engines fire at intervals, measured in
milliseconds with a combined thrust of 5 MN, achieved in less than 5 s. The boosters
fire a few seconds later, bringing the total rated thrust to 34.5 MN; the five rockets,
computer controlled with variable thrust, guide as well as propel the craft over the
first stage of 120 s to an altitude of 44 km at Mach 5. The temperature in the
combustion chambers of the main engines can reach 2700 0c. After the 35 s point
with the speed at Mach 1 the thrust is reduced by 35 per cent to avoid overstressing
the structure, then after 65 s it rises to as much as 109 per cent of the rated thrust
before being throttled down as the boosters reach burn-out. After 120 s the booster
casings are blown off by 8 rockets each exerting an impulse of 50 kN s while the
craft travels at Mach 4.5. The Orbiter's engines continue to fire for a further 400 s
to an altitude of 130 km, bringing the speed to Mach 15, then the craft glides to a
lower altitude of 105 km where the engines cut out and the tank is jettisoned in
'tumbling' fashion, to deter it from skipping along the atmosphere. The Orbiter then
flies on as an 'aircraft' powered by its two manoeuvring engines, each exerting 27 kN
maximum thrust. The Orbiter is first impelled into an elliptical orbit of 149 x 244 km,
then to a circular orbit of 246 km and finally to its station orbit of 276 km. Small
thrusters, set around the nose and tail, control the rotation and translation of the craft
to give it the correct orientation. The Orbiter's ceiling is 1100 km but its mission
orbit varies with the size of the payload, e.g. 185 km for 30 t.

The acceleration is kept below 3g throughout the flight by manoeuvres and control
of thrust in relation to mass and gravity force. The ascent profile is adjusted to achieve
required dynamic conditions and is only vertical at initial lift-off before it soon alters
to a roll manoeuvre to align its curved flight path towards a horizontal attitude and
its first orbital stage. The craft is completely free of its launch pad within 7 s of first
ignition and its rises with low acceleration but shortly attains 1.5g as the mass decreases
and the thrust builds up. The acceleration then drops below 1.5g after 35 s when the
thrust is throttled down and approaches 3g when full power is exerted just before
the end of the first stage. After the boosters burn out and the casings fall away, the
acceleration falls initially but finally reaches 3g again within 10 s ofthe main engines
cutting out.

To return, the Orbiter slows down by raising its nose and for a short period turning
backwards to use its engines as retro-rockets, before gliding down to altitude 120 km
for a steep re-entry, facing forwards once again and meeting with extreme conditions
of heat and stress. When making re-entry the Shuttle has a lift/drag ratio of about
1:1 and the re-entry forces are less than 1.5g .

Finally, with aid of drogue parachutes, the Orbiter lands without power, at 335 km/h
on a 5 km runway. Its mass on landing is 104 t, much greater than in earlier flights
because of required abort precautions.
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12. 16 Forces on a rocket in flight
When a rocket of mass m is fired vertically from its launch pad, two forces act on
it immediately, the thrust T and its weight W, Fig. 12. 11(b). The rocket lifts off with
acceleration a when the thrust just exceeds the deadweight. The thrust may be assumed
to be constant during a stage. Reducing the burning period means a faster burn-up
of propellant, a higher initial thrust and hence a faster lift -off. The mass of the rocket
decreases rapidly as the propellant burns up and casings and parts are jettisoned. Thus
the weight decreases continuously for two reasons - the loss of mass and the reduction
in the acceleration due to gravity as the altitude increases. The drag forces are subject
to two conflicting effects, decreasing with altitude but increasing with speed. A
spacecraft must be supplied with sufficient energy resources to reach the required
altitude and some of this energy is dissipated by drag when passing through the
atmosphere. For high altitude attainment such as geostationary orbit, the amount lost
is insignificant in proportion to the total energy expended. The actual lift-off
acceleration of a multi-stage manned rocket is determined taking into account many
other factors besides those mentioned. In practice, the lift-off is relatively slow with
increasing acceleration as the rocket gains altitude and finally leaves the atmosphere.

Acceleration
To find the acceleration of a rocket at any instant, it is necessary to derive complex
equations based on the equation F = ma, allowing for the continuous change in mass
and forces as well as the variation in g with altitude. However, the simple form of
the equation is directly applicable at an instant when the mass and forces are known,
i.e. at lift-off and at the end of a stage. Thus at lift-off the forces acting on the rocket
are the thrust T, deadweight Wand the mass m of the rocket is known, hence

accelerating force F = T - W
= ma

which gives the acceleration a at lift-off. A typical ratio of thrust to initial weight
at lift-off is 1.2 and only about 75 per cent of the total thrust available is normally used.

At the instant of burn-out for a single-stage rocket the thrust may be assumed to
be the same as at lift-off, the mass m I at burn-out can be estimated from the rate
of consumption of propellant and mass of equipment discarded and hence the weight
W' = m I g, assuming g to be unchanged from its value at sea-level; thus the acceleration
a I at burn-out can be found. In the case of a multi-stage rocket the variation in g
at higher altitudes cannot be ignored and for manned spacecraft the acceleration has
to be kept below a particular figure and the thrust, total mass and ascent profile have
to be carefully predetermined (see Space Shuttle above).

The same calculations apply when a rocket is fired from the moon, except that the
acceleration due to gravity at its surface, 1.62 m/s2, must be used. There is no
atmosphere on the moon and therefore no resistance to motion.

Velocity and altitude achieved
As for acceleration, complex equations are required when calculating the velocity and
altitude achieved by a rocket but, as an exercise, some assumptions may be made
to simplify the problem for a single-stage. If the time of flight t is assumed to be
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to a speed of 3 km/s relative to the rocket, find the mass flow rate of gas to give the
initial acceleration.

(393 kg/ s)
4. A rocket of mass 12 t is fired at an angle of 450 to the ground. The acceleration along

the line of flight is to be 10 m/s2 and the mass flow rate of propellant is 180 kg/so What
is the rocket's specific impulse?

(1.13 kN s/kg)
5. A communications satellite of mass 220 kg is orbiting at 10 500 m/s when its retro-rockets

are fired for 8 s to reduce its speed to 10 475 m/s. Find the rate of discharge of exhaust
gases required from the rocket to produce the necessary thrust if the speed of the exhaust
jet relative to the satellite is to be 550 m/s. Assume the only force acting on the satellite
to be the thrust of the rockets.

0.25 kg/s)
6. A single-stage rocket has a total initial mass of 4000 kg, including 2800 kg of propellant

which is used up in 70 s in vertical flight. The exhaust jet velocity is 1.4 km/s relative
to the rocket. Allowing for the loss of mass of propellant, estimate the acceleration at
the instant of burn-out. What is the specific impulse of the rocket? If the total mass is
actually I per cent greater than the given value, what is the percentage error in calculating
the acceleration at burn-out?

(36.9 m/s2; 1.4 kN s/kg; -4.1 per cent)
7. A rocket of mass 250 t is launched vertically and hovers just above the pad. The mass

flow rate of propellant is 845 kg/so Find the specific impulse at this instant.
(2.9 kN s/kg)

8. A rocket has a lift-off weight of 8.8 kN and the propellant accounts for 60 per cent of
this weight. Verticallift -off with negligible resistance occurs when the initial thrust exceeds
the dead weight by 18 per cent. The exhaust jet velocity relative to the rocket is limited
to 1.1 km/s. Find the burning time and the acceleration at lift-off.

(57.1 s; 1.76 m/s2)

9. An 80 kg satellite is in orbit in steady flight when its control rockets burn for 3 s, issuing
a jet at 200 m/s relative to the satellite, backwards in the line of flight. The satellite's
speed increases by 6 m/s. Find the additional distance travelled during the burn and the
mass flow rate of propellant.

(9 m; 0.8 kg/s)
10. A lunar module of mass 5 t is approaching the moon's surface vertically downwards

at 17 mls at altitude 177 m, when its two retro-rockets fire, each exhausting propellant
at the rate of 3 kg/s for 20 s with a speed of 2 km/s relative to the module. Find the
deceleration of the module at the start and finish of firing. Show that the module is almost
at rest at the moment the rockets cease firing and that it falls freely for about 2 m. What
is its velocity on impact with the surface? For the moon's surface g = 1.6 m/s2•

(0.8 m/s2; 0.86 m/s2; 2.56 m/s)
II. An Ariane rocket has an all-up mass of 208 t. The first-stage thrust is required to be

2.5 MN. If the exhaust jet speed is limited to 2 km/s relative to the rocket, at what rate
must the propellants be ejected? At a given instant in the first stage, 23 t of propellant
has been used up and the rocket is moving vertically upwards against a resistance of
40 kN. Find the acceleration at this point.

(1.25 tis; 3.5 m/s2)

12. A spacecraft of mass 5.5 t fires its rockets to lift it vertically a distance of 10 km off
the surface of the moon. If the thrust developed is 12 kN, for how long do the rockets
operate? For the moon's surface, g = 1.6 m/s2.

(185 s)
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13. When a rocket of mass 850 kg is launched vertically from a stationary position on its
pad, 9 kg/s of exhaust gases are emitted at a speed of 2 km/s relative to the rocket for
a period of 5.8 s. Find the acceleration at lift-off and at the end of the 5.8 s period.
Estimate the velocity achieved, using the average of these two accelerations.

(11.4 m/s2; 12.75 m/s2; 252 km/h)
14. A missile of mass 800 kg is carried in the horizontal position by a plane in level flight

and released when the plane's speed is 400 m/s. The missile's rocket motor fires for
11 s and ejects 110 kg of propellants before burn-out. The exhaust jet velocity is 1.8 km/s
relative to the rocket and the air resistance is 2 kN. Find the acceleration of the missile
at release and assuming this to be constant during firing, estimate the speed of the missile
and the distance travelled at burn-out. Allowing for the decrease in mass and taking the
average of the accelerations at release and burn-out as the constant acceleration, find
the speed and distance travelled.

(20 m/s2; 620 m/s; 5.61 km; 638 m/s; 5.71 km)
15. The line of flight of a 2.2 t spacecraft is 50° to the vertical at an altitude where g =

9.4 m/s2• At an instant when its speed is 1.5 km/s, without power, its rockets fire for
20 s using propellant at the rate of 30 kg/s and issuing a jet at 800 m/s relative to the
craft. Find, for the instant of firing, the accelerations along the line of flight and normal
to the line of flight. Find the acceleration along the line of flight at the end of firing
and using the mean acceleration, estimate the distance travelled in 20 s and the speed
reached.

(4.9 m/s2; 7.2 m/s2; 8.96 m/s2; 31.4 km; 1.64 km/s)
16. A Space Shuttle is launched vertically with a total weight of 2040g kN including 130 t

of booster casings. Lift-off is achieved by two booster rockets and three main engines
firing together for 120 s, at which point the boosters burn out and at the same instant
the casings are jettisoned. Each main engine has a mass flow rate of propellant of 0.5 tl s
and each booster 4.3 tis, with exhaust jet velocities of3 km/s and 3.5 km/s respectively,
relative to the Shuttle. Find the total thrust exerted at lift-off and assuming this remains
constant, estimate the acceleration after 15 s. What is the acceleration at burn-out,
assuming the Shuttle's flight path to be at 40° to the vertical and the thrust to be throttled
down by 30 per cent from its lift-off value? What is the overall specific impulse of the
rocket system at lift-off?

(34.6 MN; 8.52 m/s2; 27.2 m/s2; 3.4 kN s/kg)
17. A three-stage launching vehicle and spacecraft has a total mass of 3000 t and its five

first-stage boosters use 2040 t of propellant at a steady rate for 150 s when taking off
vertically. The exhaust gases eject at 2.4 km/s relative to the vehicle and 180 t of
equipment is jettisoned at the end of the first stage. Find the acceleration at lift-off, after
80 s, and at the end of the first stage. Estimate the velocity of the vehicle at the end
of the first stage and the height to which it is lifted, taking the average of the three
accelerations as the constant acceleration for the stage.

(1.08 m/s2; 7.27 m/s2; 32 m/s2; 7260 km/h, 151 km)
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x = XI + X2
= (EI x 0.36) + (E2 x 0.24)
= 0.00075 x 0.36 + 0.001 x 0.24
= 0.00051 m
= 0.51 mm

Note: It has been assumed here that the stress distribution is uniform over all sections, but
at the change in cross-section the stress distribution is actually very complex. The assumption
produces little error in the calculated compression.

Problems
1. A bar of 25 mm diameter is subjected to a tensile load of 50 kN. Calculate the extension

on a 300 mm length. E = 200 GN/m2•

(0.153 mm)
2. A steel strut, 40 mm diameter, is turned down to 20 mm diameter for one-half its length.

Calculate the ratio of the extensions in the two parts due to axial loading.
(4:1)

3. When a bolt is in tension, the load on the nut is transmitted through the root area of
the bolt which is smaller than the shank area. A bolt 24 mm in diameter (root area =
353 mm2) carries a tensile load. Find the percentage error in the calculated value of the
stress if the shank area is used instead of the root area.

(21.7 per cent)
4. A light alloy bar is observed to increase in length by 0.35 per cent when subjected to

a tensile stress of 280 MN1m2. Calculate Young's modulus for the material.
(80 GN/m2)

5. A duralumin tie, 600 mm long, 40 mm diameter, has a hole drilled out along its length.
The hole is 30 mm diameter and 100 mm long. Calculate the total extension of the tie
due to a load of 180 kN. E = 84 GN/m2•

(1.24 mm)
6. A steel strut of rectangular section is made up of two lengths. The first, 150 mm long,

has breadth 40 mm and depth 50 mm; the second, 100 mm long, is 25 mm square. If
E = 220 GN/m2, calculate the compression of the strut under a load of 100 kN.

(0.107 mm)
7. A solid cylindrical bar, of 20 mm diameter and 180 mm long, is welded to a hollow

tube of 20 mm internal diameter, 120 mm long, to make a bar of total length 300 mm.
Determine the external diameter of the tube if, when loaded axially by a 40 kN load,
the stress in the solid bar and that in the tube are to be the same. Hence calculate the
total change in length of the bar. E = 210 kN/mm2•

(28.3 mm; 0.184 mm)

13.4 Compound bars

When two or more members are rigidly fixed together so that they share the same
load and extend or compress the same amount, the two members form a compound
bar. The stresses in each member are calculated using the following:

1. The total load is the sum of the loads taken by each member.
2. The load taken by each member is given by the product of its stress and its area.
3. The extension or contraction is the same for each member.

Consider a concrete column reinforced by two steel bars (Fig. 13.3) subjected to a
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13.7 Effects of thermal strain

Thermal strain may be of engineering importance because of the deformation it
produces or because, if the deformation is resisted, thermal stresses result.

Thermal expansion of a metal is utilized when a collar is shrunk on to a shaft. The
collar is bored out to a diameter slightly smaller than that of the shaft and it is then
heated so that when expanded it may be slipped into position on the shaft. When cooled,
the collar grips the shaft firmly and the collar and shaft remain stressed after cooling.
Again, a thermostat switch may be actuated by a rise in temperature deforming a bimetal
strip. For example, when strips of copper and steel are riveted together, a rise in
temperature causes the copper to expand more than the steel; the strip bends and the
resulting deflection can be used to operate the switch.

The expansion of a metal must be allowed for in high-temperature piping. A straight
pipe will produce high loads at the pipe end connectons if not allowed to expand freely
along its length. In order to overcome this a loop is inserted in the pipeline. The
flexibility of the loop permits the expansion to be taken up. Similarly special
arrangements are made to allow free expansion of long exposed pipelines in hot
climates; the pipes may be looped or the lines staggered. Gaps are often left in rail
tracks to permit free expansion in hot weather without buckling of the tracks. Present-
day practice, however, is to weld the joints for considerable lengths and to rely on
the clamping effect of sleepers and ballast to prevent buckling.

When dissimilar metals are bonded together, each tends to resist the change in length
of the other and high stresses may be induced. If two parts of the same structure are
at different temperatures, or if a body of non-uniform thickness is subject to a sudden
change in temperature, again high stresses or excessive deformation may result. Many
examples of these effects will come to mind: cold water poured into a hot cylinder
block may crack it: foundry castings of complex shapes allowed to cool too quickly
may shatter; tools may be cracked by the process of quench-hardening.

Finally it may be remarked that when the change of temperature is large, the
properties of metals change also and this may have to be taken into account. A rise
in temperature is usually accompanied by a drop in the values of the modulus of
elasticity, the ultimate tensile stress and the yield stress. The ductility of the metal
may increase (see Chapter 14). The reverse is true for a drop in temperature; in
particular, at low temperatures mild steel may become relatively brittle.

Example A steel bar 300 mm long, 24 mm diameter, is turned down to 18 mm diameter for
one-third of its length. It is heated 30°C above room temperature, clamped at both ends and
then allowed to cool to room temperature. If the distance between the clamps is unchanged,
find the maximum stress in the bar. ex = 12.5 x 1O-6/oC, E = 200 GN/m2•

SOLUTION
If allowed to contract freely without constraint, the contraction of the whole length is given by:

ex X t X I = 12.5 X 10-6 X 30 X 0.3
= 112.5 X 10-6 m

Contraction is prevented by a tensile force F exerted by the clamps.
Each portion of the bar carries the total load F but the extension of each portion is different





286 Applied mechanics

0'1 = 304 X 103t N/m1

= 304 kN/m2 per °C (tension)
and 0'1 = -608 kN/m1 per °C (compression)

Note: These results are not accurate at the end of the strip. Further, they apply strictly only
to narrow strips where restriction of expansion across the width may be neglected. The various
temperature changes to which a clad strip such as this may be subjected during manufacture
will often leave it in a state of stress at room temperature. Such a state of stress is termed residual
stress. In this case it can be removed only by over-stretching beyond the yield point and cannot
be removed by annealing.

Problems
1. A brittle steel rod is heated to 150°C and then suddenly clamped at both ends. It is

then allowed to cool and breaks at a temperature of 90 °C. Calculate the breaking stress
of the steel. E = 210 GN/m1; Ci = 12 x 1O-6/oC.

(I51 MN/m1)

2. A steel bar of 100 mm diameter is rigidly clamped at both ends so that all axial extension
is prevented. A hole of 40 mm diameter is drilled out for one-third of the length. If the
bar is raised in temperature by 30°C above that of the clamps, calculate the maximum
axial stress in the bar. E = 210 GN/m1; Ci = 0.OOOOI2/oC.

(84.7 MN/m1)

3. A metal sleeve is to be a shrink fit on a shaft of 250 mm diameter. The sleeve is bored
to a diameter of 249.5 mm at 16°C and is then heated until the bore exceeds the shaft
diameter by 0.625 mm, to allow it to pass over the shaft. It is then placed on the shaft
and allowed to cool. Calculate the temperature to which the sleeve must be raised. Take
Ci = 12 X 1O-6/oC.

(391°C)
4. A tie-bar connects two supports in a machine assembly. The supports may be considered

rigid and are 400 mm apart. A brass alloy tube is used as a spacer and sleeved over
the tie-bar so that there is 4 mm clearance between the ends of the spacer and the supports
at 16°C. The spacer is 30 mm outside diameter and 20 mm inside diameter. Find the
compressive force in the spacer at the working temperature of 600 °C. For the alloy
take E = 85 GN/m1 and Ci = 18 x 1O-6/oC.

(17.1 kN)
5. A phosphor-bronze spacer is a close fit in a 300 mm gap between two faces of a steel

machine frame when assembled at 16°C. Find the maximum permissible working
temperature if the maximum permissible stress in the spacer is 25 MN/m1 and the
increase in the gap must not exceed 0.15 mm. For the bronze take Ci = 16.5 x 1O-6/oC
and E = 85 GN/m1•

(64 0c)
6. A steel bar of 50 mm diameter is placed between two stops with an end clearance of

0.05 mm. The temperature of the bar is raised 60°C and the stops are found to have
been forced apart a distance of 0.05 mm. Calculate the maximum stress in the bar if
its total length is 250 mm and there is a hole of 25 mm diameter drilled along its length
for a distance of 100 mm. E = 200 kN/mm1; Ci = 12 x 1O-6/oC.

(75.3 MN/m1)

7. A compound tube is formed by a stainless steel outer tube of 50 mm outside diameter
and 47 mm inside diameter, together with a concentric mild steel inner tube of wall
thickness 6 mm. The radial clearance between inner and outer tubes is 2 mm. The two
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2. A load of I tonne is placed on a collar at the end of a vertical tie rod of 10 mm diameter.
Calculate the static stress induced.

If the load is dropped from a height of 80 mm, calculate the maximum instantaneous
stress induced in the rod. Length of rod = 1150 mm, E = 230 GN/m2•

What is the maximuminstantaneousstress if the load is not droppedbut appliedsuddenly
without impact?

(124.5 MN/m2; 2.125 GN/m2; 249 MN/m2)

3. A collar is turned at the end of a bar, 6 mm diameter, 600 mm long. The bar is hung
vertically with the collar at the lower end. A load of mass 500 kg is placed just above
the collar so as to be in contact but leave the bar unloaded. Calculate the maximum
instantaneous stress and extension of the bar if the load is suddenly released. E =
200 kN/mm2•

(347 MN/m2; 1.04 mm)
4. A mass of 50 kg falls 150 mm on to a collar attached to the end of a vertical rod of

50 mm diameter and 2 m long. Calculate the maximum instantaneous extension of the
bar. E = 200 GN/m2•

(0.86 mm)
5. A mass of 200 kg falls 20 mm on to a vertical cylindrical column, thereby compressing

it. The column is 800 mm long and 50 mm diameter. Find the maximum instantaneous
stress produced by the impact and the total strain energy stored by the column at the
instant of maximum compression. E = 200 GN/m2.

(100 MN/m2; 39.3 J)
6. A mass of 5 Mg is to be dropped a height of 50 mm on to a cast-iron column of 80 mm

diameter. What is the minimumlength of column if the energy of impact is to be absorbed
without raising the maximum instantaneous stress above 220 MN/m2? E for cast iron
= 110 GN/m2.

(2.42 m)
7. A mass of 9 kg falls through a height of 150 mm and then starts to stretch a steel bar

of 12 mm diameter and 900 mm long. If the bar is turned down to 9 mm diameter for
300 mm of its length, calculate the maximum stress induced in the bar. E =
210 GN/m2.

(371 MN/m2)

8. What is the maximum height a mass of 1000 kg can be dropped on to • steel column
of 25 mm diameter and 300 mm long, if the maximum instantaneous stress is not to
exceed 0.28 kN/mm2? E = 210 kN/mm2•

(2.41 mm)

13.11 Hoop stress in a cylinder
A cylinder containing fluid under pressure is subjected to a uniform radial pressure
normal to the walls, Fig. 13.12. Since the cylinder tends to expand radially, there
will be a tensile or hoop stress uh set up in the circumferential direction, i.e.
tangential to the shell wall. This stress may be found by considering the equilibrium
of forces acting on one-half of the shell. Imailne the cylinder to be cut across a
diameter, Fig. 13.13. Then there is a uniform downward pressure p acting on the
diametral surface section ABCD shown; this Is balanced by the upward force due
to the hoop stress Uh along the two edges.

Force due to radial pressure on area ABCD - P X area ABCD
=pxABxBC
= P X 2r X l
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5. A thin steel tube of 12 mm mean diameter and 0.5 mm thick rotates at 19000 rev/min
and carries an internal pressure of 700 kN/m3. Calculate the maximum hoop stress in
the tube wall if its density is 7400 kg/m3.

(9.105 MN/m2)

6. A thin steel drum is required to rotate at 4200 rev/min while the pressure inside the
drum is 1.4 MN/m2

. If the drum is to be made from 6 mm plate find the maximum
diameter for a limiting tensile stress of 75 MN/mz. Density of steel = 7.8 Mg/m3.

(320 mm)

Chapter 14

Mechanical properties of materials

The general properties of any material forming an engineering component depend
on its chemical make-up, how it is built up from atoms and molecules into crystals,
grains and solid material, and on the manufacturing processes and treatments used
to produce its final form and condition. When a material is selected for a particular
engineering situation, a variety of these properties have to be considered including
strength, machinability, corrosion resistance, electrical characteristics, thermal
conductivity, melting point, etc. Often, however, these requirements have to be
balanced, one against the other and the choice of a material therefore usually involves
compromise.

In this chapter the emphasis is specifically on the mechanical properties of materials
and their behaviour under load. The treatment is of necessity restricted because of
the proliferation of metals and plastics now in use in modern industry and the range
of testing machines and techniques available. For fuller information students should
refer to more specialist texts, British Standards and manufacturers' publications.

14. 1 Metals and alloys

Engineering metals can be divided into two groups based on their iron content; those
consisting mainly of iron are called ferrous metals and all others non-ferrous. The
'light' metals include aluminium, magnesium and titanium, and the 'refractory' metals
with heat-resisting properties include tungsten and molybdenum. Alloys are formed
by adding quantities of various elements to a basic metal, in some cases very small
quantities, and the resulting materials usually have markedly different properties from
those of the individual constituents. The most commonly used alloys are those of iron
with a small amount of carbon to produce steel or cast iron. The non-metallic content,
less than 4 per cent by weight, is the primary factor in determining the nature and
properties of the ferrous metal produced. Steels contain less than 1.5 per cent carbon;
the 'plain' carbon steels, composed almost entirely of iron and carbon are termed
low- (or mild), medium- or high-carbon steels depending on the proportion of carbon
present. When a carbon steel is alloyed with other elements besides carbon, it is called
an 'alloy steel' and is designated according to the predominant element added, e.g.
manganese steel. Each alloying element is used to produce specific effects on the
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properties of the steel produced or on the manufacturing process involved, e.g. to
give a tough, machinable material, to resist the effects of high temperatures, or to
enable a steel to be hardened. A particular example is the use of cobalt, nickel and
titanium, which together with ageing processes result in high-strength, very ductile
'maraging' steels, greatly used in rocket work. Cast irons have a higher carbon content
than steels together with amounts of silicon, magnesium, sulphur and phosphorus.
There is a great variety of modern cast irons but the most common is the traditional
grey iron, very brittle, easily machinable, a good conductor of heat and useful in
massive parts for damping down vibrations. Adding a small amount of magnesium
in the production stages produces nodular or spheroidal iron, a strong, tough, ductile
material.

Non-ferrous metals and their alloys are equally as important as the ferrous.
Aluminium, a soft metal with a low melting point, is noted for its high-electrical and
thermal conductivity as well as resistance to corrosion. It is the foremost metal in
use after steel because of its excellent strength to weight ratio, giving light, stiff
materials. Copper, alloyed with up to 40 per cent zinc and small quantities of other
elements such as tin, is the basis of the various straight brasses, but when alloyed
without zinc to tin, phosphorus, silicon or aluminium, it gives a range of bronzes.
Phosphor-bronze, for example, is a tin bronze with added phosphorus and like
manganese bronze is particularly resistant to sea water. Further examples of non-ferrous
alloys are those based on nickel, magnesium and titanium, each of which has special
properties. Nickel is noted for hardness and strength, titanium for lightness and rigidity
as well as strength at high temperatures, and magnesium is the lightest of all the metals.

It is useful to define the mechanical properties of materials in general, plastics as
well as metals, by considering in particular the behaviour of black mild steel when
loaded in tension and compression.

14.2 Black mild steel in tension

Black mild steel is a low-carbon steel in a hot-rolled or annealed condition. A tension
test on a typical specimen would give the graph of load against extension shown in
Fig. 14.1.

Elastic stage
In the initial stage of the test the steel is elastic, i.e. when unloaded the test-piece
returns to its original unstretched length. This is represented by the line OP, Fig.
14.1. Over the major portion of this stage the material obeys Hooke's law, i.e. the
extension is proportional to the load and the strain is proportional to the stress.

Limit of proportionality
The point P represents the limit of proportionality. Beyond P the metal no longer obeys
Hooke's law.

Elastic limit
The stress at which a permanent extension occurs is the elastic limit stress and the
metal is no longer elastic. In black mild steel, the limit of proportionality and elastic
limit are very close together and often cannot be distinguished. Elastic limit stress
and limit of proportionality values have limited use today.

Permanent set
If the metal is loaded beyond the point P representing the elastic limit, and then
unloaded, a permanent extension remains, called the permanent set.

Yield stress
At Y the metal stretches without further increase in load. Y is termed the yield point
and the corresponding stress is the yield stress. This sharp yield is typical of mild
carbon steel, wrought iron and some plastics, but occurs with few other materials.
The graph shows a very slight dip at the yield point. For a medium carbon steel and
for some other metals, depending on their heat treatment and mechanical working,
the dip at point Y is sufficient to indicate an upper and lower yield stress, i.e. the
yield point is reached at a certain load and the material continues to yield at a slightly
lower load.

Plastic stage
Beyond Y, the steel is partly elastic and partly plastic. Ifthe test piece is unloaded
from any point C beyond Y the permanent extension would be aD, approximately,
where CD represents the unloading line (approximately parallel with PO). If the
specimen is reloaded immediately the load-extension graph would tend to traverse
first the line DC and then continue from near C as before.

Work hardening
At the point Z, further extension requires an increase in load and the steel is said
to work harden or increase in strength. If unloaded from any point E between Z and
M, the unloading graph would be approximately the line EF. If reloaded, the graph
would trace out approximately the same elastic line from F to E, after which it continues
from E to M, as it would have done if not unloaded. The process of cold working,
i.e. cold drawing or rolling, represents a work hardening or strengthening.

During the stage Z to M, the mill scale on an unmachined specimen of black steel
is seen to flake off from the stretched metal. Furthermore, the extension is now no
longer small but could be measured roughly with a simple rule.
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Waisting
M represents the maximum load which the test-piece can carry. At this point the exten-
sion is no longer uniform along the length of the specimen but is localized at one
portion. The test-piece begins to neck down or waist, the area at the waist decreasing
rapidly. Local extension continues with a decrease of load until fracture occurs at
point X.

Ultimate tensile stress
The ultimate tensile stress (UTS) is defined as:

maximum load
original area

Black mild steel has an UTS of about 400 MN/m2. There are very few steels with
a strength above 1500 MN/m2 and only a limited number with a specified UTS above
1200 MN/m2. One of the strongest is the wire used in musical instruments, a very
hard-drawn, high-carbon steel, the highest grade of spring wire, with a strength in
the range 1800-3000 MN/m2

.

Breaking stress
The nominal fracture or breaking stress is:

load at fracture
original area

and this is less than the UTS in a metal which necks down before fracture. This stress
is seldom quoted today.

True fracture stress
The true or actual fracture stress is:

load at fracture
final area at fracture

and this is greater than either the nominal fracture stress or the UTS in a metal which
necks down, due to the reduced area at fracture. The true stress may be as much as
100 per cent higher than the UTS for mild steel. Also, it may be noted that the true
stress is found to be roughly constant for a given material whereas the UTS varies
with the treatment of the specimen before testing.

Fracture
The appearance of the fracture is shown in Fig. 14.2. It is described as a cup-and-
cone fracture and is typical of a ductile material such as mild steel.

Failure: factor of safety
The term 'failure' applied to a material or element in a machine can mean fracture
as we have discussed here, or it can mean that the member has deformed past the
elastic limit, buckled or collapsed. Fracture can also be brought about by bending
or cyclic stresses as well as by direct tension or compression. In practice, engineering
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takes place. This stress is known as the proof or offset stress and is defined as the
stress at which a specified permanent extension has taken place in the tensile test.
The extension specified may be 0.1, 0.2 or 0.5 per cent of gauge length, but the 0.2
per cent figure is becoming more common.

The proof stress is found from the stress-strain curve, Fig. 14.7, as follows. From
the point on the strain axis representing 0.1 per cent strain draw a line parallel to
the initial slope of the stress-strain diagram at O. The stress at the point where this
line cuts the curve is the 0.1 per cent proof stress. The 0.2 per cent proof stress is
found in a similar manner by starting from the point on the strain axis representing
0.2 per cent extension.

14.10 Brittle materials

A material which has little ductility and does not neck down before fracture is termed
brittle. The most obviously brittle materials are the ceramic, glasses and concrete,
together with some cast irons and cold-rolled steel. Also, non-ferrous metals and alloys,
when suitably worked, are brittle, as well as thermosetting plastics and some of the
thermoplastics.

Figure 14.8 shows the stress-strain curve for grey cast iron in tension. The metal
is elastic almost up to fracture but does not obey Hooke's law. Yielding is continuous
and the total strain and elongation before fracture occurs is very small, less than 0.7
per cent elongation. Cast iron fractures straight across the specimen as distinct from
the cup-and-cone fracture of a ductile material. The modulus of elasticity for cast iron
is not a constant since there is no straight-line portion of the graph, but varies according
to the point or small portion of the curve at which it is calculated.

A method of estimating the value of E used in rubber and plastics technology,
employs the slope of the secant line OB; this gives a ratio of stress to strain at x per
cent strain for the whole portion of the curve up to point B. This is called the secant
modulus, and is given by BC/OC.

The stress-strain curve for cast iron in compression is similar to that for a tension
test. The metal fractures across planes making 55° with the axis of the specimen,
indicating failure by shearing, except when the specimen is very short when fracture
occurs across several planes.
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The brittleness of a material is often best measured by the energy which it will absorb
before fracture in an impact test (see below); the lower the energy absorbed by a
standard specimen of a given material, the greater the brittleness.

14.11 Resilience and toughness

When a bar is loaded within its elastic limit, the work expended is stored as strain
energy in the bar and is called the resilience of the bar. The energy is recoverable
on removal of the load, i.e. the bar behaves like a spring. Resilience is a measure
of the ability of the material to store energy and to withstand a blow without permanent
distortion. For calculations on resilience see Section 13.9.

Toughness is the converse of brittleness, and describes the ability of a material to
resist the propagation of cracks and to withstand shock loads without rupturing. Both
resilience and toughness are important characteristics of metals, plastics and fibres.
Toughness is usually measured by the amount of energy, in joules, required to fracture
a notched test-piece held gripped in a vice and struck a single transverse blow by
a heavy pendulum. The pendulum head strikes at a fixed height above the notch, and
the 'notch-toughness' of the metal is measured by the loss of energy of the pendulum
on impact and the machines are calibrated accordingly. The lzod and Charpy impact
testing machines use this method. Results obtained from impact tests require care in
interpretation and precise information is essential regarding the type of test, notch
dimensions (which are critical) and the test conditions.

14.12 Mechanical properties of metals

Table 14.2 gives typical values of percentage elongation, yield or 0.1 per cent proof
stress, and ultimate tensile strength. These values vary widely, however, not only

Table 14.2

Percentage Yield 0.1% Ultimate
elongation stress proof tensile
(total) (MN/m2) stress stress

(MN/m2) (MN/m2)

Copper, annealed 60 - 60 220
Copper, hard 4 - 320 400
Aluminium, soft 35 30 90
Aluminium, hard 5 - 140 150
Brass, soft (30% zinc)' 70 - 80 320
Brass, high tensile 15 - 280 540
Phosphor bronze (cast) 10 150 310
Black mild steel 25-26 230-280 - 350-400
Bright mild steel 14-17 - - 430
Structural steel 20 220-250 - 430-500
Stainless steel (cutlery) 8 1400 - 1560
Stainless steel (tool) 3 1870 1950
Maraging steel (high alloy) 12 1870 - 1800- 3000
Cast iron, grey - 120-240 280-340

Spheroidal graphite cast
iron (annealed) 10-25 300-380 420-540

Cast iron, malleable 20 - - 310-500
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for alloys where the precise mix of elements is crucial, but also because of the many
factors already discussed.

Example In a tensile test on a specimen of black mild steel of 12 mm diameter, the following
results were obtained for a gauge length of 60 mm.

Load W (kN) 5 10 15 20 25 30 35 40
Extension X (10-3 mm) 14 27.2 41 54 67.6 81.2 96 112

When tested to destruction, maximum load = 65 kN; load at fracture = 50 kN, diameter at
fracture = 7.5 mm, total extension on gauge length = 17 mm. Find Young's modulus, specific
modulus, ultimate tensile stress, breaking stress, true stress at fracture, limit of proportionality,
percentage elongation, percentage reduction in area. The relative density of the steel is 7.8.

SOLUTION
The load-extension graph is plotted in Fig. 14.9 and the slope of the straight line portion



14.13 Fatigue

A metal subjected to loading producing fluctuating, repeated or reversed stresses, fails
at a stress level below the ultimate tensile stress. The term fatigue failure is applied
to such a fracture. The fatigue strength is measured by the number of repetitions of
stress before fracture occurs and depends upon the level of both the mean stress and
the range of stress. Fatigue is particularly important when the stress is tensile and
in the presence of impurities and stress-concentration areas such as changes in section,
voids, joints, sharp corners or notches. The greatest number of fatigue failures are
probably due to reversed bending stresses and this is the basis of the fatigue test most
in use. A rotating test bar is held in bearings at each end and loaded at its midpoint
so as to produce cyclic bending stresses. Alternatively, the bar is held as a cantilever
beam and loaded at its free end.



Fatigue failure in a metal causes a slow spreading fracture which has an appearance
not unlike that of the fine granulated texture of cast iron. There is usually no sign
of plastic deformation so that a fatigue failure may be mistaken for the fracture of
a brittle material. On the other hand a brittle-type fracture does not necessarily mean
fatigue failure has occurred. A fatigue fracture may show two areas of quite different
appearance, Fig. 14.10. The first is crescent-shaped, smooth textured and may have
'beach' type markings. This represents the spreading of the fatigue crack. The
remaining area is rough and jagged and represents the final tensile fracture after the
metal has been greatly weakened with the spread of the fatigue crack.

Most ferrous metals have a 'safe' range of stress and a certain stress known as the
fatigue limit, based on reversed bending, below which fracture does not occur even
after a very large number of cycles of repetition of stress. Non-ferrous metals do not
appear to have either a 'safe' range or a 'fatigue limit'. For these metals an endurance
limit is used which is the maximum stress that can be endured for a specific frequency
of loading.

There is a rough correlation between UTS and the fatigue limit for many metals.
For example, for a range of steels the fatigue limit is approximately one-half the UTS;
for copper the ratio is much lower, about one-third.

Fatigue in polymers is of a similar nature to that in metals but because of the structure
of the material some variables have an important effect on the cyclic stresses, e.g.
the degree of crystallinity, the working temperature and the frequency of loading.

14.14 Creep

Any material when loaded constantly in tension for a long period of time will creep,
i.e. extend slowly and steadily in a slightly plastic or viscous way. This phenomenon
takes place even under the self-weight of material, and within the elastic limit. Creep
can be defined as the total 'time-and-temperature' dependent strain occurring under
constant load. For metals, a slow steady strain takes place at any load and temperature
providing the time-period is long enough, but the strain increases rapidly with
increasing temperature and load; at normal temperatures it is negligible for steel and
other stiff materials but significant for soft metals. Rigid plastics and polymers at normal
temperatures when lightly loaded show little tendency to creep but the rate of strain
increases most rapidly with increase in temperature. A creep test is similar to a tensile
test except that the load and temperature are maintained constant and the test may
last for years. An alternative to a long running test is a stress-rupture test which
gives the stress that will produce a specified rate of strain in a relatively short period,
e.g. a I per cent extension on the gauge length, say, in 5000 hours. A typical
specification for Admiralty gun-metal shows a 0.1 per cent plastic strain at a
temperature of 300 °C with a low stress of 20 MN/m2

•
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14. 15 Hardness

Hardness is the term used to describe the resistance the surface of a metal offers to
indentation, wear or abrasion. Tests for wear and indentation are quite different. A
scratch test is the oldest method of determining hardness, a fairly rough method using
Moh's scale of ten minerals, each of which can be scratched by the mineral above
it on the scale. The softest mineral is talc (No.1), which can be scratched by any
of the others, and the hardest is diamond (No. 10) which can scratch all the others.
Thus, if a tool steel can be scratched by topaz (No.8) but not by corundum (No.
9), then its Moh number is 8.

There are several indentation testing machines which in general act by applying
a load to an indenter for a given time. The tests each have their own hardness number
and can be used for metals and plastics. They vary in the types of indenter used, the
manner in which the load is applied and the methods of measurement.
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6. When carrying out the test the following precautions should be taken.

(a) The thickness of the test specimen should be at least ten times the depth
of the impression.

(b) The surface should be ground flat and polished.
(c) The centre of the impression should be at least two and a half times the

indentation diameter from the edge of the specimen.

Note: Besides the Brinell test there are other testing machines available. Two of the
most common are: (i) the Vickers test, which employs a diamond indenter, and is
particularly useful for very thin, hard materials; (ii) the Rockwell test, used with a
ball or diamond cone, and advantageous for rapid testing on production work because
of a direct dial-reading arrangement. There is also the Firth Hardometer which gives
the same hardness number as the Brinell, and the Shore Scleroscope, a dynamic test
utilizing the property of resilience and measuring hardness by the rebound of a small
tup from the test surface.

14. 16 Polymers and plastics

A 'polymer' is a substance based mainly on the carbon atom and created by linking
small molecules (monomers) to form large molecules (polymers). Depending on the
method of linking, the polymer formed may be crystalline (hard), or amorphous (soft),
or a mixture of both types. A diamond is a natural hard polymer; rubber and cellulose
are natural soft polymers and there are synthetic polymers with special properties.
The term 'plastic' usually refers to the product manufactured when a polymer (also
called 'resin') is mixed with various additives. Unreinforced plastics are not used for
load-bearing since they have poor elastic properties, notably low rigidity, low creep
resistance and relative weakness in tension and compression. The low density of
plastics, however, combined with modest strength gives them a fairly good strength-
to-weight ratio and this feature together with their advantageous properties, has led
to their widespread use. The values of elastic modulus, tensile strength and percentage
elongation, for plastic materials are affected greatly by temperature conditions, and
the rate and duration of loading.

Plastics fall into three main categories.

1. Thermoplastics, usually based on ethylene; once formed they can be softened
and remoulded repeatedly by the application of heat. In general, a thermoplastic
is ductile, showing large elongations under load, with low tensile strength, good
impact strength but very sensitive to heat. A common engineering thermoplastic
is nylon, in special grades, tough and hard, with self-lubricating properties and
advantages in relation to wear, corrosion, moulding and impact strength. The
critical properties for thermoplastics are the melting point and the glass transition
temperature* at which physical changes take place.

2. Thermosetting plastics, formed from soft polymers by being made to set hard,

* If a soft plastic is cooled sufficiently, a temperature is reached where the plastic becomes
hard and glassy. This temperature is called the glass transition temperature.
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through chemical change when heated to specific temperatures, depending on
the polymer. They are hard and brittle, but fairly strong, and cannot be softened
or moulded in any way under heat or pressure without damage. Examples are
'bakelite' and 'epoxies' (adhesives).

3. Elastomers is the name given to natural and synthetic rubbers, and to those
plastics which have properties similar to rubber. When an elastomer is loaded
in tension at room temperature, its length increases enormously with
corresponding reduction in cross-sectional area. Such materials do not obey
Hooke's law since there is a large reduction in cross-sectional area as the load
increases in the elastic range. Elastomers have many uses in engineering, e.g.
rubber bushes, springs in anti-vibration mountings and resilient couplings.

14. 17 Fibres

The original yarn and cloth organic fibres have been overtaken by inorganic fibres,
mainly of glass, carbon and steel, and these modern fibres have great strength. The
elastic modulus E for a steel fibre does not alter much from that of mild steel but
its tensile strength, at about 1200 MN/m2

, is three times greater, although still lower
than the strength of the toughest alloy steels. High-modulus or high-strength fibres
can be produced; for example, a high-modulus carbon fibre has an elastic modulus
of 410 GN/m2 and tensile strength up to 2000 MN/m2• The difference between the
properties of a material and the fibres produced from it is shown by the most commonly
used and commercially successful glass fibres. Ordinary bulk glass has a very variable
tensile strength, less than 170 MN/m2

, but in fibre form, the strength may be raised
to as much as 3000 MN/m2

; after processing and being woven into strands, the
strength is much lower.

14.18 Fibre-reinforcement; composite materials

Fibres are used to reinforce plastics and other materials for various purposes, e.g.
to increase the strength-to-weight ratio or to enable a material weak in tension to carry
a tensile load. The reinforcement may be in the form of beads, long lengths of fibre
made into strands or yarns, specially prepared fine fibres called 'rovings' woven into
mats or cloths, but more usually as chopped up short pieces of yarn in mat form.
Fibre-reinforced plastics are low-density composite materials using fibres of glass,
steel or carbon, bonded into a plastic resin. The low-strength plastic protects the fibres
from rubbing or chemical attack, and the tensile loads are taken by the fibres. Carbon
and boron have high strength along the fibres. The alignment of the fibres and the
juxtaposition of composite elements is most important and special joining and fastening
techniques are required.

The mechanical properties of composite materials depend not only on those of the
fibre and the host material but also on the length and weight content of the fibres,
and on the nature of the bonding. The values obtained for the elastic modulus and
ultimate strength for reinforced material are usually lower than those of the fibre
reinforcement. A typical unreinforced thermoplastic polyester has a very low value
of E, about 500 MN/m2

, a low tensile strength of less than 70 MN/m2, but a high
elongation, 60-110 per cent. Reinforcing with fibre can as much as triple the value
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of E depending on the kind of fibre used, and increase the tensile strength by an even
greater factor, although there will be a loss of ductility and impact strength. Because
of the ease with which plastic can be shaped and complex bodies built up, its corrosion
resistance and other unique properties, the improvement in strength when reinforced
with fibre has led to the greatly increased use of these composite materials in many
mechanical and structural engineering situations. Extreme examples of their use are
the glass and resin nose unit of the Concorde aircraft, carbon-composite cockpits of
Formula I cars, spacecraft antennae reflectors made from aluminium honeycomb faced
with a thin layer of carbon fibre, and glass-reinforced resin coil and leaf springs. Again,
in some modern aircraft, composite carbon and glass-fibre reinforced plastics, together
with other advanced composite materials, may account for up to one-quarter by weight
of the airframe, in competition with titanium and aluminium-lithium alloys. The most
advanced propeller developed through turboprop technology consists of six narrow
ultra-light blades made of solid aluminium spar encased in glass fibre. A recent example
is the construction of a two-bladed rotor for a wind energy turbine; the rotor has a
span of about 60 m and the tip blades are fabricated from steel box spar with an aerofoil
section consisting of a sandwich of balsa wood and plastic foam as the core, and a
glass fibre reinforced plastic skin. A limitation, however, in the use of plastics and
fibre composites is the final disposal of the material, and this is particularly so for
volume products. Also the student should remember that besides strength and stiffness,
other mechanical properties are of great importance in engineering, particularly creep
fatigue resistance and toughness, qualities often lacking in materials chosen for strength
at high temperatures. Also, in special situations the engineer may look for properties
such as low thermal expansion, resistance to oxidation, low density and particularly
for automotive bearings-compatability and embeddability.

14.19 Non-destructive tests

The student should be aware that besides the methods of testing already mentioned,
which in the main 'test to destruction', there are in use a great variety of non-destructive
tests. These tests do not destroy or impair the part undergoing test and can be employed
to ascertain the soundness, quality, dimensions or tolerance of products and their
coatings in all kinds of situations, e.g. coming off a production line, after heat treatment
or mechanical working, where pipes or welds have to be inspected in situ, or for
checking on the consistency of items under different operating conditions. Broadly,
the tests divide into those for surface inspection and internal inspection or measurement.
Each type of test tends to have its own field of application and its limitations. Some
are portable, others are adaptable to being automated, designed for special situations
or restricted to ferrous materials, and so on. The range is very wide, varying from
simple visual examination to the high-technology of laser beams. The following notes
relate to the more common methods and indicate some of the advantages and limitations.

Surface inspection
Simple visual examination has its obvious limitations, relying on excellent vision and
illumination but is useful in the early stages of inspection; optical instruments, image-
recognition and automatic scanning systems greatly increase testing power, with some
limitations caused by the wavelength of visible light. As an aid to visual examination,
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there are various associated techniques including surface liquid dye penetrants, acid
pickling and etching and the use of magnetic particles. Eddy current methods use the
principle of electromagnetic induction to measure electrical changes caused by surface
cracks and voids. These methods are mainly for defects on or close to the surface.

Internal inspection
Apart from the more obvious tests for pressure holding and leaks, there are
sophisticated techniques such as radiography and ultrasonics. Radiographic methods
using X-ray or gamma-rays have their associated hazards but are essential in many
cases to show up internal discontinuities or variations in thickness. Ultrasonics, a testing
method useful for thick material, employs sound waves with frequencies above
20 000 Hz and is one part only of a field of tests based on the transmission or reflection
of sound waves.

The division between the tests for surface and internal inspection is arbitrary as
many of them can be used for both purposes. Some areas of work, such as weld testing,
employ a whole range of techniques. New tests are constantly being devised,
particularly in ultrasonics, acoustic and optical holography and automatic in-line
systems. Most of the procedures require skill and experience in application and
interpretation of results.





7. A shaft is to transmit 180 kW at 600 rev/min through solid coupling flanges. There are
four coupling bolts, each of 15 mm diameter. If the shear stress in each bolt is to be
limited to 40 MN/m2, calculate the minimum diameter of the circle at which the bolts
are to be placed.

(203 mm)

8. A gear wheel 25 mm wide is shrunk on to a 50 mm diameter shaft so that the radial
pressure at the circle of contact is 7 MN/m2• The coefficient of friction between gear
wheel and shaft is 0.2 and they are also prevented from relative rotation by a key 6 mm
wide, 25 mm long. If the shaft transmits 15 kW at 2 revis, calculate the shear stress
in the key.

(282 MN/m2)

9. In a flexible coupling transmitting 30 kWat 1200rev/min, the pins transmitting the drive
are set at a radius of 100 mm. If there are four pins and all pins transmit the drive equally,
calculate the pin diameter. Allow a safe shear stress of 30 MN/m2

•

If, due to faulty machining one pin is ahead of its correct position and may be assumed
to take the whole drive, what should be the pin diameter?

(5 mm; 10 mm)
10. A shaft is to be fitted with a flanged coupling having 8 bolts on a circle of diameter

150 mm. The shaftmay be subject either to a direct tensile load of 400 kN or to a twisting-
moment of 18 kN m. If the maximum direct and shearing stresses permissible in the
bolt material are 125 MN/m2 and 55 MN/m2 respectively, find the minimum diameter
of bolt required. Assume each bolt takes an equal share of the load or torque. Using
this bolt diameter and assuming only one bolt to carry the full torque, what would then
be the shearing stress in the bolt?

(26.3 mm, using torque data; 442 MN/m2)

15.3 Shear strain
Figure 15.9 shows an element of material rigidly fixed at one face DC and subject
to a shearing stress T on the parallel face AB. The element will deform, and the
deformation may be taken as similar to that which would take place if the element
were made up of a number of thin independent layers, each layer slipping relative
to its neighbour below. In effect, the element will deform to the rhombus DA' B' C.
The shear strain is defined as the angle of deformation ADA' (or BCB') in radians.
Since shear strain is small,

c/> = LADA'

AA'
~ -- rad

AD
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twist per metre length on a shaft of the same material (20 mm diameter) due to a torque
of 15 N m?

(0.0234 rad or 1.34°)
5. Calculate the maximum shear stress in a 6 mm diameter bolt when tightened by a force

of 50 N at the end of a 150 mm spanner. What would be the corresponding stress in
a 10 mm diameter bolt?

(177 MN/m2; 38.1 MN/m2)

6. A gear wheel is keyed to a 50 mm diameter shaft by a square section key of width w mm
and length 50 mm. The load on the wheel teeth amounts to 5000 N at a radius of 150 mm.
If the shear stress in the key is to be twice the maximum shear stress in the shaft, calculate
the width w.

(9.85 mm)
7. A solid circular shaft is connected to the drive shaft of an electric motor by a solid flanged

coupling, the drive being taken through eight bolts, of 12 mm diameter, on a pitch circle
diameter of 225 mm. The bolts carry the whole driving torque and are loaded in shear
only. Calculate the shaft diameter if the maximum shear stress in the shaft is to be equal
to the shear stress in the bolts.

(80.3 mm)
8. A length of hollow steel shaft is used to drill a hole 3 km deep in rock. The power exerted

is 180 kW and the speed of rotation of the drill is 60 rev/min. If the inner and outer
diameters of the shaft are 150 mm and 175 mm respectively, calculate: (a) the maximum
shear stress in the shaft; (b) the twist of one end relative to the other, in revolutions.
G = 84 kN/mm2•

(59.3 MN/m2; 3.84 rev)
9. Calculate the power which will be transmitted at 220 rev/min by a hollow shaft of 150 mm

inside diameter and 50 mm thick, if the maximum shear stress is 70 MN/m2• Find the
percentage by which the shaft will be stronger if made solid instead of hollow and the
external diameter is the same.

(4.32 MW; 14.88 per cent)
10. A hollow shaft driving a ship's screw is to carry a torque of 13 kN m and is to be of

150 mm diameter externally. Calculate the inside diameter if the maximum shear stress
is not to exceed 40 MN/m2. Calculate the angle of twist in degrees on a 5.5 m length
and the minimum shear stress. G = 84 GN/m2•

(127 mm; 2°; 33.9 MN/m2)

Chapter 16

Shear force and bending moment

16. 1 Shear force

The shear force in a beam at any section is the force transverse to the beam tending
to cause it to shear across the section. Figure 16.1 shows a beam under a transverse
load Wat the free end 0; the other end A is built in to the wall. Such a beam is called
a cantilever and the load W, which is assumed to act at a point, is called a concentrated
or point load.

Consider the equilibrium of any portion of beam CD. At section C, for balance
of forces, there must be an upward force F equal and opposite to the load Wat D.
This force F is provided by the resistance of the beam to shear at the plane B; this













































18.3 Further notes on factors of safety: limit-state design

In Chapter 14, factors of safety were defined in terms of elasticity, i.e. an allowable
stress is taken as a fraction of the ultimate or yield stress. In simple tension, 'failure'
may be assumed to take place when the stress reaches the elastic limit stress but for
complex stresses arising from a combination of loads producing bending, torsion, shear
and axial stresses, several theories are advanced; these are - maximum strain,
maximum shear stress and direct or shear strain energy. Further, in regard to fields
of engineering such as reinforced concrete, beams, foundations, columns, steel
structures and so on, factors of safety derived from elastic considerations alone are
not thought to be sufficiently reliable or capable of producing economical designs.
In British Standards Codes of Practice factors of safety are now based on limit-state
design, considering both 'ultimate failure' and 'serviceability', aimed at lifetime safety
and codifying the data and procedures developed and used by engineers in design
practice over the years. A limit state is a level of performance at which an element
or structure is deemed unfit. An ultimate limit state refers to possible collapse due
to weakness, e.g. yielding, buckling, stability, brittle fracture. A serviceability limit
state corresponds to performance in time in respect of such effects as deflection,
vibration, local cracks, compatibility of parts, etc.

Limit state design involves overall factors of safety based on partial factors for both
loads and materials, characteristic and design loads and strengths, types of loading,
methods of construction, approximations and assumptions in theories and calculations.

For a full explanation of these terms and methods of working in limit -state design,
reference should be made to advanced texts and to BS Codes of Practice, for example,
BS 5950 covering the structural use of steelwork in buildings, or BS 8110 dealing
with reinforced concrete.
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by applying Newton's second law which states that the rate of change of momentum
(or momentum per second) is equal to the applied force and takes place in the direction
of the force.

Prime movers such as the water wheel, Pelton wheel, steam and gas turbines, make
use of the energy of jets of fluid - gas, water, steam - impacting on a succession
of curved vanes or buckets attached to the periphery of a rotating rotor or impeller.
The change in velocity of the fluid, in magnitude and direction, passing over the moving
vanes is found from a relative velocity diagram for the flow at inlet and outlet to the
vanes. The assumptions made are that the flow is steady and that the area of section
of the jets is small compared to that of the vane. From the mass flow rate of fluid
over the vanes and its change in velocity, its rate of change of momentum can be
found and this is equal to a tangential force which produces rotation of the rotor. Thus
the fluid does work on the machine, making power available at the expense of its
own initial energy. Similarly, in rotodynamic machines, such as compressors, fans
and pumps, the rate of change of momentum over the vanes or blades is determined
in the same way but in these machines power is absorbed since the machine does work
on the fluid. In the author's Mechanical Engineering Science, these principles are
applied to the impact of jets on stationary flat and curved plates and a brief description
is given of steam turbines. For further work on fluids at rest or in motion and coverage
of rotodynamic machines, students are referred to advanced textbooks on fluid
mechanics.

Chapter 21

Experimental errors and the
adjustment of data

21.1 Experiment

The object of a student's experiment may be one or more of the following:

• to verify a textbook theory
• to carry out a standard industrial test, such as a hardness or tensile test

• to determine the performance of a machine

• to determine a physical constant, such as the acceleration due to gravity, the
discharge coefficient for an orifice or the modulus of elasticity of a metal

The object of the experienced investigator, however, might be to carry out an
experiment when an adequate theory is not known, to verify or reject a new theory
or to provide data on which a theory may be based. Whether student or experienced
investigator, however, the scientific method used is fundamentally the same, i.e.

• to alter only one variable at a time

• to test the experimental method to show that it is valid, i.e. actually measures
the effect it is designed to measure

• to test the reliability of the experiment, i.e. that the results are repeatable by
any competent investigator and free from errors

The scientist who subjects a theory to experimental test may often try to devise
an experiment to show that the theory is false rather than to show it is correct. The
engineer or the student will not usually go so far in expressing doubt. Nevertheless,
it is the discrepancy between theory and experiment that is often of greatest interest,
and the errors that are of greatest importance in testing the reliability of the experiment.
For example, a knowledge of the errors and of their source will often show how the
experiment may be improved.

21.2 Error and discrepancy

We distinguish between error and discrepancy as follows:
Error is the difference between a measured quantity and the true value. Since the



432 Applied mechanics

true value is often unknown, the term 'error' usually refers to the estimated uncertainty
in the result. If Ax is the absolute error in measurement of a quantity of magnitude
x, the relative error is defined as the ratio Ax/x. The percentage error is given by
Ax/x x 100 per cent.

Discrepancy is the difference between two measured values when errors have been
minimized, corrected or taken into account. For example, an experimental
determination of the ultimate tensile strength of a steel will often differ from that given
in a handbook. Nevertheless, since the properties of a steel may vary from batch to
batch, the experimental value may be the more reliable for the batch from which the
specimen was taken. Similarly a discrepancy may exist between an experimental and
a theoretical result. For example, the period of vibration of a spring-supported light
mass may differ from that calculated. A suitable graphical procedure may show that
a more advanced theory is required to take into account the mass of the spring.

Note, however, that we are not justified in suggesting a discrepancy between theory
and experiment, unless the sources of error have been fully investigated.

21.3 Classificationof errors

Errors may be of four kinds, each of which requires different treatment; they are:

• mistakes
• constant or systematic errors
• accidental or random errors
• errors of calculation

Mistakes
Mistakes are usually avoidable and are due to inexperience, inattentiveness and faulty
use of the apparatus.

Doubtful results should be repeated immediately if possible. For this reason, a graph
of measured values should be plotted as the test proceeds; mistakes can then be seen
immediately. Where a physical disturbance occurred or an obvious mistake was made,
the measurement should be rejected. If there is no evident reason why a doubtful result
should occur this result should be retained, but repeated if possible. Sometimes it
may be possible to repeat the measurement several times, then the doubtful value will
have only a small effect on the average value.

Corummtor~~emmkeITo~
Constant or systematic errors may be due to: (a) the instrument; (b) the observer;
(c) the experimental conditions.

(a) The instrument
An instrument may read consistently high or low; the error involved is constant and
may be allowed for by calibration against a standard. This type of error is vividly
illustrated by comparing the scales of a number of rules made of different materials.
A difference of length over a few centimetres is often visible to the naked eye.

Constant errors are usually determinate, i.e. they may be allowed for, or a correction
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made. For example, a spring balance may read 0.1 kg when unloaded. This zero error
may be allowed for by subtracting 0.1 kg from all readings. Note, however, that it
is sometimes necessary to check whether an error is uniform along the scale or varies
with the reading. A complete calibration of an instrument involves checking every
major scale reading against an accurate standard.

We have to distinguish now between accuracy and precision. A precision instrument
will give consistent readings, perhaps to several significant figures, but will be accurate
only if calibrated. For example, a micrometer may be read more precisely, to
thousandths of a millimetre, by using a rotating drum and a vernier scale. However,
only if the screw is accurately made and the micrometer correctly calibrated can we
regard it as accurate.

A similar term used in connection with an instrument is its sensitivity, or change
in reading for a given change in a measured quantity, e.g. number of scale divisions
of a balance per kilogram. A spring balance having a large deflection for each newton
increase of force is said to be very sensitive. It will measure deflection very precisely
if supplied with a vernier scale, but will be accurate only if the scale is carefully marked,
calibrated and set.

When an instrument, e.g. a dial gauge, relies on gears or other mechanism having
friction or back-lash, readings should all be taken on an increasing scale or all on
a decreasing scale. A reversal of the mechanism should be avoided if possible. For
example, when measuring the load on a specimen in a testing machine by a movable
poise the latter should be moved continually in one direction and never reversed, at
least up to the maximum load. If by chance the poise overshoots, the investigator
should wait until the pull on the specimen has caught up with the measured load.

(b) The observer
Personal errors are due to the reaction or judgement of an observer. They are sometimes
constant, at least over a short period oftime. For example, two observers each operating
an accurate stop-clock will usually obtain a different time reading on receiving the
same signal. The delay in stopping the clock is personal to the observer and can be
taken into account. However, in starting and stopping the clock to obtain two
consecutive readings the delay errors, if the same, will cancel. It is usually advisable
that a given set of readings be all taken by the same observer. Note, however, that
the personal error may vary from day to day, or vary due to boredom and tiredness
in a long experiment.

(c) Experimental conditions
Accurate calibration of an instrument often depends on experimental conditions such
as the temperature and barometric pressure. For this reason, very accurate
measurements and the checking of standard gauges are usually made in a room designed
to remain at a constant temperature. When the instrument is used under conditions
different from that in which it was calibrated, a correction can often be made. For
example, the change in length of a metal scale is proportional to the change in
temperature.

Finally, an experiment is said to be accurately performed if it has small systematic
errors.
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AGeldental or random errors
If.measurement is repeated under similar conditions the values do not usually agree
exactly. There is a scatter in the results about a mean value due to the accidental or
random error.

A random error has the following properties: (a) a small error occurs more frequently
than a large error; (b) a result is just as likely to be too large as too small.

Random errors may occur due to the following:

• by an error of judgement; as when reading to 0.001 mm a micrometer scale
divided at 0.01 mm intervals, without the aid of a vernier

• unnoticed fluctuating conditions of temperature or pressure
• small disturbances
• lack of definition; for example, the diameter of a rod of wood cannot be stated

so precisely as that of a ground steel bar, even though the most accurate
micrometer be used

The effect of random errors on the result can be reduced by; (a) taking a mean
value of a set of readings of the same measurement; or (b) drawing a smooth curve
through a set of points on a graph. Graphical methods are considered in Section 21. 12.

An experiment which has small random errors is said to be performed precisely,
but not necessarily accurately.

Errors of calculation
For practical purposes the electronic calculator has largely eliminated errors of
calculation in comparison with the obsolete slide rule and tables of logarithms. Arising
from their speed and ease of use mistakes can easily be made with calculators. A rough
check should always be made by rounding up the figures involved, the calculation
should be repeated several times and the sequence of steps varied. Long calculations
should be broken down as much as possible and particular care should be taken where
mixed factors of numbers, squares, trigonometrical functions, etc., are involved.

21.4 Justifiable accuracy

In experimental work we must justify the accuracy of the results we give. For most
practical purposes, the use of a slide rule gives answers of a sufficient accuracy (to
two significant figures). However, if the measured data is accurate to, say, four
significant figures, the modern calculator gives the necessary accuracy but since a
result is usually given to a larger number of decimal places, it must always be rounded
up to the significant figure justified by the least accurate of the original data.

21..5 Possible errors

It is necessary to make an estimate of the possible error involved in a particular
measurement. For example, a stop-clock divided in I second intervals may involve
a possible error of about 0.5 s; a stop-watch reading to 0.2 s may have an error of
about 0.2 s. Similarly, a good micrometer having a scale divided into 0.001 mm
intervals may have an error of 0.0002 mm and a dial gauge, reading to 0.002 mm,
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absolute pressure 393 characteristic gas
acceleration 1,66 constant 238

angular 73 equation 238
centripetal 103 Charpy test 316
gravitational 2, 68, 86, 170 circular frequency of s.h.m. \34

accelerometer 175 coefficient of
active force 87 adhesion 95

satellite 174 contraction 425
suspension 90 discharge 420, 424

afterburner 237 drag 89
airspeed 236 fluctuation of speed 208
amplitude of s.h.m. 135 friction 39
angle of linear expansion 281

attack 248 restitution 229
friction (repose) 38,42 rolling resistance 55
twist 332 compressible flow 237

angular velocity 103 conical pendulum 150
velocity-time graph 155 conservation of

atmosphere 393 energy 194, 410
atmospheric pressure 393 linear momentum 216
auto-rotation 249 creep 320

critical speed (velocity) 107, 147,416

balance of curvature, radius of 36
rotors 120
wheels 127 dead loads 3

banking of density 391
aircraft 256 deterministic structure 22
tracks 110 double shear 327

bar (and multiples) 390 downforce 89
bending moment 342 drag force 88, 174, 248

diagram 344 ducted fan 236, 243
pure 362 ductility 309, 314
simple 362 dynamic

Bernoulli's equation 238, 410 balance 119, 122
boundary instability 107

friction 54 pressure 88, 410
layer 415

brake (shaft) power 240
Brinell test 321 efficiency
built-in beam 10 joint 298
by-pass engine 236 machine (mechanical) 201

plant 202
cant 110 propellor 244
centre of pressure 248, 396 screw 56
centrifugal force 105 elastic
centripetal force 104 bodies 222
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elastic - cont. I (moment of inertia) 160, 162limit 306 for circular sections 398modulus 274, 310 for complete sections 373elastometers 324 for rectangular sections 398elliptical orbit 173 formulae for rotors 160, 163elongation (test piece) 309 impact
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endurance limit 320 tests 316
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equation of angular 232

continuity 238, 245, 410 specific 266
motion 84 incompressible flow 237

equilibriant 4 indeterminate structure 22equilibrium indicated airspeed 236conditions 8 inelastic bodies 224
of forces 3, 8 inertia 81

errors of calculation 431 couple 162
random 432 force 86, 98, 105
systematic 433 moment of see I

escape velocity 173 International Standard Atmosphere (ISA) 239expansion, thermal 281 Izod test 316

factor of safety 309, 388 jet 235
fatigue 319 energy 425, 259
fibres 324 power 425
Firth Hardometer 323 propulsion 235
flow-rate 238, 411 thrust 236
fluctuation of velocity 425

energy 208
Kepler's Laws of Motion 171speed 208
kilowatt -hour 210flywheels 175, 207
kinetic energy of 187force 1, 82, 85, 88

jet 425Formula 1 cars 89
free-body diagram 9 rotation 195

translation 195frequency of s.h.m. 134
kinetic friction 38

gas turbine 235 laminar flow 415gauge
Law of Conservation of Mass 239length 309
laws of friction 38pressure 394 lateral strain 287geostationary orbit 172 lead of screw 55geosynchronous orbit 172 liftglass transition temperature 323 of aircraft 248gravity

of vehicles 89acceleration due to 1,2,66,68,86, 170 limit, elastic 306force 1, 83
limit of proportionality 396specific 391 limit -state 388groundspeed 236 limiting friction 37gyration, radius of 160 linear momentum 212gyroscope 175 litre 391
loadhardness 321 concentrated 341head

dead 3loss in friction 418 impact 292of water 395 uniformly distributed 351pressure 395, 408 wind 24velocity 409 load-extension diagram 306Hooke's Law 274, 315 low-earth orbiter 173hoop stress 295
hydraulic press 390 Mach
hydrostatics 389 cone 238
hypersonic speed 236 number 236

Index 447

malleability 313 principle of moments 6
manometer 394 proof stress 314
mass I, 81, 85 propellant 262
method of prop fan 243

resolution or joints 31 proportional limit 306
sections 31

middle-third rule 382 radius of gyration 160
modulus of ramjet 235

elasticity 274 reaction propulsion 235
rigidity 332 reactive force 87

Moh's scale of hardness 321 redundant frame 22
moment reheat pipe 183

of area 365 relative

of inertia see I density 391

of resistance 342, 366 velocity 69

second, of area 367 resilience 289, 316

momentum resistance

angular 233 moment of 342

conservation of 216 rolling 37, 54, 88

linear 212 track 88
resolution of forces 4,7

necking 308 resonance 147
negative lift wings 90 reverse thrust 243, 254
neutral rocket

axis 363 clusters 263
surface 363 forces on 265

newton (and multiples) 1 propulsion 173, 262
Newton's Law of staging 263

Gravitation 170, 175 Rockwell test 323
Impact 229
Motion 81,236 Scleroscope hardness test (Shore) 323

Scotch yoke mechanism 131
offset stress 315 scratch hardness test 321
orbit 171 screw threads 55
overhauling 58 secant modulus 399

second moment of
parallel axes theorem 373 area 367
parallelogram of forces 4 mass 160
pascal 274, 390 shear force 341
passive strain 331

satellite 174 stress 327
suspension 90 shear-force diagram 341

period of SI units xv, 1,2, 85
orbit side thrust on rails 109
s.h.m. 134 simple harmonic motion (s.h.m.) 130

permanent set 307 simple support 347
piezometer tube 394 single shear 327
pin-joint 10 sonic speed 236, 239
pitch of screw 55 Space Shuttle 263
plastic stage 307 specific
plastics 323 gravity 39
Poisson's ratio 287 impulse 266
polar orbit 173 modulus of elasticity 312
polar second moment of area 335 weight 391
polygon of forces 5 speed 64
polymers 323 critical 107, 147,416
potential energy 187, 408 of sound 239, 336
power 200, 205, 269 stalling 248
pressure 389, 393 spoilers 90, 254

centre of 248, 396 spring constant (stiffness) 183
dynamic 88, 410 static
energy 407 balance 121
head 395, 408 friction 39
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ltadc - cont. toughness 316
pressure 410 track resistance 88
thrust 240 tractive effort 91

statically transonic speed 236
determinate structure 22 triangle of forces 3
indeterminate structure 22 troposphere 239

steady flow 237, 410 turbofan 235
stiffness of turbojet 235

frames 22 turboprop 235, 243
materials 275 turbulence 237, 416
shafts 336
springs 183

strain ultimate
direct 274 shear stress 327

191, 289 tensile stress 308energy
universal gravitational constant 170shear 331

temperature (thermal) 281
strength

variable force 88, 213of beams 372
vectors 2,236of joints 298
vectored thrust 235of shafts 336
velocity 66shear 327

angular 73, 103tensile 273
diagram 69,75stress
image 74axial (direct) 273
triangle 74bending 362

velocity-time graph 66hoop 295
vena contracta 424shear 327
Venturistress-strain curve 310

meter 420streamline flow 415
tunnel 90strut 22

Vicker's hardness test 323subsonic speed 236
viscosity 415sunsynchronous orbit 173
viscous friction 53superelevation 109
volumetric strain 287superposition, principle of 380

supersonic speed 236

waisting 308
temperature strain 281 watt (and multiples) 200test piece, standard 311 'Natt hour 201
therorem of parallel axes 373 weight 1,83,85
thermoplastics 313, 315 wind loads 24thermosets 323 windspeed 236thrust of a work 180

jet 235, 245 done by a torque 182liquid 396 hardening 307tie 22 principle of 390
torque 94, 182
torsional

rigidity 332 yield stress 307
stiffness 336 Young's modulus 274, 310
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