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Preface to third metric edition

The first edition of Applied Mechanics was published over thirty years ago; the first
metric edition was introduced in 1971 when the system of S| units (Systeme
International d'U nites) was adopted as the primary system of weights and measures.
Since my co-author, Mr M. J. Hillier, was no longer collaborating on the writing
| carried out the revision for the third metric edition myself.

The aim, as in the past, has been to retain the original character of the book, with
its emphasis on the practical applications of the subject, the implications for design
and the importance of the many assumptions that have to be made in engineering
analysis.

Key points in the treatment remain: the number of formulae to be memorized is
kept to a minimum; each topic is followed by worked examples and a list of problems
for practice; purely mathematical derivations such as the moments of inertia are omitted
and only results stated; work likely to have been covered in preceding courses is omitted
or revised briefly, including centres of gravity, uniform velocity and acceleration;
topics such as friction, properties of materials and real fluids, the nature of experimental
and graphical work, and dynamics of aircraft are covered in more detail than is usual
at this level.

In this edition, the text, worked examples and problems have been thoroughly revised
and the diagrams redrawn. In particular, the work on aircraft, rockets and helicopters
has been expanded. Although this material is intended only as an introduction to these
topics there is an advantage in bringing together in the exercises the principles of
statics and dynamics of forces as well as those of thermodynamics, gas dynamics and
fluid flows. Some descriptive work on propulsion systems and aerodynamics has been
included to support the elementary mechanics. The coverage of gravitation and satellites
in the appendix to Chapter 9 has been increased; to contain the size of the book Chapter
20 (Fluid in motion) and Chapter 21 (Experimental errors and the adjustment of data)
have been slightly curtailed.

The text covers all the requirements of the units of study for the BTEC certificate
and diploma courses in Engineering, and some of the aspects of the new work -related
advanced GNVQ courses. It is hoped also that the book will continue to be useful
as a supporting text to students on the early stages of higher diploma and degree courses
and on comparable courses overseas.



xiv  Preface to the Third Metric Edition

I am indebted to the users of the book in many parts of the world and to those in
industry, engineering and other institutions who have helped with information and
advice. My particular thanks are due to my colleague of many years' standing Mr
R. C. Stephens, for his most valuable and ever-ready assistance with this edition.

1994 John Hannah

Note on 81 units

Sl is the abbreviation, in all languages, for the full title 'Systeme International d'Unites’,
which is the rationalized form of the metric system of units agreed internationally.
Of the seven fundamental or base units, four will be met with in this book, i.e. the
metre (length), second (time), kilogram (mass), kelvin (temperature).

The sole derived unit for measuring work or energy is the joule and that for force
is the newton. The Sl is a coherent system of units since the product of any two unit
quantities in the system is the unit of the resultant quantity. For example, unit velocity
(metre per second) results when unit length (metre) is divided by unit time (second).
Normally calculations in the text are carried out by converting all given quantities
to these base units, but on occasion it has been found convenient to work in multiple
or sub-multiple units. The kilojoule and kilonewton are particularly convenient. A
few non-SI units whose use is accepted have been used where appropriate, for example,
the bar (and its multiples) as a unit of pressure and the knot, a unit of speed, in aerial
and marine navigation work.

For full information on Sl units reference should be made to Slintemational  System
of Units, R. J. Bell and D. T. Goldman (National Physical Laboratory), published
by H.M. Stationery Office (1986), and to British Standards No. 5555 and No. 350
Part I.



Chapter 1

Statics

Statics is the study of forces on bodies at rest or in steady motion. The student at
this stage should already be familiar with the elementary principles and theorems
relating to forces in equilibrium and the following notes are intended as revision, but
with an emphasis on the application of these principles to engineering problems.

1.1 Mass, force and weight

The mass of a body is the quantity of matter it contains.

A force is simply a push or a pull and may be measured by its effect on a body.
A force may change or tend to change the shape or size of a body; if applied to a
body at rest the force will move or tend to move it; if applied to a body already moving
the force will change the motion.

A particular force is that due to the effect of gravity on a body, i.e. the weight
of a body.

These three quantities — mass, force and weight — are dealt with fully in Chapter
5, but it is necessary here to specify the units and the essential relationship between
mass and weight.

The base SI unit of mass is the kilogram (kg); other units of mass are:

1 megagram (Mg) or tonne (t) 103 kg
1 gram = 1073 kg
1 milligram (mg) = 10~ % kg

The derived SI unit of force is the newton (N) defined as that force which, when
applied to a body having a mass of one kilogram, gives it an acceleration of one metre
per second squared. From Newton’s second law of motion (see page 81) we have

force = mass X acceleration
i.e. F = ma

where F is the applied force, m the mass of a body and a the acceleration produced
in the body. Thus, in SI units, F = 1 N, m = l kganda = 1 m/s?,

ie. I(N) = I(kg) X 1(m/s?

Other units of force used are:



2 Applied mechanics

1 kilonewton (kN) = 10° N
1 meganewton (MN) = 10° N
1 giganewton (GN) = 10° N

The acceleration of any body towards earth in free fall is g = 9.8 m/s?, hence the
weight W of a body of mass m is:

force = mass X acceleration
i.e. W = mg

If the mass m is in kilograms, then
W=mx98N
If the mass m is in megagrams (tonnes), then

W=mx 1000 x 9.8 N
=m X 9.8 kN

(Figure 5.5, Chapter 5, shows the relationship between the weight W of a body and
its mass m.)

Although defined in dynamic terms, a force may also be measured statically by
the weight of the mass it will just support or by comparing its effect with the weight
of a standard mass. Thus, if a mass m is suspended from a spring (Fig. 1.1) the
extension is due to the force of gravity on the mass, i.e. to its weight W = mg. If
y is the extension produced by this force W and a force F on the same spring produces
an _extension x then the value of F is measured in terms of W by simple proportion: thus

F_x

Wy
Proper specification of a force requires knowledge of three quantities:

its magnitude
. its point of application
° its line of action

Since a force has magnitude, direction and sense, it is a vector quantity and may be
represented by a straight line of definite length and direction.

{ w

F-===

Statics 3
Dead loads
In statics& the vertically downward force due to the weight of ‘dead loads’ must always
be taken into account, and this force of gravity acts through the centre of gravity of
the load. In a structure such as a bridge, the dead load is the weight of the bridge
framework itself plus the cladding and rail track or road surface. (Note that a train
travelling over the bridge is a ‘live’ load.) A load may be given in force units, i.e.
N, kN, MN or GN. A ‘load’ may also be specified in mass units, i.e. kg or Mg (tonne),
and in this case the corresponding weight of the mass must be found before carrying
out calculations involving forces.

1.2 Forces in equilibrium: triangle of forces

Statics is the study of forces in equilibrium (‘in balance’). A single force cannot exist
alone and is unbalanced. For equilibrium it must be balanced by an equal and opposite
force acting along the same straight line. Thus in Fig. 1.2 the load of 1 kN on the
tie is balanced at the joint O by an equal and opposite force of 1 kN exerted by the
joint on the tie. Thus forces may be said to exist in pairs. Nevertheless, a single force
may also be balanced by any number of other forces.

For three forces in the same plane to be in equilibrium:

. They must have their lines of action all passing through one point, i.e. they
must be concurrent.

. They may be represented in magnitude and direction by the three sides of a
triangle taken in order, i.e. by a triangle of forces.

The condition that all three forces must pass through one point is particularly useful
in solving mechanics problems. For example, the light jib crane shown in Fig. 1.3(a)
is in equilibrium under the action of three forces. The jib carries a load W at A; the
free end is supported by a cable in which the tension is T; the end C is pinned to
the wall by a joint which allows free rotation of the jib at C. The reaction F of the
joint on the jib is completely unknown; the magnitude of T is unknown but its direction
must be that of the cable. Since the three forces are in balance their lines of action
must pass through one point, i.e. where the lines of action of W and T intersect (point
Z, Fig. 1.3(a)). The line of action of F is therefore found by joining C to Z.

Since the magnitude of W is known and the directions of the three forces have been
determined, the triangle of forces can now be drawn, Fig. 1.3(b). The sense of the
forces T and F are determined by taking the sides of the triangle in order, i.e. by

/1'kN

1 kN
Fig. 1.2
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(b)
Fig. 1.3

going round the triangle showing the vectors ‘head to tail’, starting with the known
sense of the load W, vertically downwards.

1.3 Resultant and equilibrant: parallelogram of forces

The forces W and T of Fig. 1.3 may also be represented by the two sides ab and
ad, respectively, of the parallelogram abed (Fig. 1.4). The diagonal ac, taken in the
sense a to ¢, is the resultant R of the two forces W and T acting together. This resultant
force is equivalent to, and may replace completely, these two forces. The resultant
ac may be balanced by an equal and opposite force ca called the equilibrant. This
is in fact the force F at the pin-joint, Fig. 1.3(a). This construction, by which two
forces are replaced by a single equivalent force, is known as the parallelogram of
Jorces. It can only be used if the two forces are specified in both magnitude and
direction.

1.4 Resolution of forces

Since the forces represented by ab and ad in Fig. 1.4 may be replaced completely
by a single force ac, it is often useful to carry out the reverse process, i.e. to replace
a single force by two other forces in any two convenient directions. These two forces
are then known as the components of the single force. Physically this is equivalent
to finding the effects of the single force in the two chosen directions.

The most convenient choice of directions in which to resolve a force is in two
directions at right angles. Figure 1.5 shows a force R = ac resolved into forces X

Statics 5

= ab and Y = ad along the two perpendicular directions Ox and Oy, respectively.
Since the three forces shown do not represent independent forces, the components
of R are shown in broken lines. Let R make an angle § with the Ox-direction, then

ab =accosf ie. X = Rcosb
and

ad = acsinf or Y=Rsinf

1.5 Polygon of forces

If more than three forces act at the same point and are in equilibrium, they may be
represented in magnitude, sense and direction by the sides of a polygon taken in order.
‘Taken in order’ refers to the order of drawing the sides of the polygon and not to
the order in which the forces are taken from the space diagram. The arrows must
follow in cyclic order.

Suppose the four forces 1, 2, 3 and 4 acting at the joint shown in Fig. 1.6(a) to
be in balance; they may then be represented by the four sides of the polygon abcd,
Fig. 1.6(b). This is a closed polygon since the forces are in equlibrium. If the forces
are not in balance the polygon will not close and the required closing line gives the
equilibrant or the equal and opposite resultant force, depending on the sense in which
it is taken. Figure 1.6(c) shows the force polygon assuming unbalance. The forces
1, 2, 3, 4 are represented by lines ab, be, cd and de respectively. To close the polygon
and maintain a balance of forces requires the equilibrant ea taken in the sense e to
a. The resultant of the original set of four unbalanced forces is given by the line ae
and acts in the sense a to e.

Where there is one force known in sense and direction, the arrowhead on this vector
sets the order of the arrowheads on the other vectors in the polygon of forces.

4
Balance Unbalance
(b} (©)

(@

Fig. 1.6
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1.6 Moment of a force

The moment of a force F about a point O (Fig. 1.7) is the product of the force and
the perpendicular distance x of its line of action from O, thus:

moment of F about O = Fx

If the force F is in newtons and the distance x in metres, then the units for moment
are written newton-metres (Nm). For larger values it is usual to retain the metre for
distance and use the higher multiples of the newton, e.g. MN m.

Fig. 1.7

1.7 Couple

A pair of equal and opposite parallel forces, which do not act in the same straight
line, form a couple (Fig. 1.8). The total moment M of the two forces F about any
point O in the plane of the couple is

M=Fd+ x) - Fx
= Fd

This moment is independent of the distance x and is therefore the same about any
point in the same plane. The turning effect of the couple is also the same wherever
it may be placed in the plane.

The magnitude Fd of a couple is known as its moment or torque, although the term
‘torque’ is usually restricted to a moment tending to twist a shaft.

1.8 Principle of moments

Consider any system of coplanar forces which do not act at a point. Take moments
about any arbitrary point and let clockwise moments be positive and anticlockwise

Statics 7

moments be negative. Then, if the body is in equilibrium there can be no unbalanced
moment about this point, and for balance of moments we must have:

clockwise moments = anticlockwise moments

or the algebraic sum of the moments of all the forces about the same point is zero.

1.9 Resolution of a force into a force and a couple

Consider the arm OA fixed at O and subjected to a force F at A which acts
perpendicularly to OA (Fig. 1.9(a)). We wish to know the effect of force F at O.
Suppose, therefore, two equal and opposite forces F are introduced at O acting parallel
to the existing force F at A (Fig. 1.9(b)). The system of forces is not upset and the
resultant force is unaltered since the two new forces are self-cancelling. However,
it can now be seen that the effect of F at A is equivalent to a single force F at O,
together with a couple of moment Fd tending to turn the arm anticlockwise (Fig. 1.9(c)).
The effect, therefore, of a single force F on a body at a point offset from the line
of action of the force is to produce at that point both a force and a couple. Thus in
Fig. 1.9(a) the support must exert a reaction F and a fixing or resisting moment Fd
to counteract the effect of the applied force.

A pure couple on the other hand will not introduce this single out-of-balance force
at any point. In Fig. 1.10 the two forces F form a pure couple; they are self-balancing
and no force is produced at the bearing (unlike the previous case). The couple due
to the two forces is of course out of balance and can only be balanced by an equal
and opposite couple in the same plane. This result is independent of the position of
the couple. In this case the balancing couple is provided by the fixing moment at the
support.

A

T4 \ y
4 ™\

(@ (b)\ F \ \ g (©

Fixing moment

Fad

@ \

Fixing moment (e)

Fig. 1.10
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1.10 The general conditions of equilibrium

We now require to consider the balance of any system of forces, in a plane, which
do nor all act through the same point. Since any force may be replaced by a similar
force at any other point, together with a couple, then each of the forces may be
considered as acting at any one point, provided that allowance is made for all the
couples produced. For complete equilibrium of the system* therefore, there must be
no unbalanced force or couple. For force balance: a polygon of forces may be drawn
and must close for equilibrium. For couple balance: the algebraic sum of the moments
of all the forces about any point must be zero.

Alternatively it is often convenient to resolve all the forces in the same two mutually
perpendicular directions. Consider the force system shown in Fig. 1.11. The forces
may be resolved in the two directions parallel to Ox and Oy. Let X and Y be the algebraic
sum of the components of all the forces in the Ox- and Oy-directions respectively,
and let M be the algebraic sum of the moments of all the forces about any chosen
point O. Then the resultant force R is given by Fig. 1.11(b):

RR=X*+7Y

and the line of action of the resultant is at an angle 8 to Ox given by:

tan0=1

Tl.1e resultant couple M is the same about any point in its plane; hence it may be
obtained by calculating the algebraic sum of the moments of all the forces about any
point O.

The conditions of equilibrium are therefore:

R=0@(e. X=0andY=0) and M =0

Otherwise, if R and M are not zero, to find the position of the resultant R we
calculate the distance d of its line of action from any chosen point O, Fig. 1.11(a).

@ (b)

Fig. 1.11

* A body ‘at rest’ or ‘in equilibrium’ can be taken to mean not being accelerated. Thus a

body in steady motion,. i.e. moving at constant velocity, is not accelerating and there is therefore
no ‘r.esultam fprce acting (see Section 5.7) so that the forces on the body can be considered
as ‘in dynamic equilibrium’ and treated as a problem in statics.
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The resultant R may be replaced by a force acting at O, together with a couple of
moment R X d about O. This couple is equal in magnitude and sense to the resultant
couple M,

iee RXxd=M

This determines the distance d from O of the line of action of R.
If M = 0, then d = O and the resultant R passes through the chosen point O.
If M is not zero, then as R becomes very small the distance d becomes very large
so that R x d is always equal to M.

Note: If the force polygon is drawn, Fig. 1.11(c), the closing line Od gives the resultant
R in magnitude, sense and direction but not in position. To obtain the position we
must take moments about some point O.

1.11 Free-body diagram

In the solution of problems in statics it is often useful to isolate completely a single
body from its surroundings, removing its support and holding devices, and by means
of a free-body diagram show the magnitude and directions of all the forces and couples
acting on the body at a particular instant. Only those forces acting on the body are
shown, including external loads and couples, reactions at supports and forces due to
gravity. A direction for an unknown force might have to be assumed in solving a
problem but the sign obtained will indicate if the correct direction has been chosen.
Several bodies taken together may be isolated and a free-body diagram constructed
for the system. For example, Fig. 1.12(a) shows the jib crane already dealt with in
Section 1.2. The jib carries a load W and the resulting tension T in the supporting
cable is known in direction only. The third force maintaining the jib in equilibrium
is the reaction F at the pin-joint, and this force is unknown both in magnitude and
direction. Figure 1.12(b) is the free-body diagram for the jib with the joint removed.
It shows the forces, F, W and T, acting on the jib, the direction of F being assumed
until a solution is obtained.

In constructing a free-body diagram, it is essential to know the kind of forces exerted
between bodies in contact, and through various connections and supports.

(a) (b) free-body diagram
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1.12 Contact forces; supports and connections

Smooth surfaces A perfectly smooth surface is one which offers no resistance to sliding
parallel to the surface. Theforce (or reaction) R exerted by such a surface must be
at right angles (normal) to the surface. If it were not normal the reaction would tend
to resist or assist sliding. In practice it is not possible that there are no frictional forces
resisting sliding, but in many cases it may be a fair approximation to reality. The
assumption of smoothness, meaning the complete absence of friction, simplifies the
solution to many practical problems.

Roller or ball support Figure 1.13(a) shows a smooth rigid roller or ball on a smooth
flat or curved surface. The reaction of the surface must be along the normal to the
surface of the roller at the point of contact. This is the case whether or not the roller
moves under the load.

Knife-edge support The direction of the reaction of a smooth surface to a knife-edge
contact is normal to the surface, Fig. 1.13(b). A simple support for a beam is one
in which the beam rests on a knife-edge.

Smooth pin-joint  Figure 1.13(c) shows two links attached by a pin or hinged joint.
If the joint surfaces are perfectly smooth there is no resistance to rotation and the
links are free to rotate relative to each other. Each link can then transmit a force only
along its length.

Rigid wall fixing ~ Figure 1.13(d) shows a cantilever, where the wall holds the beam
rigidly fixed in direction. Whatever the forces and moments acting on the beam, the
reaction at the wall can be represented by its vertical and horizontal components V
and H respectively. There will also be afixing-moment M at the wall (see Section
1.9). The directions can be assumed and the signs finally obtained will indicate the
correct directions. An encastre or built-in beam has both ends fixed.

Flexible cables and belts Cables, ropes, cords and belts may be assumed to be
weightless unless otherwise indicated. A perfectly flexible cable offers no resistance
to bending, compression or shear so that when taut under load it can support only
a constant tensile force along its length. This tension remains constant even when
the cable or belt has its direction changed, e.g. by passing over a smooth gravity or
idler pulley. Where friction is involved, however, as in a belt drive, the tension in
the belt changes as it passes over a pulley. Figure 1.13(e) shows a simple belt drive.
A belt passes over the driving pulley A then over the driven pulley B. The friction
between belt and pulley alters the tension in the belt, being P on the tight side where
it is pulled on to the pulley, and Q on the slack side leaving the pulley. For the driven
pulley or follower B, the tight side tension in the belt leaving is P, and in the slack
side going on it is Q. The relationship between P and Q can be shown to depend on
the angle of contact on the driving pulley and on the coefficient of friction between
belt and pulley.
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Fig. 1.13

Example Figure 1.14(a) shows the tensions in the tight and slack sides of a rope passing round
a pulley of mass 40 kg. Calculate the resultant force on the bearings, and its direction.

SOLUTION
The free-body diagram for the pulley is shown in Fig. 1.14(b). The forces on the pulley are
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5000N 5000 N

@

(b)
Fig. 1.14

the tensions in the rope, the reaction R exerted by the bearing support on the pulley shaft, assumed
to act as shown, and the weight W of the pulley.

W=mg =40 x 9.8 =392 N
Resolving horizontally:

R cos 6 = 5000 cos 30° + 1000 cos 45°
= 5035 N (to the left) [1]

Resolving vertically:

R sin § = 5000 sin 30° — 1000 sin 45° + 392
2185 N (upwards) [2]

Hence, from eqns [1] and [2],
R%(cos? § + sin? 8) = 50352 + 21852

i.e. R = 5500N since cos? @ + sin2 § = 1,

and 6 = 23°27'

Alternatively:
R si
Xsin® _ ano = 2185 _ () 4a
Rcos 8 5035

ie. 6 =23°27

The thrust on the bearings is equal and opposite to R, i.e. the thrust is 5500 N acting downwards
to the right, at 23°27" to the horizontal. Note that the thrust is the resultant of the tensions
in the rope and the weight of the pulley.

Example Find the magnitude, direction and position of the resultant of the system of forces
shown in Fig. 1.15. The forces act at the Jour corners of a square of 3 m side.

SOLUTION

Upward vertical forces and horizontal forces to the right are positive, clockwise moments are
positive.

;ZOKN

(o)

25 k

N 17.32 125
21.65 YL'( """ K

600
e =
.~ X -
Gy B ]
\_<4S° * *
2 V273
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LZ kN 18 kN

Fig. 1.15
Force Vertical component Moment of vertical
(kN) (kN) component about O

(kN m)
20 +20 sin 60° = 17.32 0
12 -12 0
18 —18 sin 45° = ~12.73 +12.73 x 3 = 382
25 +25sin 30° = 12.5 —125 x 3 = =375
Totals Y= +5.09 +0.7
Force Horizontal component Moment of horizontal
(kN) (kN) component about O

(kN m)
20 —20 cos 60° = —10 ~-10 x 3 = =30
12 0 0
18 +18 cos 45° = +12.73 0
25 +25 cos 30° = +21.65 +21.65 X 3 = 6495
Totals X = +24.38 +34.95

The components of each force together with their moments about point O are shown in the
above table. Both the vertical and horizontal components of an inclined force may have moments
about any point, as in the case of the 25 kN force here.

therefore

thus Total moment about O

R? =X + 17
R = V/(24.38% + 5.09%)
= 24.8 kN
tan § = 509 0.209
24.38
6 = 11°48’ above the horizontal
= +0.7 + 34.95

= +35.65 kN m (clockwise)
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This moment is equal to that of the resultant force R about Q. If d is the perpendicular distance
of the line of action of R from O, then

R x d = 35.65

35.65
24.8

=144 m

Therefore R must act along a line 1.44 m from O as shown in Fig. 1.15, such that it produces
a clockwise moment about O and is inclined at 11°48" to the horizontal. This solution may
be checked by drawing the force polygon to obtain the magnitude and direction of R. To find
the total moment about O, measure from a scale drawing the perpendicular distance of the line
of action of each force from O.

Example The jib crane shown in Fig. 1.16(a) carries a mass M tonne at C. If the maximum

permissible loads in the tie and jib are 25 and 36 kN respectively, find the safe value of the
load M.

SOLUTION

M tonne = M x 1000 kg. The weight of this mass is
W=Mx 1000 x 9.8 N
= 9.8M kN

Figure 1.16(b) shows the triangle of forces for joint C where oc¢ represents the force in the
tie, oa the force in the jib, and ac the load W. If oc is drawn to represent 25 kN (the maximum
permitted force in the tie) then, by construction or calculation:

ac = 25 kN
hence W = 9.8M = 25 kN
M = 2.55 tonne

If oa is drawn to represent 36 kN, the maximum permitted force in the jib, then, by construction
or calculation:

ac = 20.8 kN

@ (b) A, ©

Fig. 1.16
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hence W = 9.8M = 20.8 kN
i.e. M = 2.13 tonne

The safe value of the load is therefore 2.13 tonne since the permitted forces in the tie and
jib are not exceeded.

The sense of each force is found by putting arrows on the force diagram the ‘same way round’,
i.e. each successive force vector is drawn from the head of the last one, starting with the known
sense of the load W which is from a to c. Thus the force in the tie at C is from c to o, i.e.
from C to B, and the force in the jib at C is from o to a, i.e. from A to C.

Note that Fig. 1.16(b) also represents the triangle of forces for the external forces on the
crane, i.e. the reactions at A and B and the load W. Since there are only two forces acting
at joint A these must be equal and opposite. Thus the reaction at A, R,, is equal and opposite
to the force in the jib (Fig. 1.16(c)). Similarly, the reaction at B, Ry, is equal and opposite
to the force in the tie. This follows because the load is applied ar the joint C (see page 4).
Figure 1.16(c) is the free-body diagram showing the external forces on the crane.

Example A beam carries a dead load of 200 kg and is subject to a vertical force of 2 kN and
to an inclined force of 1 kN acting at the points shown in Fig. 1.17. The beam is ‘encastré’,
i.e. built-in to a wall, at each end, and due to the fixing there are moments of 2 kN m and
1.6 kN m acting in the directions shown. Find the reactions R, L and H.

SOLUTION
Figure 1.17 is the free-body diagram for the beam. Considering the horizontal forces acting
on the beam, then

H
The weight of the 200 kg mass

1 x cos 60° = 0.5 kN
200 x 9.8 = 1960 N

I

Taking moments about the right-hand end and equating clockwise and anticlockwise moments
(working in newtons):

L x 8 + 1600 = (1000 x sin 60° x 2) + (2000 x 3)
+ (1960 x 6) + 2000
therefore L = 2486.5 N
= 2.49 kN

Similarly, taking moments about the left-hand end:

R x 8 + 2000 = (1960 x 2) + (2000 x 5)
+ (1000 % sin 60° x 6) + 1600
therefore R = 23395 N = 2.4kN

Fig. 1.17
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As a check:

ie.

i.e.

!

net upward vertical force = net downward vertical force
L + R = 1960 + 2000 + 1000 sin 60°
= 4826 N
2486.5 + 2339.5 = 4826

Note that the moment of 2 kN m at the left-hand end is a constant couple applied at every
section of the beam in an anticlockwise direction. Similarly, the moment of 1.6 kN m at the
right-hand end is applied in a clockwise direction at every section. This type of fixing moment
or couple may be imagined as being provided by two equal and opposite forces parallel to the
beam.

Problems

1.

Figure 1.18 shows a link AB which is maintained in equilibrium by three forces at A,
G and B. The force at A acts along line XX. The force at G is 100 N and acts at 50°
to the link as shown. Find the magnitude and sense of the force at A and the magnitude,
direction and sense of the force at B. AG = GB = 500 mm.

(40.8 N upwards; 87.5 N, 26° to horizontal, upwards in direction B to A)

X/ 60°
/

//V\;°° B

/ G

A ¢

! so° 45°
/

/

/

100 N
//x 70 kN
Fig. 1.18 Fig. 1.19
2. The jib of a crane, Fig. 1.19, is 30 m long and weighs 70 kN. It is pin-jointed at one
end and supported at the other end by a cable which maintains the jib in the position
shown. The centre of gravity of the jib is 12 m from the pinned end. Find the pull in
the cable and the reaction at the pin joint.
(22.9 kN; 68 kN)
3. Calculate the resultant force on the gusset plate shown in Fig. 1.20 and the angle made
by its line of action with the vertical.
(227 kN, 5°24")
4. Figure 1.21 shows the forces acting on the handle and dipper of a power shovel. T =
thrust in handle = 250 kN, W = weight of handle and dipper = 20 kN, F = cutting
force at rock face = 242.5 kN. Find the rope pull P and the angle 6.
(147.5 kN, 72°51)
5. Figure 1.22 shows the elements of a small press used to produce blocks of compressed

material. A piston 100 mm diameter is forced downwards by air pressure to operate
a toggle mechanism controlling a plunger 50 mm square in section. If the pressure on
the material is not to exceed 1.2 N/mm?, find the maximum pressure permitted on the
piston and the side thrust on the plunger.

(135 kN/m?, 529 N)
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Fig. 1.22

The link AB shown in Fig. 1.23 is 1.2 m long and pinned at both e.n.ds .to blocks free
to move in guides. At the instant shown the link is maintained in equilibrium by a force
system in which the two forces N and Q are unknown. Draw the polygon of forces and

ine N and Q. Check by resolution of forces.
determine IV and O Y (N, 153.5N; Q, =50 N upwards)

The pulley and shaft shown in Fig. 1.24 have a mass of 102 kg and ?he tensions ip the
sides of the belt passing round the pulley are 2000 N and 500 N. Find the magnitude

irecti f the resultant force on the bearing.
and direction © (2.54 kN, 17°8’ to horizontal)

For the force system shown in Fig. 1.25 calculate: ( a) the resultant force; (b) the angle
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2,000 N

Fig. 1.24

which the line of action of the resultant makes with the Ox-axis; (c) the total moment
about O; (d) the point at which the resultant cuts the Ox-axis. The figure is marked off

in 1 m squares.
(24.4 kN; 28°367; 85.2 kN m, 7.3 m to right of O)
9. The forces which keep an aircraft in steady level flight are as shown in Fig. 1.26, i.e.:
() the weight W acting at the centre of gravity, G; (ii) the lift L acting vertically upwards
through the centre of pressure, C, 200 mm behind the centre of gravity; (iii) the thrust
T acting horizontally forwards; (iv) the drag or resisting force D acting horizontally
backwards, its line of action 800 mm below that of the thrust; (v) a small vertical balancing
force at the tailplane, its line of action being 9 m behind the centre of gravity. In a particular

[
8
Sg
AL e 8
200 mm ~— W
Dl 7 Gl —?T
l«————————
9m 800 mm
w
Fig. 1.26
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case when W = 12g kN and D = 15 kN, find the tailplane load in magnitude and direction
and the magnitude of the lift. Assuming the position of the centre of gravity to be fixed,
find the tailplane load (a) when the centre of pressure and the centre of gravity coincide,
(b) when the line of action of the lift is 200 mm in front of the centre of gravity.
(4.04 kN downwards, 121.64 kN; 1.33 kN downwards; 1.25 kN upwards)
10.  Part of a transmission dynamometer is shown in Fig. 1.27. Pulley A is the driving pulley.
Pulleys B and C are jockey pulleys mounted on a beam pivoted at D about which point
the complete beam is balanced when at rest. A, B and C are each 400 mm diameter
and DE = 900 mm. Draw the free-body diagram for the beam and find the slack side
tension at the driving pulley when the tight side tension is 1200 N and the beam is
horizontal. What is the reaction at D in magnitude and direction?
(649 N; 3.21 kN vertically downwards)

i ° :
B C
o

Fig. 1.27

11.  In the linkage shown in Fig. 1.28 the bar CD weighs 12 N and is of uniform section,

pin-jointed at C. It is connected by a light vertical link BE to a thin triangular flat plate

AB which also weighs 12 N. In the position shown, the plate is symmetrical about a

horizontal line through the pin-joint at A and bar CD is horizontal. The system is supported

by a helical spring and carries a concentrated mass of weight 20 N at D. Draw the free-

body diagrams for the plate and bar and find the force in link BE, the tension in the
spring and the reactions at the pin-joints.

(39 N; 70.5 N; A, 19.5 N, C, 7 N, both vertically downwards)

LS L LY LS

400 mm <_200£|

Fig. 1.28
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12. A wall crane consists of a horizontal joist AB pinned at end A and supported at end
B by a tie inclined at 30° to the joist and attached to the wall at a point vertically above
A. The permissible loads in the tie and joist are 20 and 30 kN respectively. Find the
maximum safe load in tonnes that can be carried at the midpoint of the joist. For this

safe load, what is the reaction at A in magnitude and direction?
(2.04 tonne; 20 kN upwards at 30° to the horizontal)
13.  Analysis of the loading on a2 beam shows that it is subject to couples of S, 10 and 20 kN m
acting in the planes shown in Fig. 1.29. The beam carries a mass of 1 Mg which may
be assumed to be supported at a single point 2 m from the right-hand end, and is also
subjected to a force of 2 kN inclined at 45° to the beam as shown. Find the vertical
force, L, and the magnitude and directions of the vertical and horizontal forces required

at the right-hand end to maintain equilibrium.

(L = 2.71 kN; vertical force = 8.505 kN upwards;
horizontal force = 1.414 kN to the left)

2 kN 1 Mg

14, The beam shown in Fig. 1.30 is supported by a smooth pin-joint at one end and by a
smooth roller at the other end. There are two point loads as shown and the loading over
a length of 6 m varies uniformly from 0.2 to 0.4 t/m. Neglecting the weight of the beam,
find the reactions at each support.
(pin, 9.4 kN vertically upwards, 1 kN horizontally to the left; roller,
10.37 kN vertically upwards)

XQLN 0.4 kN
A oo

t2mjim|_ 6m ‘1.8m_l
A I ek
Fig. 1.30

15.  Figure 1.31 shows a governor used to control a hanging link at the end of the arm AC.
The movement of AC is controlled by the movement of the central sleeve which in turn
is controlled by the radial movement of the rotating balls. As the governor spindle rotates,
the balls move in or out, thereby lowering or raising the sleeve. The ball arms of the
bell-crank levers are at right angles. The balls are directly connected by rwo parallel
springs. For the position shown, the system is in equilibrium and the forces acting are:
(i) an outward radial force of 530 N on each ball; (ii) the weight of the arm AC, 30 N,
acting at its centre of gravity G; (iii) the weight of the central sleeve 24 N; (iv) the weight
of the link at A, 45 N. Treating the problem as one of statics and using the free-body
diagrams for the bell-crank lever and the arm AC, find the tension in each spring.

(282 N)
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16.  An aircraft climbs steadily in straight flight at 15° to the horizontal. Figure 1.32 shows
the forces maintaining static equilibrium (not to scale), i.e. weight W = 1.6 MN (acting
through the centre of gravity), thrust T = 600 kN, drag D = 140 kN (due to airflow),
lift L and a force R at the tailplane, acting in the direction shown. Forces T and D act
along the line of flight with their lines of action offset; force L acts normal to the line
of flight through a point offset from the centre of gravity and force R is the resultant
of a tailplane (balancing) load normal to the line of flight and a further small drag force

along the line of flight. Find forces L and R and the angle a.
(1630 kN; 95.3 kN; 29°)

Fig. 1.32



Chapter 2

Frameworks

A framework is an assembly of bars connected by hinged or pinned joints and intended
to carry loads at the joints only. Each hinge joint is assumed to rotate freely without
friction, hence all the bars in the frame exert direct forces only and are therefore in
tension or compression. A tensile load is taken as positive and a member carrying
tension is called a tie. A compressive load is negative and a member in compression
is called a strut. The bars are usually assumed to be light compared with the applied
loads. In practice the joints of a framework may be riveted or welded but the direct
forces are often calculated assuming pin-joints. This assumption gives values of tension
or compression which are on the safe side.

Figure 2.1 shows a simple frame for a wall crane. In order that the framework
shall be stiff and capable of carrying a load, each portion such as abc forms a triangle,
the whole frame being built up of triangles. Note that the wall ad forms the third
side of the triangle acd. The forces in the members of a pin-jointed stiff frame can
be obtained by the methods of statics, i.e. using triangle and polygon of forces,
resolution of forces and principle of moments. The system of forces in such a frame
is said to be statically determinate.

The four bars shown in Fig. 2.2(a) do not form a stiff frame since they would collapse
under load. This latter arrangement may be converted into a stiff frame by adding
a fifth bar bd as shown, Fig. 2.2(b); then both abd and bdc form complete triangles.
However, if both bd and ac are joined by bars the result, Fig. 2.2(c), remains a frame
but is said to be overstiff. The forces in the members cannot then be obtained by the
methods of statics alone and the structure is said to be statically indeterminate or
redundant. Another example of an indeterminate structure is a beam built-in at one
end and propped at the other end. To find the forces in such a case, information must
be available about the deflection of the propped end. Redundant structures are beyond
the scope of this book.

2.1 Forces in frameworks

The forces in a stiff or perfect frame can be found by using a force diagram, since
the forces in each bar are simply tensile or compressive. Figure 2.3 shows a tie and
a strut under load. The tensile forces acting on the tie at each joint are each balanced
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@)

(b)

©

Fig. 2.1 Fig. 2.2

by equal and opposite internal forces exerted by the tie on the pin-joint. Thus the
tie appears to be pulling inwards on the two pins at A and B. Similarly, the strut appears
to be pushing outwards on the pin ends with a force C to resist the compressive loads.

When constructing a force diagram for a framework we are concerned with the
polygon of forces acting at each pin exerted by each member of the framework
connected at that joint, i.e. the forces required are T and C of Fig. 2.3.

The force diagram is started at any joint at which at least one force is known in
magnitude and direction, and where there are not more than rwo unknown forces.
The complete diagram is then built up of the force polygons for each joint in succession.
The forces are described using Bow’s notation in which each space between two forces
is lettered separately. A force is thus denoted by the two space letters on either side
of the force. A joint is conveniently described by using the letters of the spaces meeting
at the joint. Thus in Fig. 2.4 the load of 10 kN is described as a force ab taken in
the sense of the load. The joint at which this force acts is called the joint ABD. It
is also necessary to consider the forces at a joint in a definite order (clockwise) and
maintain the same order for every joint of the framework. Thus the force in the bar

<}_—_ Tie ) —C>

Cc Cc
$_ ) étrut B _<]

Fig. 2.3
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ki
10 kN 10 kN

&~
Reaction

Reaction

Fig. 2.4

DB at the joint ABD is bd and the force in the same bar at the joint CDB is db. It
should be noted that the forces in a frame depend only on its shape, not its size.

2.2 Wind loads on trusses

Under wind pressure a truss would move sideways unless pinned at one or both ends.
For long span trusses one end is usually pinned and the other end rests on rollers.
This allows contraction and expansion of the frame with temperature change. When
calculating forces in the members of a frame it is only the components of the wind
load perpendicular to the face of the truss which are usually considered, together with
any vertical or other ‘dead loads’.

Example The framework shown in Fig. 2.5(a) is loaded by a 10 kN horizontal force at the
apex. The frame is pinned at the lef-hand support and rests on rollers at the right-hand support.
The rollers may be assumed frictionless. Find the magnitude and nature of the force in each bar.

SOLUTION

The load of 10 kN is known in magnitude and direction at the joint ABD. Hence the forces
in bars DA and BD may be obtained from the force diagram for this joint. The force diagram
is then continued for the forces at the other joints as shown below. Note that at the roller support
the reaction must be vertical whereas at the pinned support the reaction is completely unknown.

Joint ABD, Fig. 2.5(b)
Draw ab to represent the 10 kN load.
From b draw a line bd of unknown length parallel to the bar BD to represent the force in BD.
From a draw a line ad to represent the unknown force in DA. The lines bd and ad intersect
& d to complete the triangle of forces for the joint.
"'The force directions at the joint are determined:

. by the direction of the 10 kN load ab
L] by following the sides of the triangie abd in order as shown in Fig. 2.5(b).

‘These foroe directions are inserted in the sketch of the frame, Fig. 2.5(e). The arrows in
this showh represent the internal forces in the bars at the joint ABD.
The arrowhead representing the force in AD at joint ADC can now be added also, and is
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drawn away from this joint. Similarly, at joint DBC the arrowhead representing the force in
bar BD is drawn towards the joint. In each bar the pair of arrowheads should now be pointing
in opposite directions.

Joint DBC, Fig. 2.5(c)

For clarity, triangle abd is redrawn. At this joint the known force is db drawn in a direction
opposite to that at the top joint. Reaction bc is vertical and is so drawn from point b. The
force in bar CD is represented by a horizontal line cd through d. The intersection of lines be
and cd at point ¢ completes the triangle of forces. The directions of the forces at the joint follow
the sequence db, be and ed as shown in Fig. 2.5(c). These directions are now inserted in the
frame sketch, Fig. 2.5(¢). The only unknown force is now the reaction at joint ADC.

Joint ADC, Fig. 2.5(d)
The known forces at this joint are ad and dc in the directions indicated by the arrowheads.
The line joining ¢ and a represents the reaction CA at the hinge support.

Figure 2.5(d) now represents the complete force diagram for the frame.

It is unnecessary to draw separate diagrams. The whole force diagram should be built up
in one picture while following the sequence indicated above. It is advisable, however, to fill
in on a sketch of the frame the directions of the forces at each joint as they are found, and
to prevent confusion arrows should be omitted from the force diagram. Those shown in Fig.
2.5(d) are given for guidance only.

Results
Reaction BC 4.33 kN vertical
Reaction CA 10.9 kN at 23° to horizontal.
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Mem.ber BG CH EJ EK FK FG GH HJ JK
Tension (kN) — — — — 373 57 — 11.2 —
Compression (kN) 49 37 43 43 — — 23 —' —

Note: Figure 2.§(g) is all that is required for the solution. However, in commencing the diagram
it would be possible, and more accurate, to draw the load-line ab, be, cd, de and ef representing

Fhe. known loa}ds and reaction. The solution then follows the steps set out above. This method
is illustrated in the next example.

E.xample. Figure 2.7 shows a loaded roof truss. The truss is symmetrical, each bar in the sloping
sides being of equal length. Each sloping side is at 30° to the horizontal. The span is 12 m
and the horizontal member NK is 3 m below the apex. Calculate the magnitude and nature
of the force in each member ifthe right-hand reaction is vertical. All loads are in kilonewtons.

SOLUTION

Since reaction .Ilf is vertical its magnitude may be found by taking moments about the left-hand
support. Assuming sloping bars of unit length:

JK X 4cos30° = 20 x 1) + (10 x2) + (10 x 1 x cos 30°)
+ (10 X 2 x cos 30°) + (10 x 3 X cos 30°)
+ (10 X 4 x cos 30°)
Thus JK = 36.5 kN.

Fig. 2.7
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Load line

Draw the load line abedefghj to represent the known loading in magnitude and direction. Draw
jk upward from j to represent the vertical reaction of 36.5 kN. Then line ka represents the
reaction KA.

Thus KA = 52.5 kN at 22}° to vertical

Joint HIKQ
The polygon for this joint is completed by drawing kq parallel to KQ and hq parallel to HQ
to meet in q. The force directions follow the sequence hj, jk, kq and gh.

The student should now follow this procedure for the other joints in the truss starting with
joint GHQP.

Results

Member CL EM GP HQ KQ KN KL LM MN NP PQ
Tension (kN) - = — — 594 432 357 — 45.2 188 —
Compression (kN) 81 75.6 63 68 — — — 284 — — 8.6
Problems

1. Figure 2.8 shows a simple roof truss. A wind load normal to the longer sloping side
is assumed to be equivalent to a 10 kN load at each pin-joint. The reaction at the right-
hand joint may be taken vertical. Determine the reactions and the nature and magnitude
of the force in each member.

(Members: AE, —10; BE, 0; DE, —35; reactions: CD, 8.66; DA, 13.25 kN at 41°
to, and above, the horizontal. Note: a negative sign denotes compression,
otherwise the member is in tension)

10 kN

Fig. 2.8 Fig. 2.9

2.  In the symmetrical truss shown, Fig. 2.9, a load of 40 kN at the vertex acts normal to
one sloping side. The reaction at the right-hand support may be assumed vertical. Find
the magnitude of the support reactions, and the magnitude and nature of the force in
each member.

(Reactions: BC, 23.1; CA, 23.1 kN; members: AD, —23.1; AE, —-23.1;
DE, 0; DC, 40; EF, 0; BF, 46.2; FG, 0; BG, —46.2; GC, 40 kN)

3. The truss shown, Fig. 2.10, is made up of three equilateral triangles loaded at each of
the two lower panel pins. It is supported by a pin-joint at the wall on the right-hand
side and by the tension in the cable on the left. Determine: (a) the tension in the cable;
(b) the reaction at the wall; (¢) the nature and magnitude of the force in each bar.

((a) 19.6 kN; (b) 19.6 kN; (¢) EB = BG, = —22.64; EF = FG = 0; DF, 5.67,
EA, 11.27; GC, 11.27 kN)
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1 tonne 1 tonne

Fig. 2.10 Fig. 2.11

4. The framework shown, Fig. 2.11, is loaded by 10 kN horizontal and vertical loads at
the top left-hand joint. The reaction at the right-hand support is vertical. Find: (a) the
magnitude and direction of each support reaction; (b) the nature and magnitude of the
force in each bar of the framework.

((@) 7.9 kN vertically upward; 10.2 kN at 12° to, and above, the horizontal;
(b) AE, —13.7; ED, 19.5; EF, 2.8; FC, —19.0; FG, 17; GC, — 13.7; GD, 7.9 kN)

5. In the roof truss of Fig. 2.12 the pin-joints midway along the long sides are joined by
a horizontal bar and are connected also to a pin-joint at the midpoint of the horizontal
link spanning the points of support. The right-hand reaction is vertical. Find: (a) the
magnitude and direction of the support reactions; (b) the nature and magnitude of the
force in each member.

(Reactions: 11.6 kN vertical; 30.5 kN at 49° to, and above, the horizontal;
members: BF, —28.8; EF, 39.5; FG, —11.4; GJ, —20.4: CJ, —-5.38;
JD, —11.8; DH, —23.2; GH, 11.4; HE, 20 kN)

10 kN

Fig. 2.12

6. In the roof truss shown in Fig. 2.13, the longer sloping sides are at 30° to the horizontal;
the span is 10 m and the horizontal member is 2.5 m below the apex. The two shortest
sloping bars are midway between each long side and are at right angles to it. The wind
load is assumed concentrated at the pin joints of one long side. The left-hand support
reaction is vertical. Find the reactions at the supports and the force in each member,
stating whether it is in tension or compression.

(Reactions: DE, 61.3; EA, 23.1 kN; members: EF, 51.5; AF, —59; FG, 0;
AG, —59; GH, 7.9; EH, 46.5; HJ, 59.0; JB, —83; JK, —40; KC, —83;
KE, 104 kN)
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20 kN
D

Fig. 2.13

2.3 Analytical methods: method of sections: method of resolution

Where the forces in only a few members are required, it is sometimes convenient
to calculate the values rather than to construct a complete force polygon. The equations
of static equilibrium can be applied to the whole framework for external forces, to
each joint for external and internal forces, and to sections of the framework for external
and internal forces.

If a number of members meet at a joint and the magnitude and directions of all
but two of the forces are known, then the unknown forces can be found by resolving
forces horizontally and vertically. External forces such as loads or reactions and the
internal forces in the members are considered. This is known as the method of resolution
or method of joints and can be tedious unless only a few members meet at the joint.

A framework may be imagined to be cut through by a plane to isolate a section
of the framework, and the equilibrium of the section isolated may be considered (in
a free-body diagram) under the action of the external loads and reactions and the
internal forces in the cut bars. By resolving forces vertically and horizontally, or by
taking moments about a convenient point, the forces in the cut bars may be found.
This is known as the method of sections and is useful to check on values obtained
from a complex force polygon. The method is particularly convenient for finding the
forces in the diagonal members of certain frameworks. Not more than rhree bars must
be cut by the plane.

The following examples illustrate the methods of calculation.

Example The framework shown in Fig. 2.14(a) carries a mass of 2 tonne at the lower middle
Jjoint. Find the forces in bars 1, 2, 3 and 4 and state whether the bars are in tension or
compression.

SOLUTION
Let the horizontal members each be of length 2 m, then bar 2 = 3 m, bar 4 = 1 m, and
the height of the frame is %\/3 m. The weight of the 2 tonne mass is 2 X 9.8 = 19.6 kN.

From symmetry, the reaction R at the right-hand support is 9.8 kN.

Cut the frame by an imaginary plane AA, shown in Fig. 2.14(a), and let X, Y, Z be the internal
forces in the cut bars 1, 2, 3 respectively. If we assume that the cut bars are all in tension
then the forces X, Y and Z will act as shown in the free-body diagram, Fig. 2.14(b), i.e. forces
X and Y are pulling away from the top right-hand joint and force Z is pulling away from the
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Q cos 60°
Q *o sin 60°
z
R

(b} ©

Fig. 2.14

lower right-hand support. To find force Y, resolve external and internal forces on the frame
section; thus in the vertical direction:

Ysin 30° = R = 9.8
i.e. = +19.6 kN

Y is positive therefore the assumed direction is correct and bar 2 is in tension.

To find force X we may take moments about the joint carrying the 2 tonne mass for the forces
on the frame section Fig. 2.14(b), thus eliminating the forces Y and Z which pass through this
joint:

i.e. Xx%+Rx2=O
therefore X= - % = —22.63 kN

X is negative (therefore the direction of the force must be reversed) and bar 1 is in compression.
To find force Z, resolve forces horizontally for the frame section,

thus X+ Ycos30° +Z =0
ie. —22.63 +19.6 x 0.866 + Z = 0
therefore Z = +5.66 kN

Zis positive, therefore bar 3 is in tension. Alternatively, take moments about top right-hand joint.

To find the force in bar 4, we may consider the forces acting at the lower right-hand support
joint. There are three forces R, Z and the force in bar 4, say Q. Figure 2.14(c) shows the free-
body diagram for this joint. Resolving vertically,

Q X sin60° = R =9.8
ie. Q = 11.32 kN

and since R acts upwards, Q must act downwards, i.e. towards the joint so that bar 4 is in
compression. Alternatively, resolving forces horizontally,

O X cos 60° = Z = 5.66
ie. Q = 11.32 kN

(Otherwise, to find Q, take a vertical cutting plane through bar 4. For vertical forces to right-
hand side of cutting plane, Q sin 60° = R = 9.8, hence 0 = 11.32 kN.)
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The forces in the remaining bars can be found from symmetry and the complete solution
is shown in Fig. 2.14(d). In practice the correct directions of the forces in the bars can often

be obtained by inspection.

Example Find the forces in bars 1, 2 and 3 of the framework shown in Fig. 2.15(a).

SOLUTION

By taking moments, the reactions at the supports will be found to be R, = 13 kN and R? =
14 kN. Cut the frame through bars 1 and 2 and the lower member and consider the equilibrium
of the section of the frame to the left of the cutting plane. Figure 2.15(b) shows the free-body
diagram for the frame section isolated. The net upward force is 13 —12 = 1 kN, and the only
bar that can provide a downward force is the diagonal, bar 1, i.e. the vertical component of
force X in bar 1 must be 1 kN.

Thus X cos 45° 1
i.e. X = 1.414 kN

and X must act downwards as shown, i.e. away from the joint, so that bar 1 is in tension.

Taking moments about the joint at which the 15 kN load acts, assuming the lower members
to be of unit length, the force X is eliminated and we have to consider the external loads 13 kN,
12 kN and the internal force Y, then

net clockwise moment = 13 X 2 — 12 X 1 = 14kNm

This moment must be balanced by an anticlockwise moment due to a force Y in bar 2, thus:

2 13 14 0
/
Z 4 )
AR 3 13 v 1 % ld R o
5 t ' oY
- l l T 0 l' 13 ‘l* 1 T
T 12 kN 15 kN 13 kN 12 kN 15 kN 14 kN
R
i @ 2 ()
iz Y
1
\x
R, = 13 kN kN :
(b)
Tnz = 14 kN

(©
Fig. 2.15
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YX1=14KkNm
ie. Y = 14 kN

Force Y therefore acts towards the joint as shown and bar 2 is in compression.
To find the force in bar 3, cut the frame by a plane as shown in the free-body diagram Fig.

2.15(c). Resolve forces vertically for the section to the right of the plane and let the force in
bar 3 be Z, then:

Zcos45° =R, = 14
i.e. Z = 19.8 kN

Again Z must act downwards to balance the upward force R, so that bar 3 is in compression.

It can be seen that the correct directions of the forces and hence the nature of the forces
can be found by studying the directions of the known forces and moments. Alternatively, as
in the previous example, all forces in the bars can be assumed to be tensile and a negative
sign in the answer will indicate a compressive force. The student should complete the analysis
of the framework. The complete solution is shown in Fig. 2.15(d).

5 R ot = 5 kN
1
A 2
N <
5 kN 5 kN

@

Fig. 2.16 ©
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Example The frame of Fig. 2.16(a) is made up of members of equal length, rests freely on
rollers at B and is supported by a pin-joint at A. Find the forces in the members marked 1 and 2.

SOLUTION
The support reactions at A will be found to be R = 2.2 kN vertically downwards and H =
5 kN, horizontally to the left and at B, 12.2 kN vertically upwards.

To find the forces in bars 1 and 2, cut the frame by plane OO, as shown in the free-body
diagram Fig. 2.16(b). If P is the internal force in bar 1, by inspection, it must act towards
the top joint as shown and be in compression since it must provide a vertically upwards
component force of 2.2 + 5 = 7.2 kN to balance the external forces on the section of the
frame to the left-hand side of plane OO. Therefore

P = _72 = 8.3kN
cos 30°

For bar 2 it is not obvious from inspection if it is in tension or compression. Assume the
internal force Q to be tension, therefore acting away from the joint as shown. Taking moments
about joint C, and assuming the length of each member is unity so that the height of the frame
is 1 x sin 60° = 0.866, then

QO x 0.866 =5 x 0.866 — 5 X 0.5 — 2.2 x 1.5
ie. Q0= -17kN

negative, hence bar 2 is in compression and the force Q acts fowards the joint.
The student should complete the analysis of the forces in the frame. The complete solution
is shown in Fig. 2.16(c).

Problems
(Negative answers denote compression)

1. (For the framework shown in Fig. 2.17 find analytically the magnitude and nature of
the forces in bars 1 and 2 when the load is a 10 tonne mass.
(Bar 1, 113 kN; bar 2, —113 kN)
2. For the framework shown in Fig. 2.18 find analytically the magnitude and nature of
the forces in bars 1, 2 and 3. All bars are of equal length.
(Bar 1, —23.12 kN; bar 2, 5.78 kN; bar 3, 20.2 kN)

60° 602
10 tonne i ‘

Fig. 2.17 Fig. 2.18
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3. The framework shown in Fig. 2.19 carries masses of 2 and 3 tonne as shown. Find
analytically the magnitude and nature of the forces in all members of the frame and state
the reaction at the supports.

(BG, 38.2; GA, —27; CF, 24.5; FG, 3.43; DE, 31.4; EF, —3.43;
EA, —22.1 kN; reaction AB = 27 kN; reaction DA = 22.1 kN)

2 tonne 3 tonne
Fig. 2.19

4.  For the framework shown in Fig. 2.20 find analytically the magnitude and nature of
the forces in all the members of the frame and state the reactions at the supports.

(AB, —66.7; CD = vertical AJ = horizontal AJ = 0; BC, 94.3;

BE = HG = FH = 33.3; HJ = EF = —47.1; EG, 66.7,

AF, —33.3; AC = —66.7 kN; reaction at X, 66.7 kN vertical;

reaction at Y, 33.3 kN vertical)

Fig. 2.20

5. Inthe Warren girder shown in Fig. 2.21 all bars are of equal length and the loads are
vertical. Find the magnitude and nature of the forces in the members A, B and C. Both
reactions are vertical.

(A, 46.2; B, -23.1; C, —69.3 kN)

Fig. 2.21

Chapter 3

Friction

When one body slides on another and the surfaces are pressed together, a friction
Jorce tangential to the surfaces has to be overcome before relative motion can take
place between the bodies.

Friction conditions may fall into one of the following categories:

dry and clean
greasy or boundary
fluid or viscous
pure rolling

Dry friction is mainly dealt with here but a discussion of the mechanism and types
of friction is given in Section 3.7.

Calculations involving friction between two dry and clean surfaces in contact are
based upon the following experimental facts:

1.  Ifaforce is applied tending to move one body over another, the opposing friction
force brought into play is tangential to the surfaces in contact and is just sufficient
to balance the applied force.

2. There is a limit beyond which the friction force cannot increase. When this limit
is reached sliding is about to start and the corresponding friction force is termed
the limiting value.

3. The limiting friction force is proportional to the normal load pressing the two
surfaces together and is independent of the area of contact.

4.  The ratio of the limiting friction force F and normal reaction N is a constant
which depends only on the nature of the pair of surfaces in contact. Thus

F
— = u, a constant
N
or
F = uN

u is called the coefficient of static or limiting friction.
In Fig. 3.1, when sliding is about to start, the pull P is equal to the limiting
friction force F, i.e.
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P=F=uN

Before sliding starts, P is equal to the friction force which is less than the limited
value uN.

5.  After sliding starts the direction of the friction force is opposite to that of the
resultant motion. The friction force is again given by F = uN, where u is now
called the coefficient of sliding or kinetic friction. The kinetic value is usually
slightly less than the static or limiting value. It is also approximately independent
of the speed of sliding. Otherwise sliding friction obeys the same laws as limiting
friction.

When the pull P remains equal to uN during sliding, the body moves at a
steady speed. When P is greater than uN, the body is accelerated and this
particular case is dealt with in Chapter 5.

These laws of friction are approximately true and are sufficient for most engineering
purposes. Their limitations are discussed in Section 3.7.

3.1 Friction on a rough inclined plane

Consider a body maintained at rest on an inclined plane under the action of its own
weight and the friction force only (Fig. 3.2). The force tending to move the body
down the slope is the component of the weight, W sin 8, and N is the normal reaction
of the plane on the body supporting the normal component of the weight, W cos 6.
The friction force acts up the slope to maintain the body at rest. Resolving forces
normal and parallel to the plane

N = Wcos 6§
F = Wsin 6

These two equations hold true whether motion is impending or not. Only if motion
is about to take place does the friction force F have its maximum or limiting value
uN. For impending motion, therefore:

F = uN = puW cos 6
and F = Wsin 0

hence

W sin 6
tan 6

uW cos 0
i.e. n

It

This particular angle, 8 = tan~' u, is called the angle of repose or friction angle.
If 6 is less than the angle of repose, the body remains at rest and F < uN. If § is greater
than this critical angle, the body slides down the plane and F = uN, where p is now
the coefficient of sliding friction.
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Fig. 3.2

Force applied parallel to the plane
A number of possibilities exist as to the state of the body when subject to a pull parallel
to the plane (Fig. 3.3). The body may be at rest without motion impending, about
to move or actually moving with constant or changing speed. Change of speed is dealt
with in later chapters.

Consicller the case when a force P is applied to pull the body up the plane. Assume
0>tan™ ' p.

(i) Motion impending up the plane

If the body is about to move up the slope the forces acting are shown in the free-body
diagram, Fig. 3.3(a), and the force diagram is shown in Fig. 3.3(b). The friction
force has its limiting value, acting down the slope. Resolving forces as before:

N = Wcos 6
P=F+ Wsiné
and F = uN

If P is increased above the value satisfying these equations, the body will actually
travel up the slope. If the speed is constant the equations for static equilibrium apply
but p should be the sliding value.

(@ (b)

Fig. 3.3
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(ii) Motion impending down the plane
When the body is about to move down the slope, Fig. 3.4, the friction force acts
up the slope, assisting the pull P. Resolving forces as before:

N = Wcos
P Wsin — F
and F = uN, for limiting friction.

Note that P may have any value between the two extreme values for motion about
to take place up or down the slope. For any intermediate value of P the body is at
rest, motion is not impending and the friction force F is less than the limiting value uN.

We have dealt only with the particular case of a force applied parallel to the plane,
acting upwards. The force may be applied in any direction to the body and it is then
necessary to take into account the components of P parallel and perpendicular to the
plane in arriving at the equation for balance of forces. In case (ii), if # <tan~' y then
P acts downwards.

Example A body of weight 50 N is at rest on an inclined plane, Fig. 3.5. A force P is applied
horizontally as shown. If u = 0.4, find the range of values of P over which the body will remain
at rest.

SoLuTioN

The extreme values of P will be required when the body is on the point of moving up or down
the plane. The forces acting on the body when motion is impending up the slope are shown
in the free-body diagram, Fig. 3.6. Resolving forces normal to the plane:

P sin 30° K2
¢ oM

G
P 990‘5“\
o F
e »4 \
50 N N
30° \50 cos 30°

Fig. 3.5 Fig. 3.6 Free-body diagram
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N = 50 cos 30° + P sin 30°
= 433 + 0.5P
Resolving forces parallel to the plane, and taking F = pN for limiting friction:

P cos 30° = F + 50 sin 30°
ie. 0.866P = 0.4 N + 25 = 0.4(43.3 + 0.5P) + 25
hence P =635N

When motion is impending down the plane, the friction force is reversed, acting up the plane.
Resolving forces:

N =433 + 0.5P
and P cos 30° = 50 sin 30° — F
ie. 0.866P = 25 — 0.4(43.3 + 0.5P)
hence P=72N

Thus, for any value of P between 7.2 N and 63.5 N the body remains at rest.

Example A1 Mg load is pulled steadily up a track inclined at 30° to the horizontal by a force
P inclined at 20° to, and above the track. Calculate the value of P if u = 0.15.

SOLUTION

Pull P has components P cos 20° and P sin 20° parallel and perpendicular to the track,
respectively, Fig. 3.7. W = 9800 N, and F = uN = 0.15 N.

Resolving forces parallel to the track:

P cos 20° = 0.15 N + 9800 sin 30°
P = 0.16 N + 5215

Resolving perpendicular to the track:

N = 9800 cos 30° — P sin 20°
= 9800 x 0.866 — P x 0.342
= 8490 — 0.342 P

Solving for P gives

P = 6230 N

Fig. 3.7
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Problems

1. A load of mass 1350 kg lies on a gradient inclined at 60° to the horizontal. For static
friction p = 0.5, for kinetic friction, p = 0.4. Calculate: (a) the pull parallel to the
gradient required to prevent the load sliding down; (b) the pull required to haul the load
up the gradient at uniform speed.

(8.15, 14.1 kN)

2. The force required to haul a load of 500 kg along a horizontal surface is 1.2 kN. Find
(a) the force parallel to a track of slope 20° required to haul the load up the incline;
(b) the force required to lower it down the incline at steady speed. Assume the coefficient
of friction to be the same in all cases.

(2.8 kN, 548 N)

3. A 1500 kg boat is winched steadily up a slip inclined at 25° to the horizontal. If p =
0.5 for the surface contact of the boat and slip, find the force in the winch cable, which
is parallel to the slip.

(12.9 kN)

4. A body of mass m on a rough plane inclined at 20° to the horizontal is moved steadily
up the plane by a force of 200 N applied upwards and parallel to the plane. When the
force is reduced to 75 N, the body slides steadily downwards. Find the values of m and u.

(41 kg; 0.17)

5. A body of mass 100 kg is at rest on a plane inclined at 20° to the horizontal. A force
P is applied to pull the body up the plane, directed at an angle of 20° to the plane, i.e.
at 40° to the horizontal. If 4 = 0.2, calculate the value of P: (@) when the body is just
about to move up the plane; (b) when the body is on the point of sliding down the plane.

(515N; 173 N)

6. Atrolley of mass 800 kg is about to move up a 20° slope because of the pull of a 2 tonne
counterweight guided by a pulley, Fig. 3.8. The tensions in the rope are P and Q as
shown. Neglecting friction at the trolley wheels, find P. If u = 0.2 for the surfaces
in contact at the counterweight, find Q.

(2.68 kN; 9.6 kN)

3.2 The angle of friction and total reaction

In all cases considered so far the body is in equilibrium under the action of the four
forces P, W, N and F. The method of resolution of forces will solve all problems
of this type but two equations are required for a solution. However, a simpler method
of calculation exists for certain problems. This makes use of the resultant reaction
R of the friction force F and the normal reaction N, together with the angle ¢ between
R and N. This angle ¢ is known as the angle of friction (see Section 3.1).
Consider a body about to move to the right (Fig. 3.9). The force R is the resultant
of N and F. Since the latter are at right angles, the angle ¢ between R and N is given by
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J;Vi for limiting friction

=pu

The direction in which R must be drawn is determined by the fact that its tangential
component F must oppose the motion of the body, that is, R is always drawn backwards
to the direction of motion. R acts only at angle ¢ to N for limiting friction; if R lies
inside the angle of friction, the force of friction is less than the limiting value and
slipping cannot take place.

When N and F are replaced by one force R, the forces P, Wand R form three forces
in equilibrium and the triangle of forces can then be drawn.

It should be noted particularly that in the absence of friction the only force between
two surfaces is normal to the surfaces.

3.3 Application of angle of friction to motion on the inclined plane

Figure 3.10 shows a body being moved up a plane by means of a horizontal force
P. R is the resultant force exerted by the plane on the body. It acts at an angle ¢
to the normal and, when slipping is just about to start, tan ¢ = u. Since motion is
up the plane, R must have a component down the plane to provide the resisting friction
force and is therefore directed as shown. The pull P, weight W and resultant R form
a triangle of forces and, since P and W are at right angles:

P=Wtan (8 + ¢)

Figure 3.11 shows the case when the body is just about to move down the plane
against a resisting horizontal force P. R now has a component up the plane and is
directed backwards to the direction of motion at angle ¢ to the normal. From the
triangle of forces
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Fig. 3.10 Fig. 3.11

P = Wtan@ - ¢)

In this case the angle of the plane  is greater than the angle of friction ¢.
When the body is about to move down the plane and force P assists the motion
(Fig. 3.12), R is directed backwards to the normal as before, and hence

P = Wtan (¢ — 6)

The angle of inclination of the plane  is in this case less than the angle of friction ¢.

Fig. 3.12 :_‘_’A

Example A casting of mass 2 tonne is to be pulled up a slope inclined at 30° by a force at

an angle to the slope. If the coefficient of friction is 0.3 find the least Jorce required and its
direction to the horizontal.

SOLUTION

In the triangle of forces, Fig. 3.13, oa represents the known weight, and ax the direction of
the total reaction R at (30° + ¢) to the vertical. Pull P is represented by bo which, for equilibrium,
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Fig. 3.13

must close the triangle. For P to be the least force required, bo must be perpendicular to ax.
Hence the minimum value of P is given by

P = Wsin (30° + ¢)
where tan ¢ = 0.3 or ¢ = 16°42', and W = 2 x 9.8 = 19.6 kN. Hence

P = 19.6 sin 46°42’
= 14.25 kN

From triangle oba it can be seen that the minimum value of the force must be at angle (30°
+ ¢), i.e. 46°42’ to the horizontal.

Problems

1. A load of 300 kg will just start to slide down a 25° slope. What horizontal force will

be required to haul the load up the slope at constant speed?
What is the least force required to haul the load up the incline? State the direction

of this least force.

(3.5 kN; 2.25 kN at 50° to the horizontal)
2. A load of mass 100 kg rests on a rough plane inclined at 20° to the horizontal. If § =
0.5 find the least force required to move the load: (a) up the plane; (b) down the plane.
(712 N upwards at 46.6° to the horizontal;
112.6 N downwards at 6.6° to the horizontal)

3.4 Wedges

The wedge is an application of the inclined plane, an example of friction being used
to advantage. It is used as a splitting device, to apply a large force to lift or adjust
a heavy load with small displacement, or to change the direction of an applied force.
In effect, it is a simple machine. Double wedges can be arranged in various ways
to achieve greater force and control. A wedge raising a load, Fig. 3.14(a), may involve
three pairs of friction surfaces and the tilting of the load against its vertical guides.
Such problems are complicated but may be simplified for our purpose by assuming
only the inclined surface of the wedge to be rough, and the wedge and load to be
guided by smooth rollers. Also, problems involving wedge friction are most easily
dealt with using the angle of friction together with the triangle of forces. In general,
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the less friction there is and the flatter the wedge, the smaller the value of the force
needed to lift a given load. Reducing the angle of the wedge, however, means that
the wedge has to travel a greater distance for a given lift.

Example Fig. 3.14(a) shows a 20°-wedge of negligible weight used to raise a load of 10 kN
guided by frictionless rollers. The wedge sits on frictionless rollers and . for the inclined surfaces
is 0.2. Find the least value of the force P required to move the load upwards.

SOLUTION
Angle of friction ¢ = tan=' 0.2 = 11.3°

10 kN

@

10 kN

Fig. 3.14
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Forces on the load

Figure 3.14(b) shows the free-body diagram for the load. Reaction R, at the vertical guide
is normal to the surface, i.e. horizontal, since there is no friction. Reaction R, at the inclined
surface acts at an angle ¢ to the normal opposing the motion of the load which is upwards
to the left relative to the wedge. The third force is the load of 10 kN. From the triangle of forces:

10 kN
11.7 kN

R, cos 31.3°
hence R,

Forces on the wedge
Figure 3.14(c) shows the free-body diagram for the wedge. Reaction R, at the ground is normal
to the ground. Reaction R, at the wedge’s inclined surface is known and acts at an angle ¢
to the normal opposing the motion of the wedge. The third force is the applied force P. From
the triangle of forces,

P = R, sin 31.3° = 11.7 sin 31.3° = 6.1 kN

(Alternatively, R, = Wtan 31.3° = 10 x 0.061 = 6.1 kN and for balance of forces on the
whole system, P = R; = 6.1 kN.)

Example A wood block is split by a horizontal force P of 30 N on the wedge shown (Fig.
3.15). Calculate the vertical force tending to force the wood apart. u = 0.4.

SOLUTION

The three forces acting on the wedge are: horizontal force P, total reaction Q of the lower
half of the block, total reaction R of the upper haif. Both Q and R act at angle ¢ to the respective
normal so as to oppose motion of the wedge.

tan ¢ = u = 0.4
thus ¢ = 21°49’

From the triangle of forces, using the sine rule,

Q _ P

sin(70° — ¢) sin(20° + 2¢)
30 sin(70° — 21°49’)

therefore 0= -
sin(20° + 43°38")
=25N
£
N | 7
e ey

wedge | Q

(20° + 2¢)

Fig. 3.15
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The force N tending to separate the two halves of the block is the vertical component of
Q (or R),
ie. N=(Qcoso
= 25 X cos 21°49’
=23.2N

Problems
1. The catch shown in Fig. 3.16 acts through the wedge forcing apart two steel balls against
the springs S. If the coefficient of friction between wedge and balls is 0.3, calculate
the force on each spring when the vertical load on the wedge is 100 N.
What would be the spring force if friction were negligible?

'100 N

(47, 86.6 N)

Fig. 3.16

2. A wedge is used to raise a load of 1 tonne, Fig. 3.17. The surfaces are smooth (on rollers)
except for the inclined surface of the wedge for which p = 0.1. Find the least value
of the force P needed to push the load upwards. What would be its value if there were

no friction?
(7.05 kN; 5.7 kN)

1 tonne

Fig. 3.17

3.  Repeat Question 2 if the wedge angle is 5°.
(1.85 kN; 0.86 kN; note the effect of flattening the wedge)
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e
P [
Fig. 3.18

4. A wedge is driven into a block of wood against a resisting load W, Fig. 3.18. If the
friction angle is ¢ and the half-angle of the wedge is 8, show that the force needed to
force the wood apart is P = 2W tan (0 + ¢) and the force needed to pull the wedge
outis P = 2Wtan (¢ — 0).

3.5 Toppling or sliding

The problems on friction so far have been basically of a ‘body on a plane’ type where
we have ignored the possibility of the body toppling over rather than sliding; this
possibility depends on the position of the centre of gravity of the body. For example,
when a body such as a crate, Fig. 3.19 topples about an edge in contact with a surface,
there must be an unbalanced moment about the edge. Prior to toppling, the reaction
of the surface to the body will act across the contact surfaces but at the moment of
toppling, the body will tilt and the reaction will be concentrated at the tilting point
or line. The following example illustrates the approach when it is necessary to ascertain
if a body will first slide or topple under load.

Example A uniformly loaded box of mass 45 kg is at rest on horizontal ground when pushed
by a gradually increasing load P, applied at 1.2 m above the ground, Fig. 3.19(a). If u =
0.4, determine whether the box will first slide or tip over and the least force required.

1.26 m

P et SR
P 3
B
.' !
1
1.2 m G w | G !
|—0.625 m
L[ A
= —
F

?—
-

X
-
=

Fig. 3.19
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SOLUTION
The forces acting on the box are the weight W, friction force F, normal reaction N and the
force P.

For sliding to take place Fig. 3.19(a), then

PSF
The normal reaction N is equal to W and acts upwards through the centre of gravity G; F
has its limiting value uN = uW, therefore the least value of P required is

P=uW =04 x45 x 98 =176.4N
When the box is about to tip at corner A the reaction of the ground is at the edge A. Taking
moments about A, Fig. 3.19(b):

P x 12 =W x 0.625
45 x 9.8 x 0.625
therefore P =230N

il

The box therefore will slide first when the force reaches 176.4 N.

Notes:

1. The closer the centre of gravity is to the tilting corner, the smaller the value of the force
required to cause toppling.

2. When the box is on an inclined plane the height of the centre of gravity above the plane
is also critical.

3. If the force P in Fig. 3.19 is inclined to the horizontal, its vertical component affects the
reaction N, and the horizontal component causes the sliding or toppling.

Problems
1. A uniform block of mass 50 kg has a base of square section 0.6 m side. When at rest
on horizontal ground, it is pulled by a gradually increasing force P, applied horizontally,
1.3 m above the ground, the point of application being below the top of the block. If
u = 0.25 determine whether the block first slides or tips over and the least force
required.
(topples; 113 N)
‘2. Solve Question 1, if the force P is applied at 40° to and above the horizontal.
(slides; 132 N)
3. The uniform block shown in Fig. 3.20 weighs 850 N. If 4 = 0.3 and the force P is
increased gradually from zero, determine if the block will first slide or overturn and
the least value of P to break equilibrium.
(slides when P = 245 N)

P 200
-/

300 mm

l200mmll

Fig. 3.20
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4. A uniformly loaded crate of weight 1 kN is held at rest on an inclined plane, Fig. 3.21.
A gradually increasing force P is applied horizontally as shown. If p = 0.2, determine
whether the crate first slides or topples and the least force required.

(topples; 726 N)

3.6 The ladder problem

When ladders or poles are propped against a wall, there are friction forces and normal
reactions at both the ground and the wall. Assuming the weight of the ladder is known,
there are therefore four unknown forces. By resolving forces vertically and horizontally
and taking moments about a suitable point only three equations can be obtained. Further
information is necessary and this is usually provided by assuming a value for the
coefficient of friction for the surfaces, thus enabling the friction forces to be obtained
in terms of the reactions when slip is about to take place. The number of unknown
forces is thereby reduced. Otherwise, if it is assumed that the wall is smooth, the
friction force at the wall is eliminated. It is assumed that the ladder is in a vertical
plane perpendicular to the wall so that the direction of possible motion is known. The
following example illustrates the method of solution.

Example A uniform ladder weighing 200 N is propped against a smooth wall as shown in
Fig. 3.22. The ladder is in equilibrium and p = 0.4 for the ground. If a man of weight 800 N
starts to climb the ladder, how far up the ladder will he reach before the ladder starts to slip?

NZ
-
200 N
1
800 N d
9m x
Z
F h—»‘
fe————>
52 m N, 26m
Fig. 3.22
SOLUTION

Figure 3.22 shows the free-body diagram for the ladder when it is about to slide and the man
has reached a horizontal distance x from the foot of the ladder. The weight of the ladder acts
at its midpoint, and the friction force F at the ground has its limiting value uN,, where N,
and N, are the normal reactions at the ground and the wall. Resolving forces:

N, = 200 + 800 = 1000 N
and N, =F = uN, = 0.4 x 1000 = 400 N

Taking moments about the foot of the ladder,
N, Xx 9 =200 x 2.6 + 800 x x

Substituting in this equation for N, gives x = 3.9 m so that the man climbs a distance up the
ladder of 3.9/cos 60° = 7.8 m




52 Applied mechanics

Example A uniform ladder 8 m long, weighs 220 N, rests on rough ground and is propped
against a vertical rough wall at an angle 0 to the horizontal. If p = 0.4 for the ground and
the wall surfaces, find the value of 8 when slip is about to take place.

SOLUTION

Figure 3.23 shows the normal reactions, friction forces and self-weight acting on the ladder.
Resolving forces vertically and horizontally, and taking moments about the top of the ladder,
we obtain three equations, thus (working in newtons and metres):

N, + 0.4 N, = 220

N, = uN, = 0.4 N,
and N, x 8cos 8 =220 X 4cos § + 0.4N, X 8sin g

Solving these equations gives

6 = 46.4°

Fig. 3.23

Problems

1. A uniform ladder rests against a smooth wall with its lower end on rough ground. If
p = 0.45, find the inclination of the ladder to the vertical when it is on the point of Sll?41l21§)
2. A uniform ladder rests on rough ground and is propped against a rough vertical wall.
If u is 0.5 for the ground and 0.25 for the wall, find the inclination of the ladder to
the horizontal when it is on the point of sliding. @29
3. A ladder of negligible weight is propped against a rough vertical wall, the coefficients
of friction being the same at the wall and ground. The top of the ladder is 10 m above
the ground and the bottom is 6 m from the base of the wall. If a man climbs the ladder,
find the minimum value of the coefficient of friction so that he reaches the top of the

ladder before slip takes place.
(0.6)
4. A ladder 10 m long is propped against a rough wall at an angle of 30° to the vertical.
Neglecting the mass of the ladder, find how far a man of weight W can climb up the
ladder before slipping takes place. For the wall u = 0.4, for the ground p (j ;)5.25.)
.85 m
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3.7 Further notes on friction and lubrication

Dry friction

The simplest explanation of the friction effect when dry clean surfaces rub together
is that it is due to surface roughness. When studied closely, even the most apparently
smooth surfaces consist of 'hills' and ‘valleys'. There is a tendency for each surface
to shear the tips of the irregularities of the other. Since it is only the projecting ‘hills'
or high spots which are actually bearing on one another the area of true contact is
very much less than the apparent area of contact; this is shown in Fig. 3.24. At average
loads, the area of true contact is proportional to the load applied and is almost
independent of the apparent area of contact. Hence the friction force, which is
determined by the area of true contact, is proportional to the load applied and almost
independent of the apparent area of contact: the ratio of friction force to load, 11, is
therefore constant and for a given pair of materials independent of the load. However,
for very great loads the area of true contact may not increase in simple proportion
to the load but more rapidly. In practice therefore i+ may increase with the load. Also,
as surfaces become worn the value of u. changes.

It would appear that dry friction would be reduced by improving the smoothness
of surfaces. For example, surfaces of smooth wood slide more easily on each other
than surfaces of emery paper. However, this is only true up to a point, for smooth
surfaces will have a greater area of true contact than rough surfaces. Owing to the
attraction between the surface molecules of the materials, there tends to be cohesion
or binding together of the surfaces and the greater the area of true contact the greater
is this tendency for cohesion. This condition ultimately leads to the surfaces seizing
together. For example, two highly polished dry-metal surfaces will tend to seize
together very rapidly under load.

Fluid friction (viscous friction)
When there is an excess of lubricant present, two solid surfaces may be separated
by a film of fluid so that friction depends wholly upon the lubricant and not on the
nature of the surfaces. The force necessary to produce relative motion is that required
to shear the lubricant film. The friction force in fluid friction increases with the velocity
of sliding. In contrast to dry friction, the friction force is proportional to the total
or apparent area of contact.

Fluid friction only exists when there is motion, otherwise the lubricant is squeezed
out by the load. In practice all bearings running under design conditions should have
fluid-film lubrication.

Apparent area

fvTrue contact areaZt

Fig. 3.24
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Boundary friction (greasy friction)
It should be realized that for perfectly clean and dry surfaces, the coefficient of static
friction is often greater than unity and may be very high indeed. However, such
conditions are not usually met with in engineering practice. Unless specially cleaned,
all surfaces possess a very thin film of grease and this may only be an ‘adsorbed'
film perhaps 0.0003 mm or 0.3 micrometres thick. This attaches itselfto the bearing
surface and may prevent metal-to-metal contact. Cohesion, therefore, between smooth
surfaces occurs between relatively weak grease molecules rather than strong metal
ones. The coefficient of friction now depends upon the nature of both the lubricant
and of the metal surfaces, but is very much lower than for dry surfaces. For greasy
friction, . may be between 0.01 and 0.05.

The laws of friction for greasy friction are the same as those for dry friction.

Under heavy loads, or at low speeds of sliding, bearings which appear profusely
lubricated may in fact be operating with boundary lubrication. The engineer seeks
to maintain the maximum thickness of the oily boundary layer.

Under excessive load the boundary layer itself may break down. Contact takes place
between high spots on the metal surfaces and the high rubbing temperatures which
occur may result in local melting and seizure.

Rolling resistance
A cylinder rolling on a flat plane encounters no friction resistance to motion providing
there is no sliding and that neither cylinder nor plane deform under load. In practice,
of course, both surfaces will deform to some extent. Assuming the cylinder to be
hard and the plane soft, the deformation is as shown in Fig. 3.25. For example, a
rotating cylinder pressed into a rubber surface travels forward in one revolution a
distance which may be 10 per cent less than its circumference. Negligible slip occurs
between cylinder and surface, but energy is lost due to the stretching of the surface
of the rubber along the line ABCD. Owing to the deformation of the surface the reaction
R has a horizontal component ab opposing the motion. This horizontal component
is an apparent friction force, Rr

The rolling resistance is very little affected by lubricant films. Lubricant may reduce
wear but does not reduce the rolling resistance since there is no sliding friction. The
coefficient of ‘friction' for rolling is about 0.001 or less, depending on the hardness

-

e, =

R Rolling resistance
on an incline
N
b

Fig. 3.25
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Cage

Ball

Fig. 3.26

of the surfaces in contact. Rolling resistance may be assumed to be directly proportional
to the normal load and the ratio of rolling resistance to normal load is called the
coefficient of rolling resistance.

In designing machines the attempt is made to replace sliding by rolling friction
wherever possible. Hence the use of ball or roller bearings in place of plain bearings,
although in roller bearings, sliding friction may occur owing to their method of
construction.  For example, it is usually necessary to enclose the rollers in a cage.
The effect is probably small since the cage carries little load. Again with ball bearings
it is often necessary to allow the balls to run in a groove in the ball race (Fig. 3.26).
Sliding now takes place between the ball and the sides of the groove and this contact
between the surfaces may be heavily loaded. Lubrication may therefore be necessary
to reduce sliding friction as well as wear and to protect the bearing against corrosion.
For further notes on rolling resistance of cars and trains see Section 5.10 and for
rolling resistance of aircraft taking-off and landing see Section 12.12.

3.8 The square-threaded screw

Figure 3.27 shows a single-start thread. The development of a thread is an inclined
plane ABC, the thread being formed in effect by wrapping the plane around the core
of the screw in the form of a helix or spiral. The height of the plane BC is the distance
moved axially in one revolution of the screw in its nut, i.e. the pitch, p. The base
of the plane AC is the circumference of the thread at the mean radius, i.e. 7rD where
D is the mean thread diameter. The angle ()of the plane is therefore given by

tan0=L
D

For a double-start thread the distance moved axially by the screw in its nut in one
revolution is the lead I, which is twice the pitch.* Thus:

* For a multi-start thread, lead = number of starts X pitch, hence the speed of axial movement
of the screw in the nut can be greatly increased for the same pitch of thread.
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Let W be the axial load on the screw or nut and P the tangential force required
at the mean thread radius to turn the screw.

Turning the screw is equivalent to moving a mass of weight W along the inclined
plane by a horizontal force P. The forces acting on the screw are W, P and the total
reaction R of the inclined plane formed by the thread of the nut. The reaction R acts
at an angle ¢ to the normal where ¢ is the angle of friction and tan ¢ = p, the coefficient
of friction between screw and nut.

Consider two cases according as the load is being raised or lowered.

(a) Load being raised
When the load is raised by the force P, the motion is up the plane and the reaction
R acts to the left of the normal as shown (Fig. 3.27). From the triangle of forces

P = Wtan (¢ + 60)
The torque, T, required to rotate the screw against the load is

T=Px 4D
= LWD tan (¢ + )

The efficiency of the screw is equal to:

work done on load W in 1 revolution _ W X lead ()

work done by P in 1 revolution P x =D

But
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=tan(¢+0)and—l——=tan0
D

Sl

Hence

tan 6
tan (¢ + 9)

efficiency

Alternatively

force P required without friction (¢ = 0)
force P required with friction

W tan 6
Wtan (¢ + 8)

- tan 6
tan (¢ + 0)

Note that this efficiency is independent of the load. However, the above theory has
neglected the weight of the screw itself. If the constant weight of the screw were to
be taken into account, it would be found that the efficiency would increase with the
load as in other load lifting machines. For notes on efficiency generally, see Section
10.15.

efficiency

(b) Load being lowered

When the load is being lowered the reaction R must lie to the right of the normal
(Fig. 3.28). If the angle of friction ¢ is greater than the angle of the plane 6 (the
usual condition) then it can be seen from the triangle of forces that the force P must
be applied to help lower the load. The angle between Rand Win the triangle of forces
is now (¢ — 0) so that

P=Wtn (¢ — 0
and the torque required is
T=Px 4D
= LWD tan (¢ — 6)

When ¢ is less than 0, R is still to the right of the normal, opposing the motion,
but the triangle of forces must now be as shown in Fig. 3.29 with force P applied
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to resist the downward movement of the load. Under this condition the load would
just be about to move downwards. If P were not applied in this direction the load
would overhaul, that is, move down under its own weight.

From the triangle of forces (Fig. 3.29) when P is resisting:

P = Wtan (§ — ¢)
and
= 1WD tan (6 — ¢)

When the load is lowered or falling, the efficiency of the screw has little physical
significance. When it overhauls, the load is the effort. When the load is lowered by
a force P, it assists the effort. When the load falls against a restraining force P, this
force is, in effect, a resistance. The term reversed efficiency is sometimes used in
this latter case; it is the ratio of the work done against P in one revolution of the
screw to the corresponding work done by the load W.

3.9 Overhauling of a screw

When the load moves down and overcomes the thread friction by its own weight,
it is said to overhaul. When it moved down against a resisting force P we found that

P=Wtan (6 — ¢)

When the load overhauls, P = 0, therefore

tan (@ — ¢) =0
or 6 —o6=0
i.e. 0 =¢

Hence when the angle of the inclined plane is just equal to the angle of friction the
load will overhaul.

The efficiency of such a screw when raising a load is given by

- tan @
tan (6 + ¢)
but 6 = ¢; hence
tan
g =208
tan 2¢

Table 3.1 gives the efficiency of the screw which will just overhaul in this manner
for various values of the angle of friction ¢ and coefficient of friction u. It is seen
that as the angle ¢ tends to zero, as for a frictionless screw, the efficiency tends to
a limiting value of 50 per cent. Note, however, that is not the greatest efficiency a
screw may have, for if ¢ = 0 and @ is not equal to the angle of friction, the efficiency is

_ tan 0
tan (6 + ¢)

1 or 100 per cent
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Table 3.1
¢ w=1tan ¢ Efficiency
(degrees) (%)

1 0.0175 50 approx.
10 0.1763 48.4
30 0.5774 33.3
45 1.000 0

In general, if the angle of the inclined plane is greater than the angle of friction the
load will accelerate downwards.

The efficiency of a screw is often only about 25 per cent but may be increased by
separating the sliding surfaces between screw and nut by steel balls. Thus sliding
friction is replaced by rolling friction, as in a recirculating ball nut.

Example A screw-jack carries a load of 4 kN. It has a square-thread single-start screw of
20 mm pitch and 50 mm mean diameter. Calculate the torque to raise the load and the efficiency
of the screw. What is the torque to lower the load? Take p = 0.22.

SOLUTION
tan § = L
D
_ 20
T X 50
= 0.1276

hence 6 = 7°16’
tan ¢ = p = 0.22
hence ¢ = 12°24'
Torque to raise load = WD tan (¢ + 6)
= 1 X 4000 x 0.05 x tan 19°40’
=36 Nm
_tanf
tan (¢ + 6)

0.1275
0.3574

0.357 or 35.7 per cent

Efficiency

Torque to lower load = 3 WD tan (¢ ~ 0)

= 4 X 4000 x 0.05 X tan 5°8"
=9Nm
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Example A turnbuckle has right- and left-hand square threads of 10 mm pitch, mean diameter
40 mm, p = 0.16. The turnbuckle is used to tighten a wire rope, Fig. 3.30. If the tension in
the rope is constant at 12 kN, find the turning moment required.

Turnbuckle
T e -

L.H. thread R.H. thread
Fig. 3.30

SOLUTION
For each thread, tan ¢ = p = 0.16; hence ¢ = 9°5’

P

aD

10
T X 40

0.0796
hence 0 = 4°33’

tan 6

Torque to overcome friction on each thread = %WD tan (¢ + 0)
1 X (12 x 10%) x 0.04 tan 13°38’
58.2 Nm
Total torque for two threads = 2 x 58.2
= 1164 Nm

Example A double-start square-thread screw drives the cutter of a machine tool against an
axial load of 450 N. The external diameter of the screw is 52.5 mm and the pitch is 5 mm.
If the coefficient of friction for the thread is 0. 15, find the torque required to rotate the screw.

SOLUTION
Mean thread diameter = 52.5 — 2.5 = 50 mm
wnd = -2 - 2X5 _ 0637
aD x X 50
hence 8 = 3°39’
tan ¢ = 0.15,
hence ¢ = 8°32'
tan (8 + ¢) = tan 12°11’ = 0.216
Alternatively,
tan ¢ + tan @
tan (0 + ¢) = ———————
an ( 2 1 — tan ¢ tan 0
_ _pttand
1 — ptan @
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_0.15 + 0.0637
1 — 0.15 x 0.0637

= 0.216

Torque, T = WD tan (8 + ¢)

= 3 X 450 x 0.05 x 0.216
=243Nm

Example A load of mass 2 tonne is raised by a single-start square-thread screw jack. The
load bears on a collar and does not revolve with the screw. The screw pitch is 12 mm and
the outside diameter of the thread is 56 mm. The efficiency of the jack at this load is 15 per
cent. The torque to overcome friction at the bearing collar is estimated to be 120 N m. Find
the torque to overcome thread friction and the coefficient of friction for the screw thread.

SOLUTION
W=2x 1000 x 9.8 =19600N

work done on load (W) per revolution

Efficiency = -
work done by torque (T) per revolution
_ W X pitch
T x 2«
therefore 0.15 = 19600 x 0.012
T x 2«
hence T=20Nm
and torque to overcome thread friction = 250 — bearing collar torque
= 250 — 120
=130 Nm

Therefore

sWDtan (6 + ¢) = 130 D =56 — 1 x 12 = 50 mm

tan @ + ¢) = —0 X2 ___ 965
19 600 x 0.05
8 + ¢ = 14°51°
thus tan § = 2 = 0.012 = 0.0763
D 7 X 0.05
hence 0 = 4°22’
therefore ¢ = 14°51" — 4°22’ = 10°29’
and p = tan ¢ = 0.19
Problems

1. The helix angle of a screw thread is 10°. If the coefficient of friction is 0.3 and the
mean diameter of the square thread is 72.5 mm, calculate (a) the pitch of the thread,

(b) the efficiency when raising a load of 1 kN, (c¢) the torque required.
(40 mm, 35 per cent, 18.3 N m)
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2. Find the torque to raise a load of 6000 N by a screw jack having a double-start square
thread with two threads per centimetre and a mean diameter of 60 mm. g = 0.12. What
is the torque required to lower the load?

(31.14 Nm, 12 Nm)

3. A nuton a single-start square-thread bolt is locked tight by a torque of 6 N m. The thread
pitch is 5 mm and the mean diameter 6 cm. Calculate (a) the axial load on the screw
in kilograms, (b) the torque required to loosen the nut. ¢ = 0.1.

(161 kg; 3.47 N m)

4.  Calculate the pitch of a single-start square-thread screw of a jack which will just allow
the load to fall uniformly under its own weight. The mean diameter of the thread is 8 cm
and pu = 0.08. If the pitch is 15 mm, what is the torque required to lower a load of 3 kN?

(20 mm; 2.4 N m)

5. Adouble-start square-thread screw has a pitch of 20 mm and a mean diameter of 100 mm;
u = 0.03. Calculate its efficiency when raising a load.

(80.5 per cent)

6. A lathe saddle of mass 30 kg is traversed by a single-start square-thread screw of 10 mm
pitch and mean diameter 40 mm. If the vertical force on the cutting tool is 250 N, find
the torque at the screw required to traverse the saddle. The coefficient of friction between
saddle and lathe bed, and for the screw thread, is 0.15.

(0.38 N m)

7.  Astop valve in a horizontal pipeline consists of a plate of 120 mm diameter which moves
in vertical guides. If the coefficient of friction between valve and guides is 0.3 and the
pressure upstream of the valve is 3.75 MN/m?, calculate the vertical force required just
to move the valve when fully closed.

If the valve is raised by a screw having a square thread, 10 mm pitch and mean diameter
40 mm, calculate the torque on the screw. The coefficient of friction between screw
and nut is 0.2.

(12.7 kN; 72.2 N m)

8. A wire rope is tightened by means of a turnbuckle having right- and left-hand square
threads of 6 mm pitch. The mean diameter of the thread is 22 mm. Find the turning
moment to tighten the rope at the instant the pull in the rope is 7.5 kN. p = 0.12.

(34.6 N m)

9. The bush A is drawn from the shaft B by the screw-operated extractor shown in Fig.
3.31. If the radial pressure between bush and shaft is 3 MN/m? and the coefficient of
friction is 0.2, what is the force required to draw the bush? If the screw pitch is 5 mm
and the mean diameter of the square thread is 20 mm, what is the torque required on
the screw? For screw and nut p = 0.15.

A120mm '\
T o
mﬂ/ L

10. A load of 6 kN is lifted by a jack having a single-start square-thread screw of 45 mm
core diameter and pitch 10 mm. The load revolves with the screw and the coefficient

(13.6 kN; 31.6 N m)

Fig. 3.31
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of friction at the screw thread is 0.05. Find the torque required to lift the load. Show
that the load will overhaul and find the tangential force required at 240 mm radius to
keep the load from descending.

(17.2 N m; eff. = 56% > 50%, 6 > ¢, therefore not self-locking; 8.6 N)

3.10 Tribology

Tribology is the name given to topics covering the behaviour of interacting surfaces
in contact under load. It encompasses, in general, work on friction, wear, corrosion,
hardness and lubrication, whether concerned with structures, machine tools or artificial
joints in the human body. Objectives for engineers include the achievement of cost
savings and longer operational life for the components of machines (bearings, gears,
seals, etc.); this requires the design and failure analysis of such components and a
study of the effects of pressure, temperature, humidity, viscosity and other variables.
Since one of the most effective ways to combat friction is to separate the surfaces
by a film of lubricant, tribology also covers the associated subjects of mineral and
synthetic oils, greases, production of metallic and ceramic coatings and the various
types of lubrication systems.

The above aspects largely deal with friction as the engineer’s enemy, i.e. friction
has to be eliminated or reduced where bodies are sliding or rolling together. In these
cases the result of friction is a loss of energy, build-up of heat or surface wear.
However, without friction, traction (walking, motoring, skiing and so on) would not
be possible. Nor would the operation of many devices and machines be possible;
examples of such machines include wedges, screw threads, friction clutches, belt drives
and gears. Aircraft take advantage of air friction (drag) when landing and the Space
Shuttle, without air drag, would require much more rocket power when descending.
On occasion, it is necessary to simulate friction conditions, e.g. an artificial ski-run
must reproduce the conditions of waxed skis moving over hard-packed snow.
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Table 4.1

Velocity and acceleration

4.1 Average speed

The average speed, v,,, of a body is defined as the distance travelled s divided by
the time taken r; thus

s
t

vav

The SI unit for speed is metre per second (m/s). Another unit commonly used is
kilometre per hour (km/h) and in machine tool work speeds may be stated in units
such as metre per minute (m/min).

Note that

lkmh = 41000 _ 1 s

3600 3.6

4.2 Constant speed

If the distance travelled is the same in successive intervals of time then the speed is
said to be constant.

4.3 Varying speed

When the speed is not constant but changes continuously, we require to state exactly
what we mean by the speed at a point. Consider therefore a body which travels a
distance s m after a time s and suppose that s is given by the equation

s =2t + 12

Table 4.1 gives the values of s and of the average speed v,, corresponding to time
intervals ¢t = 0, 1, 2, 3, 4 seconds.

When ¢t = 0, the average speed given by the formula s/t would appear to be 0/0,
which has no meaning. However, if the average speed be plotted against the time
interval a smooth curve (in this case a straight line) is obtained which cuts the speed
axis at a speed of 2 m/s (Fig. 4.1). Thus at point A when the time interval is zero
the average speed is 2 m/s.

Timet  Distance s travelled ~ Average speed

(s) from time = 0 Vg = S/t
(m) (m/s)
0 0 ?
1 3 3
2 8 4
3 15 5
4 24 6
6 M
5 L/‘f
4 —{
Time t=o t=t
Uav A B
3 Dy B s
2
1
% 1 2 3 4

TIME INTERVAL (seconds)
Fig. 4.1 Average speed—time graph

The ratio (distance travelled)/(time taken) therefore has a real meaning even when
the time interval is zero. It is then known as the speed at a point A. Thus, speed at
a point, v, is equal to the limiting value of the ratio

distance travelled

time taken

when the time interval is zero and is the rate of change of distance with respect to
time, i.e. ds/ds in the notation of the calculus.

The speed at time ¢ = 0 is therefore obtained by first differentiating the expression
s = 2t + t? and then setting ¢ = 0. Thus:

v=8_9d 010
dt dr
=2+ 2t

2m/s whent =10
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4.4 Velocity

The velocity of a body is defined as a vector quantity, of magnitude equal to its speed,
and direction tangential to the path of motion of the body. Velocity therefore is
completely specified only by stating both magnitude and direction.

The distinction between speed and velocity and changes in those quantities is
illustrated in Fig. 4.2. This shows the speed and velocity of a body at successive points
A and B on a track AB. It should be noted that if the speed changes then the magnitude
of the velocity changes accordingly, Fig. 4.2(b), but the velocity may be altered by
a change in direction without change in speed, Fig. 4.2(c).

Uniform velocity is motion along a straight line at constant speed.

4.5 Motion in a straight line

Average and uniform acceleration

The average acceleration a,, of a body moving in a straight line is defined as the
change in speed or velocity divided by the time taken. If u is the initial velocity, v,
the final velocity and ¢, the time taken, then

_ change in velocity v — u
av -

time taken t

The SI unit of acceleration is metre per second per second (m/s?) and this is the
only form of unit used. Acceleration is a vector quantity and may be completely
represented by a straight line.

If the velocity increases by equal amounts in equal intervals of time then the
acceleration a is said to be constant.

Uniform acceleration is motion in a straight line with constant acceleration. Thus:

a = a4,

or v=u -+ at

Figure 4.3 shows a typical speed—time graph (or velocity —time graph for motion
in a straight line) for a body moving with uniform acceleration. Uniform acceleration

10 10 km/h 10 20 km/h

—— — —p —
B . 1
A B A B8

(a) ®)

0, 10,
A 10 km/h A 20 km/h
B B
(© (d)

Fig. 4.2 (a) Constant speed, uniform velocity; (b) change in speed and velocity; (c) constant
speed, vector change in velocity; (d) change in speed and velocity
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SPEED

° TIME t

Fig. 4.3

from rest to a maximum speed is shown by OA; the speed is maintained constant
at the maximum value, shown by AB; finally the body decelerates uniformly to rest,
BC. Provided the acceleration is uniform, the v—¢ graph is made up of straight lines.
The area under the graph OABC represents the total distance travelled.

As a reminder of work which the student should have already covered we now state
the formulae for motion with uniform acceleration.

4.6 Summary of formulae for uniform acceleration

v=u-+ a
v = u? + 2as
= ut + Lar?
= vl
_utwv
vav 2

When the speed is increasing the acceleration is positive.
When the speed is decreasing the acceleration is negative, i.e. a retardation or
deceleration.

Example A train accelerates uniformly from rest 1o reach 54 km/h in 200 s after which the
speed remains constant for 300 s. At the end of this time the train decelerates to rest in 150 s.
Find the total distance travelled.

SOLUTION

54 km/h = —éi‘— = 15m/s
3.6

Referring to Fig. 4.3, the speed at A is 15 m/s. The time taken for the train to travel from
O to A is 200 s, from A to B, 300 s and from B to C, 150 s. The tota!l distance traveiled is
given by the area OABC, hence

distance travelled = (3 X 15 X 200) + (15 x 300)
+ (3 x 15 x 150)
=7125m
= 7.125 km
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Problems
1. The cutting stroke of a planing machine is 600 mm and it is completed in 1.2 s. For
the first and last quarters of the stroke the table is uniformly accelerated and retarded,
the speed remaining constant during the remainder of the stroke. Using a speed—time
graph, or otherwise, determine the maximum cutting speed.
(0.75 m/s)
2. A diesel train accelerates uniformly from rest to reach 60 km/h in 6 min, after which
the speed is kept constant. Calculate the total time taken to travel 6 kilometres.
(9 min)
3. Atrain travelling at 30 km/h is slowed by a ‘distant’ signal at A, and comes uniformly
to rest between A and B to stop at B, 300 m from A. After 1 min at rest the ‘stop’ signal
at B allows the train to accelerate uniformly to C, 500 m from B, where it is again
travelling at 30 km/h. Calculate the total time lost between A and C due to signals.
(156 s)
4.  The driver of a train shuts off the power and the train is then uniformly retarded. In
the first 30 s the train covers 110 m, and it then comes to rest in a further 30 s. Determine
(a) the initial speed of the train before power is cut off, (b) the total distance travelled
in coming to rest.
(4.89 m/s; 147 m)
5. Acar A starts from rest with a uniform acceleration of 0.6 m/s2. A second car B starts
from the same point, 4 s later and follows the same path with an acceleration of
0.9 m/s2. How far will the cars have travelled when B passes A?
(142.5 m)

4.7 Freely falling bodies

The reader will recall the experiments attributed to Galileo which showed that all bodies
dropped at the same place fell to earth with the same acceleration g, due to the force
of gravity. Thus if a body falls to earth from a height which is small compared with
the radius of the earth, it is found to increase its velocity by an equal amount each
second, i.e. its acceleration downwards is uniform. Similarly if the body is projected
upwards, its deceleration upwards is uniform and equal to g. The value of g may
be taken as 9.8 m/s? for practical engineering purposes (see page 86), and it is found
to be independent of the weight, size and shape of the body provided that air resistance
is neglected. The formulae for uniformly accelerated motion in a straight line apply
to the motion of freely falling bodies or bodies moving freely upwards provided that
the acceleration g replaces the acceleration a.

For motion downwards a = g (acceleration)
For motion upwards a = —g (deceleration)

The acceleration g may be regarded as a vector directed towards the centre of the
earth, i.e. vertically downwards.

Example A small rocket is launched vertically from rest and reaches an altitude h. The
acceleration is constant at 11.5 m/s? until the fuel burns out after 5.8 s. Assuming that from
the point of burn-out onwards the rocket is travelling freely vertically upwards with constant
deceleration g = 9.8 m/s?, find the value of h.
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SOLUTION
The initial velocity u of the rocket is zero. The speed v after 5.8 s is given by

u + at
0+ 11.5 x 5.8
= 66.7 m/s

v

The height achieved s, after 5.8 s is obtained from

s, = ut + 3at?
=0+ 4 x 11.5 x 5.8
193.4m

The remaining part of the flight is with deceleration g = 9.8 m/s®. The final velocity at the
top of the flight is zero, and if s, is the further distance travelled, then from the formula
v? = u? ~ 2as, where the initial velocity is now 66.7 m/s,

0=667"—2 x 9.8 x s,
therefore s, = 227 m

193.4 + 227 = 420 m

therefore h

Problems

1. A satellite-carrying rocket is launched vertically with constant acceleration 8 m/s? for
the first stage lasting 100 s. The acceleration increases to 18 m/s? for the second stage
and remains constant for 60 s. The satellite then separates from the rocket and continues
upwards freely under gravity (g = 9 m/s?). Find its maximum altitude and total time

taken to reach it.
(317 km; 369 s)
2. A rocket is travelling upwards at 50° to the vertical. At a point, its acceleration along
the line of flight is 30.3 m/s? and the acceleration due to gravity is 9.4 m/s2. What is
the acceleration normal to the line of flight and the resultant acceleration in magnitude

and direction?

(7.2 m/s?; 25.3 m/s? at 23.5° to the horizontal upwards)

4.8 Relative velocity; velocity diagram

In dealing with speed and velocity it has been assumed so far that the earth’s surface
has been ‘fixed’. Yet it is known that the earth rotates around its axis and that the
earth’s centre is in motion around the sun. In fact, therefore, there is no point
completely at rest and all velocities have been measured relative to the surface of the
earth. In a similar way any moving point A may be regarded as ‘fixed’ and the velocity
of any other point B measured relative to the point A; that is, the velocity of B is
obtained as it would appear to an observer moving with point A. The velocity of B
relative to the earth, vg (or just ‘velocity of B’) is then made up of two parts:

1.  uga, the velocity of B relative to A (as if A were at rest)
2. vy, the velocity of A relative to earth, i.e. the ‘velocity of A’
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Account must be taken of direction as well as magnitude, i.e. speed. The velocities
va, Up and vg,, are each vectors and are added and subtracted in the same way as
other vectors such as force vectors are added or subtracted. Thus the velocity of B
is the vector sum or the velocity of B relative to A and the velocity of A relative to
earth. Consider the simple case when two bodies are moving in the same straight line.
Assume in the first instance that they are moving in the same direction. Then to find
the velocity of B relative to that of A the procedure is as follows:

Choose a point o0 to represent a point at rest relative to earth, Fig. 4.4(a).

From o draw a line oa to represent v, in magnitude and direction.

Similarly from the same point 0 draw a line ob to represent vg.

Then the line ab, taken in the sense a to b, represents vg,, the velocity of B relative
to A, i.e. it is as if A were the fixed point and a represented a point at rest.

Similarly ba, taken in the sense b to a, represents v,g, the velocity of A relative
to B, in both magnitude and direction.

If the bodies are moving in opposite directions in the same straight line then the
vector diagram is shown in Fig. 4.4(b), and vz, = ab, v, = ba, as before.

YBa
v
o_.é_,ja - b @
Yag
| YBA
{
a1 o, ©
le
ff Vag
Fig. 4.4

The general case when A and B are not moving in the same straight line is shown
in Fig. 4.5(a). The procedure is exactly as before. Point o is the ‘earth point’ and
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Parallel to vg
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Fig. 4.5
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vectors oa and ob represent velocities v, and vg respectively. Assume A brought to
rest by giving it an equal and opposite velocity of magnitude v,, vector oa’, Fig.
4.5(c). The same velocity has to be added to B. The velocity of B relative to A therefore,
is the resultant of ob and oa’, i.e. ob’, or the closing line ab of the vector diagram
Fig. 4.5(b). Similarly, the closing line ba is the velocity of A relative to B, i.e. as
if B were at rest.

The vector diagram oab is called the velocity diagram.

Note that an absolute velocity, i.e. a velocity relative to earth, is always measured
Jfrom point o in the velocity diagram.

Example A tool is traversed across a lathe bed at 1 mm/s relative to the slide. The slide is
traversed at 2.5 mm/s along the lathe. What is the velocity of the tool?

SOLUTION
Draw oa horizontal to represent the velocity of the slide, 2.5 mm/s (Fig. 4.6).

Fig. 4.6

From a draw ab perpendicular to oa to represent the velocity of the tool across the bed,
relative to the slide, 1 mm/s. Then ob represents the velocity of the tool.
By measurement from the velocity diagram:

speed of tool = length of ob
= 2.7 mm/s

Its direction of motion is that corresponding to ob which makes an angle of 21°48’ with oa,
i.e. with the axis of the lathe.

Example Two ships are steadily steaming towards each other. When 1000 m apart ship B
takes avoiding action by turning through 30° to port. The speed of ship A is 20 m/s and that
of B is 30 m/s. Calculate their nearest distance apart and how long before this distance is reached
after B takes avoiding action. Neglect the time taken to alter course.

SOLUTION
Figure 4.7(a) shows a diagram to scale of the paths of the two ships. The motion of B is at
30° to the line BA and AB = 1000 m. The velocity diagram is drawn as follows (Fig. 4.7(b)):
Draw oa parallel to AB to represent the velocity of A, 20 m/s. Draw ob, 30° to BA, to
represent the velocity of B, 30 m/s. Then ab represents in magnitude and direction the velocity
of B relative to A, i.e. the motion of B as seen from A.
In Fig. 4.7(a) BC is drawn from B paraliel to ab to represent the path of B relative to A.
The shortest distance between A and B is found by drawing the perpendicular AC from A on
BC. By measurement:
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Fig. 4.7
nearest approach = AC = 311 m
distance travelled by B on path BC = length BC
= 950 m
and velocity of B relative to A on this path = ab
= 48.5 m/s

Hence, the time taken to reach the point of shortest difference is

950

=20s
48.5

Problems
1. A rocket leaves its pad vertically with an acceleration of 7.5 m/s*> which remains
constant until the fuel is exhausted after 8 s. It then continues to travel freely in the vertical
direction. Find the total time taken for the rocket to reach its highest point and the altitude
achieved.
(14.1 s; 424 m)
2. Anaircraft carrier is steaming at 26 knots into a head wind of 28 knots when an aircraft
with an air speed of 110 knots lands on the deck against the wind. The aircraft is brought
to rest by the arrester gear in 3 s. What is the distance travelled by the plane along the
deck after striking the gear? Air speed is the speed of the plane relative to the air.
1 knot = 0.514 m/s.
' (43 m)
3. An aircraft travelling due west at 600 km/h just passes over another aircraft travelling
due north at the same speed. What is the velocity and direction of the first aircraft relative
to the second?
(849 km/h, SW)
4. Toadestroyer, steaming due east at 30 knots, a cruiser whose speed is 24 knots appears
to be steaming NW. What are the two possible directions in which the cruiser may be
moving?
(17°N of E, 73°N of E)
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5. Anaircraft is flying due north at 1000 km/h while another, 400 km to the east, is travelling
NW, at 1800 km/h. What is their closest distance of approach?
(84 km)
6. Two trains pass each other on parallel tracks. The first is 180 m long and travels at
60 km/h, the second is 120 m long and travels at 40 km/h. Calculate the total time taken
to pass each other completely (a) if travelling in the same direction, (b) if travelling
in opposite directions.
((a) 54 s; (b) 10.8 5)
7. Two aircraft leave airports A and B 100 km apart at the same instant. The first flies
directly from A to B at 200 km/h, the second flies on a course inclined at 60° to the
line joining B to A at 300 km/h. Find (a) the nearest distance of approach of the two
aircraft, (b) the time taken to reach the nearest distance.
(60 km, 10 min 50 s)

4.9 Angular velocity of a line

Let a line AB of fixed length move in the plane of the paper in any manner whatsoever
(Fig. 4.8). After a small interval of time dt, let the line AB move to A’B’ and let
AB make with A’B’ a small angle d@ rad. Then the angular velocity w (measured
in radians per second (rad/s)) of the line AB is defined:

do
w=—
dr

Fig. 4.8

4.10 Motion of a body in a plane

A rigid body forming part of a mechanism will always be of fixed length whatever
its motion. Any two points A and B on the body will therefore remain at a fixed distance
apart. Since there is no stretch along the line AB, there will be no velocity of B relative
to A along AB, Fig. 4.9. However, since the body may rotate, B may have a velocity
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relative to A by rotation about A, as if A were fixed. The motion of B relative to
A can occur only in a direction perpendicular to the line AB. This must be so whatever
the motion of A. If B rotates about A with angular velocity « then, after a small time
dt, let AB’ be the position of AB, where «BAB’ = df (Fig. 4.9).

Distance travelled by B = BB’

therefore velocity of B normal to AB = v, = BB

de

since df is small, BB’ = AB x df

therefore vgy, = AB X dé
dr
= AB X w, since w =-@
dr
hence w = —BA
AB

velocity of B relative to A
length AB

The relative velocity vgy, would be represented by a vector ab, of length wAB,
drawn perpendicular to AB, the sense of the vector corresponding to the motion of
B relative to A (Fig. 4.9). In the same way, for any point C on the line AB we may
write:

Uca = w.AC

Upa wAB
. ac AC
1., — =

ab AB

Therefore, if point ¢ is located on ab such that

ac AC

ab AB

then the velocity of C relative to A is given by ac.

Vector ab is called the velocity image of the line AB. When the velocity image
of a link has been obtained, therefore, the relative velocity between any two points
on the link (or on an extension of the link) is given by the length between the
corresponding points on the image. This is a most useful fact to remember when dealing
with mechanisms.
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4.11 Velocity triangle for a rigid link. Application to mechanisms

Suppose now that AB represents a link in a mechanism and that v,, the velocity of
A, is known completely whereas vg the velocity of B is known only in direction (Fig.
4.10). The problem is to find the magnitude of vy and the angular velocity of the
link. To do this we draw a velocity triangle for the link, thus:

Draw oa to represent v, in magnitude direction and sense. Through o draw a line
ox parallel to the given direction of vs. Through a draw a line perpendicular to the
link to cut ox in b. Then ob represents vg and ab is the velocity image of AB. oab
is the velocity triangle for link AB.

To find the velocity of any point C on AB, first locate point ¢ on the velocity image
ab such that

ac AC
ab AB

I

then ve = ocC
The angular velocity of the link is

VBA ab

AB AB

Note that (a) oac is the velocity triangle for link AC and

— UCA - ac
AC AC

and (b) all absolute velocities are measured from o.

The velocity triangle is most useful when dealing with the problem of finding the
velocities of points in mechanisms. Each link is taken in turn and the velocity diagram
obtained before proceeding to the next link in the chain. The method is shown in the
following examples.

Fig. 4.10
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Example The crank OA of the engine mechanism shown (Fig. 4.11) rotates at 3600 rev/min
anticlockwise. OA = 100 mm, and the connecting-rod AB is 200 mm long. Find (a) the piston
velocity; (b) the angular velocity of AB; (c) the velocity of point C on the rod 50 mm from A.

[
b [
Fig. 4.11
SOLUTION
Angular velocity of crank OA

0= X0 _ 5968 radss
Velocity of A

v, = wOA = 376.8 x 0.1

= 37.68 m/s

Point A is moving in a circular path and oa is therefore drawn at right angles to OA to represent
va. The velocity of B is unknown but its direction is horizontal. Hence in the velocity diagram
a line of indefinite length is drawn horizontally through o. The velocity of B relative to A must
be perpendicular to AB; therefore the velocity triangle for the link AB is completed by drawing
a line ab perpendicular to AB. The lines ab, ob cut at point b which determines the magnitude
of the velocity vy of the piston B. From the diagram

vg = ob = 27 m/s

ab = 33.6 m/s

and  vg,

velocity of B relative to A
length of AB

Angular velocity of AB

33.6
0.2

168 rad/s
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To find velocity of C. Since C is on AB mark off ac on the velocity image ab such that

Then oc represents in magnitude and direction the velocity of C, the sense being from o to ¢. Thus

ve = oc = 32.4 m/s

Example Figure 4.12 shows a four-bar mechanism OABQ with a link CD attached to C the
mid-point of AB. The end D of link CD is constrained to move vertically. OA = I m, AB =
1.6 m, QB = 1.2 m, OQ = 2.4 mand CD = 2 m. For the position shown, the angular velocity
of crank OA is 60 rev/min clockwise; find (a) the velocity of D; (b) the angular velocity of CD;
(c) the angular velocity of BQ.

SOLUTION
Angular velocity of OA

w=27X0 _ 8 radss

Velocity of A
vy = wOA = 6.28 X 1 = 6.28 m/s

60 rev/min

Fig. 4.12
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Velocity diagram
Points O and Q are at rest. Points A and B are moving in circular paths, thus the directions
of their velocities are known.

Draw oa normal to OA to represent v,, 6.28 m/s. Draw through q (coincident with o)
normal to QB a line gb of indefinite length to represent vy, the magnitude of which is
unknown. Draw through a a line perpendicular to AB to represent vg,, the velocity of B
relative to A; thus point b is located. Since C is the midpoint of AB, ¢ is the midpoint of the
velocity image ab in the velocity diagram. The velocity of D is vertical, therefore draw od
vertically through o, this line being of indefinite length. The velocity of D relative to C is normal
to DC, therefore draw cd from ¢ perpendicular to CD. The intersection d of od and cd completes
the diagram.

From the diagram,

vp = od = 4 m/s in direction o to d

velocity of D relative to C (cd)
length of CD (CD)

Angular velocity of CD =

4.21
2

2.1 rad/s

velocity of B relative to Q (qb)
BQ

Angular velocity of BQ =

3.02
1.2

2.51 rad/s

Problems
1. The engine mechanism of Fig. 4.13 has a crank 200 mm long and connecting rod 500 mm
long. If the crank speed is 50 rev/s clockwise, find for the position shown: (a) the piston
velocity; (b) the angular velocity of the connecting rod; (c) the velocity of a point C
on the rod 200 mm from the crankpin.
(66 m/s; 66 rad/s anticlockwise; 61.8 m/s)

Fig. 4.13

2. The crank OA in the mechanism in Fig. 4.14 rotates anticlockwise at 5 rev/s at the instant
shown and is 300 mm long. The link AB is 600 mm long and the end B moves in horizontal

Velocity and acceleration 79

i

210 mm

Fig. 4.14

guides. Find for the position shown: (a) the velocity of B; (b) the velocity of point C,
the midpoint of AB; (c) the angular velocity of AB.
(6.7 m/s; 7.5 m/s; 11.1 rad/s clockwise)
3. Inthe mechanism of Fig. 4.15 crank OA oscillates about O. Links AB and AC are pin-
jointed at A and the pin ends B and C are attached to blocks sliding in horizontal and
vertical guides, respectively. For the position shown when C is vertically below A the
angular velocity of OA is 100 rev/min clockwise. Find the velocity of B and C and the
angular velocity of links AB and AC. OA = AB = AC = 150 mm.
(B, 1.57 m/s; C, 1.36 m/s; AB, 10.48 rad/s anticlockwise; AC, 5.24 rad/s clockwise)

A

Fig. 4.15

4. The ends A, B of a link 1.5 m long are constrained to move in vertical and horizontal
guides (Fig. 4.16). When A is 0.9 m above O, it is moving at 1.5 m/s upwards. What
is the velocity of B at this instant and the angular velocity of the link?

(1.13 m/s, 1.25 rad/s clockwise)

|
|
o

Fig. 4.16

5. The crank OA of an engine rotates at 1800 rev/min clockwise and is 300 mm long. There
are two connecting rods AB, AC each 450 mm long, connected to the single crankpin
(Fig. 4.17). The cylinders are arranged to form a 60° ‘vee’. Find for the configuration
shown: (a) the velocity of each piston; (b) the angular velocity of connecting rod AC.

(B, 67.2 m/s; C, 24 m/s; 124 rad/s anticlockwise)
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Chapter 5

Inertia and change of motion

Flg. 4.17 Dynamics is the study offorces on bodies whose motion is changing. This necessitates
6. Figure 4.18 shows a crank press for impact extrusion. Crank OA rotates at 1 rev/s being able tq descripe pre.c.isely the motion of a b(?dy using informe%tion. on its veloc'ity
clockwise. OA = 100 mm, AB = 400 mm, CB = 240 mm, BD = 300 mm. Find the and acceleration as its position changes. Problems in dynamics are simplified by making
velocity of the plunger D when the crank makes an angle of 30° with the horizontal. assumptions and approximations to produce a mathematical model, e.g. a body may
(170 mm/s) be assumed to be rigid or weightless or a surface to be smooth. Again, a rocket with
attached satellite in flight, however large, is a 'particle’ in relation to space, but in

, B relation to one another, the rocket and satellite are large rigid bodies.

¢ - D
200 mm i N 5.1 Newton's laws of motion

The fundamental facts concerning the science of dynamics were discovered by Galileo

300 mm in the seventeenth century. He was among the first to carry out experiments in dynamics

and to draw attention to the importance of the rate of change of the velocity of a body,

rather than its velocity, in relation to the forces causing the change. Subsequently

30° Sir Isaac Newton took these ideas further and made the first formal presentation of
all the then known facts in the form of three laws of motion:

| 4 Law 1. Every body continues in its state of rest or of uniform motion in

) a straight line, except in so far as it is compelled by impressed forces to
Fig. 4.18
change that state.

Law 2. Change of motion (change of momentum per unit time) is
proportional to the impressed force and takes place in the direction of the
straight line in which the force acts.

Law 3. To every action there is an equal and opposite reaction.

These three laws form the fundamental statements on which the study of dynamics
is based and we shall refer back to them in the following sections.

5.2 Inertia and mass

A change in motion of a body (treated simply as a particle, without rotation) can occur
both by a change in speed and in direction, i.e. by a change in its velocity. The rate
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a5
A

Fig. 5.1

of change of velocity is its acceleration. Consider, for example, two spring connected
bodies A and B, Fig. 5.1. Imagine A and B to be drawn apart and then allowed to
move freely in a horizontal plane. At an instant when A is moving from left to right
with acceleration a,, B is moving from right to left with acceleration ag. Neither a,
nor ag will remain constant but we are concerned only with the values at any instant.

One body is said to act upon or influence the motion of the other. Further, it is
a fundamental idea or proposition, and might be verified experimentally, that the ratio
of the accelerations a,/ag is constant for these two bodies throughout the motion.
Moreover, the ratio a,/ag is independent of the type of ‘connection’ between them.
For example, they may influence each other by virtue of gravitational or magnetic
attraction, electrically and so on. The ratio of the accelerations depends solely upon
the bodies themselves; upon an inherent property which determines the ratio a,/ap.
This property we call inertia. Each body has this property, which is measured by
a quantity called its mass.

Let the body A have mass m, and the body B have mass mg. Then the ratio of
the masses is defined by the proportion

my ag
mg aa
or maas = mpag.

If B be a standard unit mass, then mg = 1, and we may define the mass of A by
the relation

ap

ma =
aa

It is unnecessary to define mass as a quantity of matter, or inertia as a reluctance
to accelerate, nevertheless these are sometimes useful and more familiar terms. The
ideas of mass and inertia are important whenever changes of motion are considered.

5.3 Force
Since
maa, = Mpag

it can be seen that the product mass X acceleration for the body A is of the same
magnitude as the corresponding product for body B. This product is called a force,
and it should be noted that it may vary from instant to instant. A force F is therefore
defined by the product
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F = ma (Newton’s second law of motion)

and it is regarded as that which changes the motion of a particular body. We say thar
Jorce causes acceleration.

A force F is further defined to be a vector quantity, of magnitude ma, which has
the same direction and sense as the acceleration a. Thus the force on body A is from
left to right and that on body B is from right to left. The action, or force exerted
by. body B upon A, is, therefore, equal and opposite to that of A upon B (Newton’s
third law of motion). This force is the same as that encountered in statics. When the
gcceleration a of a body is zero then force F must be zero; conversely, we say that
if the.re is no force acting on a body it will have no acceleration and its motion will
remain unchanged (Newton’s first law of motion). If more than one force acts on
a body the acceleration is in the direction of the resultant force and proportional to
the magnitude of the resultant force.

5.4 Weight

Consifier abody A falling ‘freely’ near the earth’s surface (Fig. 5.2). The acceleration
of A is a, = g, vertically downwards towards the centre of the earth, where g is
the acceleration due to gravity. As before, if suffix B denotes the earth, the product
mass X acceleration for both the body and the earth gives the force between them, i.e.

force = mpa, = mpag
or force = mpg = mgag

mMag
mpg

and ag =

But the mass my pf the earth is very large indeed compared with falling bodies,
so that the acceleration ag of the earth towards the moving body is negligibly small.

Neveﬁlheless, the force m,g is a finite quantity, known as the weight W of the mass
My, us

W=mAg

This quantity W is the same ‘weight’ as measured in statics. For example, to prevent
the downward acceleration g of a falling body A, we may imagine an equal and opposite
upward acceleration — g to be added to the motion of A. That is, the net acceleration
= g—g = 0, and the body is then at rest or in uniform motion. This would require

Fig. 8.2
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Fig. 5.3

a force F = mag upwards. Thus, if A were at rest on a table (Fig. 5.3), then W =
mg is the force exerted by the table on the body. Or, if A is a body suspended from
a spring, F = W is the upward force exerted by the spring on A.

5.5 The equation of motion

Since a weight W will produce an acceleration g downwards, any other force F as
we have defined it, will give the same body an acceleration a according to the

proportion:

F W
___=_—=m
a 4
or F = ma
W
=—a
g

This is the equation of motion of a body of mass m or weight W acted upon by a for.ce F.

This equation can be derived directly from Newton’s second law. To do this we
must first define the motion or momentum of a body as the prOfiuct mass. x velocity
(see page 212). The second law states that the applied force is proportional to the
rate of change of momentum, i.e.

force o rate of change of momentum
o rate of change of ‘mass X velocity

and if the mass m is constant, then
force o« mass m X rate of change of velocity
therefore
F = a constant X m X rate of change of velocity
The rate of change of velocity is the acceleration a, therefore

F = a constant X ma

The units of force, mass, velocity and time are chosen so as to make the value of
the constant equal to unity, hence

F = ma
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5.6 Units of mass and force

We have seen that mass is a measure of the reluctance of a body to accelerate and
we can say that mass is a magnitude (a quantity of inertia) characteristic of a particular
body. Mass is also defined simply as a ‘quantity of matter’. The SI unit of mass is
the kilogram (kg) and the international prototype of this particular quantity of matter
is in the custody of the Bureau International des Poids et Mesures at Sevres near Paris.
A smaller unit used is the gram (g) which is 1073 kg, and for large masses, the
megagram (Mg) or tonne (t) which is 10° kg. It should be noted that the prefix mega,
which means 10%, refers to the unit ‘gram’ and not to the base unit ‘kilogram’.

The SI unit of force is the newton (N) defined as that force which, when applied
to a body having a mass of one kilogram, gives it an acceleration of one metre per
second squared (Fig. 5.4). Thus from the equation of motion:

F = ma
1 (newton) = 1 (kilogram) X 1 (metre per second squared)
1N) =1 (kg) x 1 (m/s?)

A newton is a small quantity and in mechanics we often use the multiple forms
kilonewton (kN) = 10° N, meganewton (MN) = 10® N, and giganewton (GN) =
10° N. Note that a force of 1 kN applied to a body of mass 1 Mg will give it an
acceleration of 1 m/s?.

Mass and weight
Mass is the amount of matter in a body. Weight is the earth’s gravitational force on
a body. These are different physical quantities and in the SI system the units are
different. However, although the units indicate clearly whether mass or weight is
intended, care should be taken in the use of the words ‘mass’ and ‘weight’ since
colloquially ‘weight’ is used as a synonym for ‘mass’. It is wrong to say that a body
‘weighs 1 tonne’; either the body has a mass of 1 tonne or it weighs 9.8 kN. The
term load, however, may be used in connection with a mass or a force (weight).
Statements such as ‘a load of 100 kg’ or ‘a load of 1 MN’ should not cause difficulty
since the units indicate whether a mass or force is intended.

A beam balance compares the weights of two bodies and hence their masses since
the weight of a body is proportional to its mass (W/m = g = constant). A spring
balance measures force and when used to compare the weights of bodies and hence

Force Acceleration

N 5 e —

12
SN P SN

1 kN . 1 m/s?

Fig. 5.4



86 Applied mechanics
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Weight = 9.8 N Weight = 1 N Weight = Weight = m x 10° x 98 N
mx 98N =m x 9.8 kN
1
Mass = 1 kg Mass = 55" kg Mass = m (kg) Mass = m (tonne)
g = 9.8 m/s?
Fig. 5.5

their masses it is being used as a substitute for a beam balance. A spring balance
may therefore be calibrated in newtons for measurement of force (weight) or kilograms
for measurement of mass. The reading in kilograms is only true for the particular
value of g, the acceleration due to gravity, used in calibrating the spring. The error
involved in assuming that the reading is valid everywhere is very small since the value
of g varies only by abut 0.5 per cent over the earth’s surface. For practical engineering
purposes the value of 9.8 m/s? is satisfactory and the slightly more accurate value
9.81 m/s* may be used where required. For certain purposes a standard international
value is required and this is 9.80665 m/s>. For variation of g with altitude affecting

rocket flight see page 265.
The relation between the weight W of a body and its mass m is

W = mg
thus WN) = mkg) X 9.8 (m/s%)
or W (kN) = m (Mg or tonne) X 9.8 (m/s?)

Figure 5.5 shows the relationship between the weight W of a body and its mass m.

5.7 Inertia force

The ideas of force met with in dynamics are similar to those used in statics. Hence
it would be useful if we could use the methods of statics to solve problems in dynamics
and obtain a ‘free-body diagram’ showing all the forces acting on it as if the body
is ‘at rest’. To do this we imagine a body existing free from all actions or influences
from other bodies. We say that no force acts upon it, hence its motion is unchanged;
in particular if it is ‘at rest’ it will remain at rest. Let a force F act upon an otherwise
free body of mass m (Fig. 5.6). We have seen that there is a direct connection between
the ideas of force, mass and acceleration, such that the body will accelerate in the
direction of the force with an acceleration a given by the equation of motion:
F = ma

In order to treat this problem as one of statics, it is useful to think of the body as
being in ‘equilibrium’, even though accelerated, i.e. it is necessary (o consider the
accelerating force F as being balanced by an equal and opposite force of magnitude

ma, Fig. 5.6. This force is known as an inertia force and always ‘acts’ to balance
the resultant force on the body, i.e. in a direction opposite to that of the acceleration a.
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a Acceleration a

F ' : ma E ' j ma I R
. Velocity

Fig. 5.6 Fig. 5.7

It is useful to consider the inertia force as a resistance to change of motion
reluc'tar.lce to being accelerated. Similarly we sometimes think of a tractive res's’t nce
or frlctlop .force as a resistance to be overcome in order to maintain stead rrlxota’ on,
S}lch ?'es1stmg forces are of a similar nature to the accelerating force F b:t act ins
direction opposite to that of the velocity, so as to tend to slow down or decel rate
the bod)f. Thus if R is the resistance to steady motion without acceleration a:iatz‘
the applt.ed force, i.e. the effort required to overcome the resistance and rod’u th
a(fceleratlon, then the forces acting on the body are as shown in the free—bog di gram,
Fig. 5.7. For ‘static’ balance in accelerated motion we may equate forc};:s liﬁzalsm

E =ma+ R
Note that the accelerating force is
F=E —R=ma

The nature of tractive resistance will be investigated below.

5.8 Active and reactive forces

;: :)Jrslzf:lvlh(?1;t1nct19n ilsf often made between active and reactive forces. An active force
ich can itself cause or tend to cause a change i i
: . ge in motion; for example a push
a weight or the tractive effort of a vehi i : o play by
ehicle. A reactive force is ¢ i
. . alled into play b
glfaa:]c;g;)n off an act'lve gorce, and cannot of itself cause appreciable change of rrt)lozony
es of reactive forces include the upward reacti ‘
: : eaction of a support upon which a
load rests, a bearing reaction, an inertia force and some friction forceio

E . .

: ;;(')nop:m ; Zianmf mt.zzhmef table of mass 450 kg attains a speed of 0.6 m/s in a distance
: rest, with uniform acceleration. The coefficient icti

bed is 0.1. Calculate the effort applied to the table. 7 of riction between table and

SOLUTION
From v = u? + 2as
062=0+2xax05

hence a = 0.36 m/s?

Ihe C“OII E to dIlVe the table must ove
com the fl 1Ct10 or d cele (S [ a
rcome n f C€ and ac l rat th mass.

E

I

friction force + accelerating force
uW + ma

0.1 x 450 x 9.8 + 450 x 0.36
= 603 N

il
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Problems
1. A massof | kg is hung from a spring balance in a lift. What is the spring balance reading
when the lift is: (a) at rest; (b) accelerating upwards at 3 m/s?; (c) accelerating
downwards at 3 m/s?; (d) moving downwards and retarding at 3 m/s??
(9.8 N; 12.8 N; 6.8 N; 12.8 N)
2. A planing machine table of mass 450 kg attains a speed of 0.6 m/s at a distance of 600 mm
from rest. The coefficient of friction between table and bed is 0.1. Calculate the friction
force and effort exerted during this period.
If during the cutting stroke the force on the tool is 950 N and the speed is held constant
at the maximum value attained, calculate the effort required to maintain the cutting stroke.
(441 N; 576 N; 1390 N)
3. The tool force on a shaping machine during the cutting stroke is 180 N and the
reciprocating parts are equivalent to a moving mass of 45 kg. If power is suddenly shut
off what would be the further distance cut by the tool if the cutting speed were initially
1.2 m/s? Assume the cutting force to be independent of the speed.
(180 mm)

5.9 Variable forces

A force may vary in a number of ways, e.g. with time, distance moved or velocity.
When a spring is compressed the force varies with the amount of compression. When
a plunger is moved up and down in oil its motion is damped by the oil and the damping
force at low speeds is proportional to the velocity of the plunger; at high speeds it
is proportional to the square of the velocity. In ascertaining the motions of bodies
subject to variable forces the use of ‘equation of motion’ and ‘inertia force’ involves
complex equations and it is often more convenient to employ the principle of
conservation of momentum or the work-kinetic energy equation. These concepts will
be developed later.

5.10 Tractive resistance
On a level track the resistances to steady motion of a vehicle are due to:

(a) rolling resistance
(b) air resistance

The rolling resistance arises mainly from the deformation of the tyres or of the
track, but includes also axle friction. In a car it is increased by too-low a pressure
in the tyres. In a rail wagon further effects arise from the sliding friction in bearing
journals, friction at wheel flanges — particularly in rounding a curve — and friction
due to misalignment of axles or inadvertent rubbing of brake blocks on tyre rims.
The rolling resistance R, is measured by the force required just to move a vehicle
at a given steady speed on the level. The resistance increases with load and is affected
by the running temperatures of wheels and tyres. Speed has a relatively small effect
under normal driving conditions but high speeds produce a sharp increase in the
resistance. To allow for the speed of the vehicle the resistance is expressed in the
form R, = ¢; + c,v, where v is the road speed, and c, and c, are constants.

The resistance of air to the motion of a vehicle is dependent upon the shape of the
vehicle and its projected frontal area as well as the density of the air. This resistance
is called drag (see page 247) and is of two main forms:
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1. Formdrag is the resistance of the air to being pushed out of the way; the flatter
the frontal shape the greater the drag force, hence the need for streamlining;
aerofoils, projecting lips and spoilers affect this form of resistance.

2. Skin or friction drag is the resistance due to the disturbance of the air flow in
the layers of air at the skin of the car, not only at the front but also at the underside
and rear.

The drag force D for a vehicle is roughly proportional to the square of the road speed,
particularly at higher speeds, and proportional to the projected frontal area A4, as well
as the density of the air, p, i.e.

D o pAv?
= constant X pAv2

The ‘dynamic pressure’ (see page 429) of the airstream flowing over a vehicle can
be shown to be +pv?, and it is convenient in various fields of work to express D in
terms of this pressure, i.e.

D = constant X (3pv%) X 4 X 2

= Cy X %pva

where C, is a dimensionless coefficient of drag for a particular vehicle; it is used to
compare the aerodynamic performance of cars. At sea-level p = 1.23 kg/m®, and
if A is in m? and v in km/h, the formula for D in newtons becomes

2

D=Cy X +x 123 x (—U—) x A
3.6/ -
=CdAv2N
21

A modern saloon car, well designed aerodynamically, has a coefficient of drag of
about 0.3.

Wind resistance depends upon both vehicle and wind speed: the effect of wind may
either assist or retard the vehicle. The total resistance R at a given speed may be
expressed as so many newtons per tonne mass of vehicle, particularly for trains. For
example, for a train of coaches in good condition the total resistance may be about
50 N/t. For goods wagons the figure might be about 100 N/t depending upon the speed.

Notes on aerodynamics of cars: lift and drag

Lift force

The drag force dealt with above is the component parallel to the road of the roral
force on a vehicle due to air resistance; the other component, at right angles to the
road, tends to lift the vehicle, thus reducing the normal reaction between tyres and
road. The effect is only of significance at very high speeds and when rounding a bend.
For a given coefficient of friction, reaction between tyres and road and position of
centre of gravity, a car must take a bend below a particular critical speed to avoid
sideways slip or overturning. The speed of a car on the straight depends on the power
available and the drag force, but when cornering the speed depends also on the
downforce created by the car’s aerodynamics. Racing car designers, especially for
Formula 1 (F1) cars which travel at speeds above 300 km/h, devise aerodynamic and
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other technical aids to counter the effects of lift, to improve the performance generally
and to reduce the demands on the driver.

Aerodynamic aids

Oneearly aerodynamic innovation was to shape the underside of the car with 'venturi-
tunnels' and these, combined with ‘skirts' attached to the side-pods, produced a
downforce. Regulations then changed to specify that for the space below the car,
between the rear edge of the front wheels and the front edge of the rear wheels, all
sprung parts visible directly from beneath the car had to be in one plane, i.e. the
underside of the car had to be flat. Also, spoilers of various designs were employed
to reduce the lift by disrupting the airflow around a vehicle and these were also subject
to rules. (Spoilers are in use on ordinary cars with little aerodynamic effect within
normal speed limits.)

The present solution is to fit 'negative lift wings' at the rear of the car in order
to produce a downforce, effectively adding to the weight of the car at the rear.
Mounted on struts, rigidly attached to the main body, an arrangement of wings is
carried at as high a level as permitted to be in the least turbulent airstream. Air is
directed over and through the wings in such a way as to achieve downforce. The height
and setting of the elements of these aerofoils can be adjusted in practice runs to suit
race conditions.

Technical rule changes

Regulations are continually updated to maintain safety standards, to control
performance aids, to resolve the effects of technology on the competitiveness of racing
and keep the emphasis on driving skills. For example, rear and front wing designs
for a FI car must take account of the maximum height specified for the car body
and strict limiting dimensions are specified for the width of car, overhangs, etc. Recent
technical rule changes have reduced the power of FI engines by about 40 kW, lowered
acceleration rates and cornering speeds and made improvements in the passive safety
of the cars. Engine capacity has been limited to 3000 cc and the power enhancing
engine air-box removed; this air-box produced a ram-effect to increase the pressure
of the intake air. Also, fuel must be standard pump quality. The aerodynamic changes
result in no rear wing forward of the rear wheel centre line, front wings reduced and
higher, and most importantly, the underside is no longer in one plane. Since the closer
to the ground a car runs the greater the downforce, a 'stepped’ bottom is now required
to increase the gap between underside and ground. In spite of these changes, speeds
of 300 km/h are still attainable on the track.

Another example of technical change affecting the aerodynamics of a car is that
of vehicle suspension. Active suspension was introduced for racing cars (then banned)
and is now available for some luxury cars, to replace passive suspension. A passive
system simply reacts to the loads applied by springs absorbing the energy of motion
of the car then dissipating it through dampers and tyre resilience while the car rises
and falls relative to the ground. An active system consists of a hydraulic/electronic
actuator (incorporating springs and dampers), a transducer and accelerometer to
measure vertical displacements and accelerations respectively, together with an
electronic processing unit which receives signals from sensors and activates an energy
input as and when required. The result is a stable platform, reducing the roll and pitch
movements when cornering and braking and keeping to a minimum the vertical
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accelerations and dynamic loads on the wheels. It thus affects the air gap between
the underside of the car and the ground, giving the advantage of a fairly constant
ground clearance. A compromise between active and passive systems is the adaptive
system which controls the hardness of the ride as between straight line travel and
cornering by receiving signals as to how the driver is turning the steering wheel from
optical or electromechanical sensors.

5.11 Tractive effort

The tractive effort E required to propel a road vehicle or train can be taken as equivalent
to the pull in a tow-rope or coupling. In practice vehicles are driven by an engine
torque transmitted to the driving axles. The tractive effort is the driving force at the
road surface, the force with which the ground pushes on the vehicle.

Vehicle moving at constant speed
When a vehicle travels at constant speed on the level, Fig. 5.8, there is no unbalanced
force, and the effort E equals the resistance R (rolling and air resistance):

tractive effort = total resistance
i.e. E =R

When the vehicle is at its maximum speed, it is not accelerating and again the effort
is equal to the resistance. On ascending a gradient the tractive effort must be increased
to overcome the component of the weight. On descending, the component of the weight
assists the motion and reduces the effort required.

motion
E

; R
constant speed

Fig. 5.8

Vehicle accelerating

When the effort is increased above that required to maintain constant speed, the vehicle
accelerates and the effort must overcome the resistance and provide the accelerating
force, i.e. balance the inertia force. For a vehicle of mass m accelerating up an incline,
the free-body diagram is shown in Fig. 5.9. The effort is

E = resistance + resolved part of weight + inertia force
ie. E=R+ mgsinfd + ma

Note that for accelerated motion down the slope, the resistance and inertia forces both
act upwards, and the component of the weight assists the effort.
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Example A car of mass 1.1 t is driven at constant speed up an incline of 10°. The rolling
resistance is 170 N and the air resistance is 100 N. Find the tractive effort. What is the effort
when the car has a uniform acceleration of 0.6 m/s??

SOLUTION
Since the speed is constant there is no accelerating force, hence

tractive effort = component of weight down the slope + rotal resistance
1.1 x 10° x 9.8 sin 10° + (100 + 170)
2140 N

When the car accelerates, the accelerating force is ma and the tractive effort has to be increased
by this amount, i.e.

2140 + 1.1 x 10® x 0.6
2800 N
= 2.8 kN

tractive effort

Example On test, a motor car just reaches 130 km/h on the level in still air. Experiments
show that the total resistance to motion due to windage and road drag is given in newtons by
(132 4+ 0.6v + 0.1v?), where v is the road speed in km/h. Find the tractive effort required.
If the car has an all-up mass of 1200 kg and the tractive effort is assumed constant what would
be the acceleration of the car at 50 km/h?

SOLUTION
At a steady speed of 130 km/h,

tractive effort = resistance
132 + 0.6 x 130 + 0.1 x 130?
1900 N

At 50 km/h,

132 + 0.6 x 50 + 0.1 x 50?
=412 N

resistance

The tractive effort is 1900 N, hence
accelerating force F = 1900 — 412 = 1488 N

and F = ma
i.e. 1488 = 1200 a
hence a = 1.24 m/s?

Example Coal wagons are lowered 30 m from rest down an incline of 1 in 10* with uniform
acceleration, by means of a cable attached to a rope brake. The total mass of the wagons is
48 t and the resistance to motion is 130 N/1. At the end of the incline the wagons are travelling
at 3 m/s. Calculate the pull in the cable.

* Gradients are measured as the sine of the angle of incline and not the tangent.
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SOLUTION
Initial speed of wagons u = 0, and final speed v = 3 m/s
From vi=u?+ 2as
3 =0+ 2a x 30
therefore a = 0.15 m/s?

Inertia force = ma = 48 x 10 x 0.15 = 7200 N

Component of weight down the slope,

Wsinf = 48 x 10° X 9.8 X 55 = 47040 N

Resistance, R = 130 x 48 = 6240 N

Figure 5.10 shows the free-body diagram for the wagon. For ‘static’ equilibrium, the pull E
in the cable is given by

E = 47040 — 7200 — 6240

= 33600 N
= 33.6 kN
a
o,

normal reaction

Fig. 5.10

Problems

1. A small road vehicle of mass 500 kg runs freely down a hill against a rolling resistance
of 200 N and air resistance SO N. If the hill has an inclination to the horizontal of sin~"
0.2, find the acceleration of the vehicle.
(1.46 m/s?)
2. Determine the tractive effort required to accelerate a car at 0.1 m/s? down an incline
of 1 in 100. The car has a mass of 1.5 t and the resistance to motion is 200 N.
(203 N)
3. A 65 tlocomotive pulls a 285 t train of coaches on a down gradient of 1 in 400 against
a track resistance of 50 N/t of total mass. Find the time taken to reduce speed from 80 km/h
to 44 km/h with the engine stopped, if the braking force is 70 kN.
(44.45)
4. Atrain of total mass 500 t is hauled by two locomotives up an incline of 1 in 75, increasing
its speed from 15 to 45 km/h in 100 s. The tractive resistance to motion is 45 N/t and
the leading locomotive develops a tractive effort of 60 kN at the maximum speed attained.
Calculate the effort exerted by the second locomotive at this speed.
(69.5 kN)
5. An electric locomotive together with its train has a mass of 200 t. The average tractive
resistance to motion is 55 N/t while starting from rest up a gradient of 1 in 100. Calculate
the time taken to travel the first 1 km if the average tractive effort exerted by the locomotive
is 35 kN.
(5 min 2 s)
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6.  To maintain a uniform speed of 108 km/h on the level a car requires a tractive effort
of 550 N. The total resistance to motion is given by R = 200 + kv? where v is the speed
in km/h. What is the value of the constant &?

(0.03)

7. Inatest a car attained a maximum speed of 96 km/h against a head wind of 10 km/h.
It is calculated that the total air drag force amounts to 0.5 kN. The projected frontal
area is 2.2 m® and the air drag in newtons is given by C44v%/20 where the projected
area A is in m?, and v is the air speed in km/h relative to the vehicle. Find the value
of the drag coefficient C,.

0.41)

8. A 200t train travels on a level track against a resistance given by the expression
(40 + 0.012v%) N/t mass of train where v is the speed in km/h. If the tractive effort
is constant at 200 N/t mass of train find the acceleration at an instant when the speed
is 48 km/h and the train is climbing a gradient of 1 in 300.

(0.1 m/s?)

5.12 Driving torque on a vehicle

A vehicle is usually driven by an engine torque at the driving axle. A wheeled vehicle
will be driven forward by this torque only if there is a friction force F at the road
surface, Fig. 5.11. This friction force does not form a resistance to motion and only
prevents slipping of the wheel.

The force F is equivalent to a couple F X r, where r is the wheel radius, together

with a force F at the axle bearing, Fig. 5.12. Then the driving torque T; must balance
the couple Fr, i.e.

Td=Fr

(this is strictly true only if the rotational inertia of the wheels is neglected). Also,

the force F acting on the bearing from left to right, Fig. 5.12, is the effort which
drives the vehicle; thus:

F=E
(again, this is strictly true only if the wheel inertia is negligible).

If the linear speed of the vehicle is v and the radius of the driving wheels is r, then
the angular velocity of the driving wheels is

v
wy = —
r

Fig. 5.11 Fig. .12
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The driving wheels rotate much slower than the engine, and the ratio of the engine
to the driving axle speed is the gear reduction n, thus

_ angular speed of engine (w,)

angular speed of axle (w,)
i.e. We = NWy

The work done in unit time at the engine is the same as the work done in unit time
at the axle, neglecting all losses, so

Tewe = Tywy

where T, is the engine torque. Therefore
Ty = nT,

(See Section 10.1, page 180.)

5.13 Maximum possible tractive effort

Previously we have been concerned with the tractive effort required to drive a vehicle.
We now consider the limitations on obtaining the tractive effort. It may be recalled
that in pure rolling motion no slip occurs between wheel and road. Nevertheless on
a perfectly smooth surface the wheels would always slip and no effort could be exerted
at the driving wheels. The maximum possible tractive effort is limited by the greatest
force F which can be exerted at the track surface. This limiting force depends on
the load N normal to the track at the driving wheels and on the limiting coefficient
of adhesion p,. Thus:

F=uN

The coefficient of adhesion u, may be thought of as a limiting coefficient of friction.
It may also take account of wheel flattening. The normal reaction N and hence the
force F available depends on whether the vehicle is driven at the rear, front or all
four wheels. When a car is accelerating or hill-climbing the effect of the inertia force
and weight component down the slope is to increase the normal load on the rear wheels
and decrease that on the front wheels. Thus for rear-wheel drives wheel grip is increased
under these conditions whereas for front-wheel drives the grip is reduced. In the case
of four-wheel drives the arrangement of the drive usually ensures that equal torques
are applied to rear and front axles so that the tractive forces at rear and front are
equal. Similar arguments apply to the braking of vehicles except that on road vehicles,
the brakes are normally always applied to all four wheels. For these reasons, calculating
the maximum possible tractive effort of a road vehicle driven at one axle only, which
is usually the case, is complex, and we consider only problems in which a vehicle
is driven or braked at all wheels. Thus for a vehicle of weight W driven on all its
wheels up a slope inclined at an angle 6 to the horizontal:

N = Wcos 6
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therefore
maximum tractive effort E = u,W cos 6
and on the level

maximum tractive effort E = u,W

Example A truck of total mass 20 t is driven along a level track against a track resistance
of 200 N/t. The engine develops an engine torque of 240 N m at a maximum speed of
2000 rev/min. The gear reduction from engine to driving axle is 9:1 and the wheel diameter
is 800 mm. Find the maximum linear speed of the vehicle in km/h and the time taken to reach
this speed on the level.

SOLUTION
Maximum angular velocity of engine,
27 x 2000
We = —————
60
= 209.4 rad/s
. . 209.4
Maximum angular velocity of wheels = 9 = 23.3 rad/s. Hence
L =233
r
v=233x%x04=932m/s
Therefore

maximum linear speed of truck = 9.32 x 3.6 = 33.6 km/h
Axle torque = engine torque X gear ratio
=240 X 9 = 2160 Nm

1
axle torque 2160 — 5400 N

1

Tractive force - =
wheel radius 0.4

Resistance to motion = 20 x 200 = 4000 N
Net tractive force = 5400 — 4000 = 1400 N

From F = ma

1400 = 20 x 1000 X a
thus a = 0.07 m/s?
From v =at
)
0.07
= 133s

Example A motor car has a total mass of 1000 kg and has road wheels of 600 mm effective
diameter. The engine torque is 130 N m and the tractive resistance is constant at 450 N. The
gear ratio between engine and road wheels is 13.5 to 1. Neglecting friction, rotational inertias
and transmission losses, find the acceleration rate when the car climbs a gradient of 1 in 20.
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SOLUTION

Tractive effort = _a_m

wheel radius

13.5 x 130
0.3

5850 N

Accelerating force

F = tractive effort — resistance — weight component down the slope

5850 -~ 450 — 1000 x 9.8 x %
4910 N

since F = ma

4910
a = — = 4.9 2
1000 1 m/s

Example. A locomotive and train have masses 100 and 500 1, respectively. The coefficient
of adhesion between wheel and track is 0.5. If 80 per cent of the weight of the locomotive is

carried by the driving wheels and the resistance to motion is 100 N/, find the maximum possible
starting acceleration.

SOLUTION

Load on driving wheels = 0.8 x 100 x 9.8 = 784 kN.
Maximum tractive effort

E = coefficient of adhesion X load on driving wheels
=0.5 x 784
= 392 kN

Resistance

R

I

100 x (100 + 500)
= 60000 N = 60 kN

The tractive effort must balance both the resistance and accelerating force. Therefore

E=R+ ma
ie. 392 =60 + 600 a

since the total mass of the train being accelerated is 600 t. Hence

a = 0.55 m/s?

Example A car of mass 1000 kg is driven on all Jour wheels. The coefficient of friction between
wheels and road surface is 0.65. Calculate the maximum tractive effort and corresponding
acceleration when ascending an incline of 10°.
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SOLUTION
Maximum tractive effort = maximum friction force
= uN
= uW cos ¢

I

0.65 x 9800 x cos 10°
= 6270 N = 6.27 kN

For balance of forces,

tractive effort = accelerating force + component of weight down slope

Therefore 6270 = ma + Wsin 8

= 1000 X a + 9800 X sin 10°
Hence a = 4.6 m/s?
Problems

1. The total mass of a small diesel locomotive is 50 t and the whole of the weight is carried
on the driving wheels. The limiting coefficient of adhesion between wheels and rails
is 0.1 and the tractive resistance to motion is 90 N/t. The locomotive pulls a train of
wagons totalling 300 t, having a tractive resistance of 45 N/t. Calculate (@) the maximum
tractive effort exerted by the locomotive; (b) the starting acceleration on the level.

(49 kN; 0.09 m/s?)

2. A diesel locomotive of mass 60 t hauls a train of wagons of mass 200 t up an incline
of 1 in 200. The tractive resistance is 110 N/t. Calculate the maximum retardation (a)
if the brakes are applied at the locomotive only; () if the brakes are applied at every
wagon and the locomotive. The coefficient of adhesion is 0.2.

(0.61 m/s%; 2.1 m/s?)

3. A racing car of mass 1t is driven on all four wheels and has a limiting coefficient of
adhesion between tyres and road of 0.6 (a) Calculate its maximum starting acceleration;
(b) what is the time and distance required to come to rest from 100 km/h with the brakes
locked? It may be assumed that the car does not skid sideways.

(5.9 m/s?; 4.73 s; 65.6 m)

4. A car of mass 1800 kg travels down an incline of 1 in 4. Calculate the maximum braking
torque which could be applied to all wheels before slipping occurs. The coefficient of
static friction is 0.55 and the wheel diameter is 750 mm.

(3.52 kN m)

5. To maintain a uniform speed of 72 km/h on the level a car of mass 1.5 t requires an
axle torque of 115 N m. The wheel diameter is 500 mm. Find the tractive resistance.

If while running at 72 km/h, the car climbs a gradient of 1 in 15, find the time taken
for the speed to fall to 40 km/h assuming that the tractive resistance increases by 50
per cent and that the torque applied to the wheels is maintained unchanged.

(460 N; 11 s)

6. A car of total mass 1300 kg travels down an incline of 1 in 13. The wheels are 600 mm
in diameter and the tractive resistance is 300 N. The engine torque is 65 N m and the
gear reduction ratio between engine and axle is 14:1. Find the acceleration of the car,
neglecting rotational inertias, friction and transmission losses.

(2.9 m/s?)

5.14 Application of inertia force to connected bodies

Consider a mass m, being pulled along a level plane by a cord passing over a light
frictionless pulley and attached to the freely hanging mass m,, shown in Fig. 5.13.
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If we assume no resistance to motion, m,; will accelerate downwards with an
acceleration a and, provided there is no stretch in the cord, m, will have the same
acceleration horizontally.

Let T'be the tension in the cord. If there is no friction at the pulley this will produce
an upwards force T on m, and a horizontal force T from left to right on m,. The
acceleration a and the tension T will be calculated by reducing the problem to a *static’
one by the use of the idea of an inertia force. The free-body diagrams for m, and
my are shown in Fig. 5.13. The forces acting on m, are its weight m,g downwards
and the tension T upwards. For balance an inertia force mia must be added in a

direction opposite to that of a, i.e. vertically upwards. For ‘static’ balance of the vertical
forces on m,

Fig. 5.13

mg =T+ ma

The horizontal forces on m, are the tension T from left to right and the inertia force
mya in the direction opposite to that of a, i.e. from right to left.

There is a vertical reaction N on m, supporting the weight m,g, which does not
enter into the problem, in the absence of friction. Hence

T = ma
From these two equations we find
mg = ma + mpa
=(m + m)a
This corresponds to

F = ma

where F = m,g is the accelerating force on the two bodies and m = m; + m,, the
total mass of the two bodies. From the above equations T and a can be found.

It should be noted that if there is friction at the pulley the tension in the cord is
greater in the vertical portion than in the horizontal portion.
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5.15 The simple hoist

Consider a mass m, and a lighter mass m, hanging either side of a light frictionless
pulley system and connected by a light cord. The acceleration of m; will be
downward and of m, upwards, as shown in Fig. 5.14. The tension T in the cord will
be the same on both sides of the pulley. There is therefore a force T upwards on both

masses.
For mass m, the downward force due to the weight is balanced by the tension,

together with an inertia force acting in the opposite direction to that of a, i.e. upwards.
For balance, therefore

mg =T+ ma
or T=mg— ma

For mass m, the tension acting upwards is balanced by the weight together with the
inertia force both acting downwards. Thus:

T =mg + ma

ma

rt ]
L]
.
.

Fig. 5.14

|-

)

<
3
@

Example A car of mass 1t hauls a trailer of mass 0.5 t with a common acceleration of
0.15 m/s2. Calculate the pull in the horizontal tow rope and the tractive effort required.

SOLUTION
Let E be the tractive effort and T the tension in the tow rope. The external forces acting on
the car alone in the horizontal direction, are E and 7, Fig. 5.15.

The inertia force on the car = mia = 1 x 1000 X 0.15 = 150 N. This force acts in the
direction opposite to that of the acceleration. E, T and the inertia force together form a system
of forces in equilibrium, as shown in the free-body diagram for the car. For equilibrium of the car,

E=T+ 150

Similarly, since the trailer has the same acceleration, the inertia force is mya, i.e.

0.5 x 1000 x 0.15 =75 N
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m,a T

Fig. 5.15

The horizontal forces on the trailer are the tension 7 and the inertia force, hence for balance

T=75N
Thus E =75 + 150
=225N

Alternatively, the effort is the force required to accelerate the car and trailer together. Since
the total mass is 1.5 t, this force is

1.5 x 1000 x 0.15 = 225 N

Example A 100 t locomotive pulls a train of ten 32 t coaches on the level. The tractive effort
at 72 km/h is 44 kN and the track resistance is 70 N/t of total mass. Find the acceleration
produced and the draw-bar pull on the leading coach under these conditions.

_a o
ﬁ:&&jﬁ& :
@ -

] Inertia force
fn
.—.
- resistance

(b)
Fig. 5.16

SOLUTION
Total mass of train

m =100 + 10 x 32 =420t
Resistance
R =420 x 70 = 29400 N

The forces in the horizontal direction on the locomotive and train together, Fig. 5.16(a) are
the effort, E, resistance, R and the inertia force ma, acting opposite to the direction of the
acceleration, i.e. to the motion of the train. Then
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accelerating force F = E — R
= 44 000 — 29 400

= 14 600 N
and F = ma
ie. 14 600 = 420 x 10° X a
therefore a = 0.035 m/s?

The draw-bar is between the locomotive and the leading coach. To find the draw-bar pull
P on the coaches, consider the forces acting on the train alone, Fig. 5.16(b). These are, P,
the track resistance on the train (320 X 70 N), and the inertia force due to the accelerated
mass of the train, therefore

draw-bar pull P = resistance + inertia force

320 x 70 + 320 x 10° x 0.035
33600 N

= 33.6 kN

Problems
1. Two loads, each of mass 2 kg are tied together by a light inextensible cord. They are
accelerated along the level by a pull of 18 N at one load. Find the acceleration of the
system and the tension in the cord. Resistance to motion may be neglected.
(4.5 m/s?; 9 N)
2. A locomotive of mass 80 t pulls a train of mass 200 t with an acceleration of 0.15 m/s?
along the level. The resistance to motion of both locomotive and train is 45 N/t. Calculate
(a) the tractive effort required, (b) the pull in the coupling hook at the locomotive.
(54.6 kN; 39 kN)
3. Inanexperiment, aload of mass 4.5 kg is pulled along a level track by a mass of 0.5 kg
attached to it by a light inextensible cord passing over a light frictionless pulley and hanging
vertically. Calculate the distance travelled from rest in 2 s.
(1.96 m)
4. A mine cage of mass 500 kg is returned to the surface by a wire cable passing over
a loose pulley at the pit head. The cable is fastened to a counterweight of mass 600 kg.
Find the acceleration of the empty cage if allowed to move freely.
(0.89 m/s?)
5. A motor car develops a tractive effort of 1.8 kN on the level, when towing another exactly
similar car whose engine is out of action. Find the tension in the tow rope and the
acceleration. The resistance to motion is 650 N on each car. The mass of each caris 1 1.
(900 N; 0.25 m/s?)
6. A mass of 15 kg is supported by a light rope which passes over a light smooth pulley,
and carries at its other end a mass of 6 kg. The 6 kg mass is held fast by a pawl. If
the pawl is released find the tension in the rope and the time taken for the 15 kg mass
to reach the level of the pawl. The 15 kg mass is initially 2 m above the level of the pawl.
(84 N; 0.98 s)
7. An 80 t locomotive develops a tractive effort of 70 kN when starting to pull a train of
coaches of total mass 300 t on the level against a track resistance of 90 N/t for the
locomotive and 60 N/t for the train. Find the starting acceleration. What is the draw-bar
pull on the leading coach?
(0.12 m/s?; 54 kN)

Chapter 6

Motion in a circle

When a body moves in a circular path, it is accelerated even although its speed round
the circle may be constant. This is because its velocity is changing since the direction
of motion is changing. This vector change in velocity gives rise to a special acceleration
of the body called centripetal acceleration, directed radially inwards towards the
centre of motion. A further acceleration occurs if the speed is not constant, i.e. a
linear acceleration tangential to the circle of motion. This acceleration can be related
to the motion of a radial line joining the body to the centre of motion. The angle swept
out in unit time by this radial line is the angular velocity of the line and a change
in this angular velocity is the angular acceleration of the line. These accelerations,
the relationship between them and the forces involved will now be dealt with in detail.

6.1 Centripetal acceleration

A linear acceleration can be caused by a change in direction without a change in speed,
that is, by a vector change in velocity.

Consider a point A moving in a circular path of radius r with constant angular velocity
w about a fixed point O (Fig. 6.1(a)). Let the line OA move to OA’ in a small time
dr, and let angle AOA’ = df rad. The initial vector velocity of A perpendicular to

the line OA (Fig. 6.1(b)):
v =o0a

w X OA

= wr

After time dr the vector velocity of A perpendicular to OA’:

’

v = oa

= wr

The vector change in velocity of A in time dr since d@ is small:
change = aa’

= wr X df

Therefore the acceleration of A is
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(a) (b)

a = rate of vector change in velocity

aa’

de

wr dé
dt

w’r [since df/dt = w]

Also, since

then a

1l
~ Ic
N’
[ ]
X
~

The direction of the change aa’ is in the sense a to a’, that is, along the line AO.
Thus the acceleration of A due to its rotation is directed radially inward from A to
O and is of amount

This acceleration is called the centripetal acceleration.

6.2 Centripetal force

Consider now a body of mass m at A, rotating about O. The centripetal acceleration
a can only take place if there is a force acting in the direction A to O. The magnitude
of this force F is given by

F = ma
=m X or

my
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and its direction is that of a, i.e. radially inwards. It is an active force since it is the
force causing the body to move in a circular path and is known as the cemtripetal
Jorce. For example, a body whirled in a horizontal circle at the end of a light cord
is maintained in its circular path by the tension in the cord acting radially inwards
at its connection with the body at A, Fig. 6.2(a).

6.3 The inertia force in rotation

For balance of forces at the body A, the centripetal force F may be considered as
being in equilibrium with an equal and opposite inertia force of magnitude mw?r, Fig.
6.2(c). This inertia force is a reactive force, since it cannot of itself cause motion.
If the cord is cut the active force F disappears and the body A moves in a straight
line tangential to the circular path, Fig. 6.2(b). It does not fly radially outwards.

6.4 Centrifugal force

Now consider the tension in the cord at O. This is equal and opposite to the centripetal
force at A and therefore acts radially outwards. This force at O is called the centrifugal
force and may be thought of as due to the cord tension required to provide the motion
in a circle, or the action of A upon the point O due to the rotation of the mass.

Example A centrifugal clutch is shown at the rest position with its axis mounted vertically,
Fig. 6.3. The rotating bobs are each of mass 225 g and the spring strength is 7.5 kN/m. The
centre of mass of each bob is at 150 mm radius in the rest position. Calculate the radial force
on the clutch face at 720 rev/min.

SOLUTION
As the shaft speed rises, the bobs fly out until they engage the inside face of the clutch cylinder.
The forces on each rotating mass are then as shown on the free-body diagram for a bob:

. spring force F, radially inwards
L inertia force mw?r, radially outwards
. reaction R of the clutch face on the bob, radially inwards

For balance of forces:
F + R = mw?r

At engagement, the spring force
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12 mm

mw®r

f‘150mmradl'

22277 27
)

= stiffness X extension
7.5 x 1000 x 0.012
=90 N

free-body diagram

Fig. 6.3

.
[

Radius of rotation

r=150 + 12 = 162 mm = 0.162 m

2
Inertia force = mawr = 0.225 (—21%0730—) x 0.162

=207 N
hence 90 + R = 207
therefore R =117N

The force on the clutch face is equal and opposite to this.

Note: As the speed rises from rest, there is a particular speed at which engagement just
commences. At this speed the spring force is equal to the inertia force. As the speed rises above
the engagement speed the spring force remains constant but the inertia force increases in value,
thus increasing R. The value of R governs the friction force between bob and rim surfaces
and hence determines the power transmitted.

Example A body of mass 0.5 kg slides in smooth guides when whirled in a horizontal circle
at the end of a spring. The spring stiffness, S = 1.5 kN/m. The natural unstretched length of
the spring is | = 150 mm. Calculate the radius of rotation of the weight and the stretch in
the spring when the speed of rotation is 360 rev/min.

C. ! = 150 mm X

F mw %

Fig. 6.4
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SOLUTION

The radial forces acting on the body A are: the spring force F inwards and the inertia force
mw’r outwards. Hence

F = mw?r

2
= 0.5 <__*___27r X 360) X r
60

= T711r N

where r is in metres.
Let spring extension equal x m, then the spring force
F=8xux
1.5 x 1000 X x N

but x = r — initial length of spring
=r—015m

therefore F = 1500 (r — 0.15)N

i.e. F =711 r = 1500(r — 0.15)

hence r = 0.285 mm

thus extension x = 285 — 150 = 135 mm

6.5 Dynamic instability

When the body A in the above example is displaced along the spring axis it will tend
to return to its original position providing the spring is not ‘overstretched’. The example
showed there will be a definite radius of rotation corresponding to the particular speed
of rotation. However, there is a critical value of the speed at which the body will
not return to its original position but will fly radially outwards. At this speed the radius
tends to become indefinitely large and the body is then unsrable. To find this critical
speed, we must find an expression for the radius of rotation r in terms of the other
variables. Thus, for equilibrium, referring to Fig. 6.4

F = mo*r
and F=8 X x
=8Sr -0
Therefore S(r — 1) = mwr
Hence r = ——il—
S — mw’

Now r tends to infinity as the denominator tends to zero, i.¢. the condition for instability
is

S —me?* =0
S
m

i.e. w =

Using the figures from the above example

, 1.5 x 1000
W = ———
0.5
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Hence the critical speed is

54.8 rad/s
= 523 rev/min

w

Such problems of dynamic instability are of great importance in rotating and other
machinery in motion. A machine running at a critical speed may suffer considerable
damage and an effort must be made to avoid such speeds by correct design.

Problems
1. What is the maximum speed at which a car may travel over a humpbacked bridge of
radius 15 m without leaving the ground?
(43.7 km/h)
2. A2 kg mass is attached at the end of a cord 1 m long and whirled in the vertical plane.
Find the greatest speed at which the tension in the cord just disappears. What would
be the maximum tension in the cord at a speed of 3 rev/s?
(0.5 rev/s; 732 N)
3. Atrolley travels at 30 kmm/h round the inside of a vertical track. Calculate the maximum
force on the track if the trolley’s mass is 14 kg and the track radius is 2.4 m. What is
the least velocity the trolley must have in order not to fall at the highest point?
(543 N; 17.5 km/h)
4. A rotor in a gyro instrument consists essentially of a flat disc of 100 mm diameter and
25 mm thick. It is mounted accurately on a spindle so that the central axis of the spindle
coincides with the centre of the disc. What is the maximum out-of-balance force on the
spindle at a gyro speed of 12 000 rev/min if the centre of mass of the disc is 0.025 mm
out of alignment? Steel has a density of 7.8 Mg/m”.
(60.6 N)
5. A centrifugal clutch is designed just to engage when the centres of gravity of the rotating
weights are 200 mm from the centre of rotation. The speed at engagement is 1440 rev/min.
If the revolving masses are each 0.5 kg, calculate the spring stiffness required for an
extension of 20 mm when the masses move from the rest to the engaged position.
(113.5 kN/m)
6. The centrifugal clutch shown at rest in Fig. 6.5 has springs of stiffness 15 kN/m and
is designed to just engage at 10 rev/s. Calculate the required value of the revolving mass.
What is the force on the clutch rim at 16 rev/s?
(0.345 kg; 234 N)

Fig. 6.5

7. A control mechanism is to be actuated by a mass of 4.5 kg rotating at the end of a spring
at 300 rev/min. Calculate the minimum stiffness of spring required if the control is to
be just stable at this speed.

(4.45 kN/m)
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8. A body of mass 1.8 kg is whirled round at the end of a spring of stiffness 1.8 kN/m
extension at a speed of 60 rev/min. Calculate the radius of the path of the body if the
unstretched length of the spring is 150 mm. At what speed would the radius tend to be
indefinitely great?

(156 mm; 302 rev/min)

6.6 Vehicle rounding a curve

Figure 6.6 shows a two-wheeled vehicle (e.g. a cycle) rounding a curve of radius
r at constant speed v. The cycle has mass m; A and B are the points of contact of
the front and rear wheels, respectively, with the ground; O is the centre of rotation.
For simplicity assume the rolling resistance to motion negligible. Hence there is no
friction or other resisting force at A or B tangential to the path. Radial forces are
necessary in order that the vehicle shall move in a curved path and not a straight line,
and these are provided by radially inward friction forces F| and F, at A and B,
respectively.

Owing to rotation, every particle of mass dm of which the vehicle is composed has
an inertia force dm (v*/r) acting upon it radially outward. The net radial effect of all
these forces is equivalent to a force acting at the centre of mass (i.e. the centre of
gravity G). The forces F|, F, and the inertia force are in equilibrium and are
represented in the force diagram, Fig 6.6, by ab, be and ca, respectively.

Fig. 6.6

In practice the angle 2 AOB is often small and the forces F|, F, approximately
in the same straight line. The total friction force F = F, + F, is then, for an
unbanked flat track, equal and opposite to the inertia force, or

mv2

F =

r
The friction force is here an active force in that it causes the vehicle to deviate from
a straight line. A vehicle on a perfectly smooth sheet of ice, for example, could not
move except in a straight line. When the limiting friction force is insufficient to provide
the centripetal acceleration (radially inward), the vehicle tends to move in a straight
line. It then appears to be skidding ‘outwards’.

6.7 Superelevation of tracks: elimination of side thrust

The superelevation of a railway track is the amount by which the outer rail is raised
above the level of the inner rail. The wheels of a train are flanged, the flanges being
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on the inside of the rails. As the train rounds a curved track, the centripetal force
required to provide the circular motion is provided by the inward thrust of the outer
rail. To reduce the magnitude of this lateral load, a second rail may sometimes be
provided on the inside curve so that the inner wheel flange is contained between two
rails. This second rail then takes some of the side thrust. More generally, the side
thrust may be eliminated completely at a particular speed by suitable banking of the
track. The amount of banking or cant depends on the tightness of the curve and the
speed of the trains using the track. In practice the amount of superelevation is limited
to about 150 mm, i.e. about 6° of cant since 25 mm of superelevation on a standard
gauge line is equal to lo of cant. The speed chosen is the average speed at which
a train (usually a freight train) may be expected to take the curve. At any speed higher
than the one suitable for that angle of banking, there will be a side thrust on the outer
rail, so that fast passenger trains have some lateral force; at lower speeds than the
design value there will be a side thrust in all cases on the inner rail. The amount of
extra banking needed at a given speed to remove this side thrust altogether is called
the 'cant deficiency’ and this is normally limited to about 110 mm of superelevation.

The banking of a car race track serves a similar purpose to the superelevation of
a rail track, i.e. to eliminate side thrust on the tyres. To serve its purpose for cars
of different speed, the gradient of the banking is increased towards the outside of
the curve. There is a correct angle of banking for any particular speed and this
angle is independent of the weight of the vehicle (see example page 112). Most racing
tracks are now unbanked (except in the USA) so that means have had to be found
to provide an increase in side thrust to allow high speeds round corners. Large, wide
tyres give extra adhesive force but cause extra drag. In order to increase the downward
force on the vehicle without affecting the weight, aerodynamic devices are used (see
page 90).

Example A car of mass 2 t rounds an unbanked curve of 60 m radius at 72 km/h. Calculate
the side thrust on the tyres.

SOLUTION

The radial forces acting on the car are: (a) the outward inertia force, mv?/r; (b) the inward
force F exerted by the road on the tyres, i.e. the side thrust (Fig. 6.7). These two forces are
in balance, therefore
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mv?

r

2 x 1000 x

2

since 72 km/h = 20 m/s

13330 N

(Note that F is rot equal to the limiting friction force which is umg)

Example A racing car travels at 180 km/h on a track banked at 30° to the horizontal. The
limiting coefficient of friction between tyres and track is 0.7. Calculate the minimum radius
of curvature of the track if the car is not to slide outwards.

SOLUTION

The total reaction R of the track on the car acts at an angle ¢ to the normal, where tan ¢ =
u = 0.7 (see Section 3.2). This reaction is in balance with the inertia force and the weight
of the car. These three forces act at a point and can be represented by the triangle of forces,
oab, Fig. 6.8. From the triangle of forces,

2 2

tan (30° + ¢) = mo. mg =L
gr
But tan ¢ = 0.7, thus ¢ = 35° and v = 180 km/h = 50 m/s. Hence
o o 502
tan (30° + 35°) =98 x7
therefore r=119m

[+] mT a
R W = mg
(30° + ¢)

b

Example Calculate the angle of banking on a bend of 100 m radius so that vehicles can travel
round the bend at 50 km/h without side thrust on the tyres. For this angle of banking, what
would be the value of the coefficient of friction if skidding owtwards commences for a car travelling
at 120 km/h?

SOLUTION

If the angle of banking is 6, Fig. 6.9, then the forces on the vehicle parallel to the slope are
(i) the component of the weight mg sin  acting inwards; (ii) the component of the inertia force
(mv?/r) cos 6 acting outwards; (iii) the side thrust F acting inwards.
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N = normal reaction

mg sin §

Fig. 6.9

The equation of forces parallel to the slope is therefore

2
. my

F+ mgsin = ——cos 6
r

If there is to be no side thrust, F = 0, hence
v? (50/3.6)?
tan 6 —E —m«0.198
and # = 11°12/

Note that the angle of banking is independent of the weight of the car.
When skidding outwards commences, limiting conditions exist so that

F=uyxN

2
#<mu sin 8 + mg cos 0)
r

where v = 120 km/h = 33.3 m/s. The equation of forces parallel to the slope becomes

2
cos 0

2 m
[l,(mv sin0+mgc050> + mg sin 0 = z
r

_ (Wgr) —tané

h =
ence (lgr) tan 8 + 1
2 2
ie. v _ _(1208.6° _ 1.135
gr 9.8 x 100
1.135 — 0.198

therefore u = 0.765

1.135 x 0.198 + 1

The student should rework this problem using the method of the previous example.

Example Calculate the superelevation of the outside rail of a curved track if a train is to traverse
the curve without side thrust on the rails at 50 km/h. The radius of the curve is 180 m and
the track gauge is 1440 mm.
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Fig. 6.10

SOLUTION
If the superelevation is & and the track width x, the angle of banking 8 is given by:

sin § = h
X
The forces acting on the vehicle are shown in the free-body diagram, Fig. 6.10, i.e. the weight
W, the total reaction R and the inertia force mv?/r. Since there is no side thrust, the reaction
R exerted by the track on the vehicle must be normal to the track incline. From the triangle
of forces (Fig. 6.10):

b
b where oa = W = mg

tan 0 =
oa
2 2
ab = My x OO s
r 180
Hence tan 6 = LIO'/S = 0.1095
m X 9.8

But since tan @ is small, tan § = sin § approximately, so that

tan § = ——h—
1.44
thus h=144tan§ = 1.44 x 0.1095 = 0.158 m = 158 mm

6.8 Passenger comfort — the pendulum car

Anyone who has been thrown outwards while in a vehicle travelling round a curve
at speed will be familiar with the reality of the radial inertia force. Of course, what
is experienced by a passenger is the tendency to move in a straight line while the
vehicle turns. Experiments have shown that an uncompensated radial acceleration
(v*/r) in excess of about 0.1 2 (0.98 m/s?) is definitely unpleasant. This acceleration
would be attained at about 100 km/h on an 800 m radius curve. One solution already
exists, apart from straightening out the track system — superelevation of the track.
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Fig. 6.11

In addition to reducing the side thrust on the rails, superelevation tends to ensure that
the resultant force due to weight and inertia force is normal to the seat. Then if the
superelevation is sufficient, there is no side force tending to slide the passenger across
the seat. However, if a train moves slowly or stops on a curve, the inside rail is subject
to considerable thrust.

A second solution to the problem is to allow the body of the carriage to swing like
a pendulum about a longitudinal axis O, placed above its centre of gravity G, Fig.
6.11(a). The train in effect leans into the bend, passengers feel more comfortable and
bends can be taken faster. This is passive tilting, limited in practice to about 6° of
tilt at a maximum speed of 120 km/h. The disadvantage is the slow response time
when entering and leaving a bend. In an active system the carriage is tilted by hydraulic
jacks, electronically controlled. In practice there is a combination of banked track
and tilting carriage. Speeds above 200 km/h are possible with a pendulum car subject
to res,trictions for other reasons such as braking requirements.

The forces acting on the swinging carriage are: its weight W, the inertia force mu’/r
radially outward and the reaction R at the pivot. The three forces are in equilibrium,
hence all three forces pass through G. The line of action of R is therefore from G
to O. The resultant force is always normal to the carriage floor; a similar argument
applies also to any passenger seated in the swinging carriage.

The triangle of forces abc is shown in Fig. 6.11(b). If there is no superelevation
of the track, the angle between the vertical and the reaction R is the angle ex through
which the carriage swings about O. From the triangle of forces:

be

tah ¢ = —
ab

2
mv

= - W
’

2
= — since W = mg
8r

For example, at 120 km/h on a 1200 m radius curve, v = 33.3 m/s, and
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2
_ 333  _ 0.095
9.8 x 1200

thus a = 54°

tan o

and the pendulum car swings outwards nearly 6°. It should be noted, however, that
allowing the carriage to pivot does not affect the side thrust on the track. In this case,
since there is no superelevation, the side thrust would be equal to the inertia force.

Problems
1. Calculate the minimum limiting coefficient of friction between tyres and road in order
that a car shall negotiate an unbanked curve of 120 m radius at 100 km/h.
(0.66)
2. Calculate the minimum radius of unbanked track which a motor cycle may traverse at
130 km/h without skidding outwards if the coefficient of sliding friction is 0.6.
(222 m)
3. A vehicle travels at 72 km/h round a track banked at 20° to the horizontal. The coefficient
of sliding friction between tyres and road is 0.5. Calculate the radius at which skidding
would occur.
(38.7 m)
4. A race track is to be banked so that at 120 km/h a car can traverse a 180 m radius curve
without side thrust on the tyres. Calculate the angle of banking required.
(32°13")
5. A car travels round a curve of 60 m radius which is banked at 10° to the horizontal,
the slope being away from the inside of the curve. If the coefficient of friction between
tyres and road is 0.7 calculate the maximum speed at which the curve can be traversed
without skidding.
(60 km/h)
6. A vehicle traverses a banked track of radius 90 m and angle of banking 60°. If its speed
is 12 m/s, calculate the minimum coefficient of friction between tyres and track if the
vehicle is not to slip down the track.
(1.22)
7. A road curve of 75 m radius is banked so that the resultant reaction for any vehicle is
normal to the road surface at 72 km/h. Calculate the angle of banking and the value
of the coefficient of friction if skidding outwards commences for a car travelling at
120 km/h.
(28°30"; 0.53)
8. A car of mass 1 t has a track width of 1.5 m. The centre of gravity is 600 mm above
road level. The car travels round a curve of 60 m radius at 72 km/h. If the track is banked
at 30°, find the total normal reaction on the outer wheels.
(6.25 kN)
9. A railway carriage built on the pendulum-car principle has a maximum angle of tilt of
9°. What is the maximum allowable speed on a 600 m radius unbanked curve and what
is the corresponding side thrust on the track if the carriage has a mass of 50 t?
(110 km/h; 77.6 kN)

6.9 Overturning of vehicles

The tendency of a vehicle to slide outwards when rounding a curve has been shown
to result in a limiting speed at which sliding just occurs. In addition there is also a
limiting speed at which the vehicle will overturn. This is an example of dynamic
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Fig. 6.12

instability. To maintain a vehicle in a circular path requires a centripetal force at the
centre of mass, but this force can only be supplied by friction at the road surface
or the side thrust of a rail track. This lateral force is equivalent to the same force
at the centre of mass together with a couple tending to rotate the vehicle about the
centre of mass (Fig. 6.12). The two forces forming this couple are the lateral force
at the track surface and the inertia force at the centre of mass. Alternatively, the inertia
force acting radially outwards may be thought of as tending to tip the vehicle about
its offside wheels. The weight together with the upwards directed ground reaction
at the outer wheels provides the balancing couple tending to maintain stable equilibrium
and prevent tipping.

Example A vehicle has a track width of 1.4 m and its centre of gravity is 650 mm above the
road surface in the centre plane. If the limiting coefficient of friction between tyres and road
is 0.6, determine whether the vehicle will first overturn or sideslip when rounding a curve of
120 m radius at speed on a level track. State the maximum permissible speed on the curve.

SOLUTION

Figure 6.13 shows the free-body diagram for the vehicle. Let v be speed of vehicle in metres
per second and r = radius of curve (120 m). For sideslip to occur, the inertia force must be
just equal to or greater than the total limiting inward friction force, i.e.

2

my
= uW = umg
r
)
or =06 x 9.8
120
i.e. v = 6.6 m/s or 95.6 km/h

Fig. 6.13
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For overturning to occur, the ground reaction N, at the inner wheels must be zero, i.e. the
tilting moment due to the inertia force about the outer wheels must be greater than the stabilizing
moment due to the dead weight. Taking moments about the outer wheel track B, thereby
eliminating N, and uW, and assuming the car just about to overturn:

mv?

x 0.65 = W x 0.7
;
2
e, Mx065 _ 58 x07
120
ie. v = 35.6 m/s or 128 km/h

Sideslip takes place first at the lower speed of 95.6 km/h and this, therefore, is the maximum
speed permissible on the curve.

Example Calculate the maximum speed at which a car may traverse a banked track of 30 m
radius without overturning if the centre of gravity of the car is 0.9 m above ground level and
the track width of the wheels is 1.5 m. The track is banked at 30° to the horizontal.

SOLUTION

When overturning starts, the inner wheels at A (Fig. 6.14) just lift and the car starts to rotate
about the outer wheels at B. Hence the total reaction R of the track on the car must pass through
B. The condition for (unstable) equilibrium is that R, the weight W and the inertia force mv?/r
shall all pass through one point. Since both the weight and the inertia force act through the
centre of gravity G then the reaction R must act along BG at an angle 8 to the vertical. From
the geometry of the car

6 = 30° + «DGB

and, since
tan «DGB = E = 0—2-5* = 0.833
GD 0.9
then 2 DGB = 39°48’
hence 8 = 30° + 39°48’
= 69°48’
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From the triangle of forces:
2

tan § = 22— +
’
)
or tan 69°48’ = —— — since W = mg
9.8 x 30
thus v? = 9.8 x 30 X tan 69°48’
and v =282m/s or 101.5 km/h

The student should rework this example, resolving forces parallel and perpendicular to the slope,
and taking moments about B.

Problems

1. Calculate the maximum speed at which a car can traverse an unbanked curve of 24 m
radius if its wheels are 1.8 m apart and its centre of gravity is 1.2 m above the road.
Assume that slipping does not occur.

(13.3 m/s or 47.8 km/h)

2. Calculate the smallest radius unbanked curve which a racing car can traverse at 200 km/h
without overturning if its wheels are 1.5 m apart and its centre of gravity is 650 mm
above the road.

(273 m)

3. A sports car is to be built capable of rounding a 100 m curve at 120 km/h and its wheels
are to be 1.5 m apart. Calculate the maximum allowable height of its centre of gravity
above ground level.

(0.66 m)

4. Calculate the maximum speed at which a car can traverse a 30 m radius track banked
at 20° to the horizontal. Its centre of gravity is 0.9 m above the ground and its wheels
are 1350 mm apart.

(76.3 km/h)

5. A double-deck bus whose wheels are 2.4 m apart and whose centre of gravity is 1.5 m
above the ground is to round a road banked at 10° to the horizontal at 50 km/h. Calculate
the minimum radius of the curve if overturning is not to occur.

(17.4 m)

6. A four-wheeled vehicle turns a corner of radius 10 m on a level track. Its centre of gravity
is 0.9 m above road level and its wheels are 1.5 m apart. Calculate (a) the fastest speed
at which it may traverse the bend without the inner wheels leaving the ground; (b) the
fastest speed at which it may travel round on two outer wheels without tipping more
than 30°.

(9.03 m/s; 4.13 m/s)

7. Determine the speed at which overturning will occur for a vehicle whose wheels are
1.5 m apart and whose centre of gravity is 0.9 m above the ground, when travelling
round a banked track of 60 m radius: the banking is 10° away from the inside of the
curve. Calculate the angle of banking which would tip the vehicle when at rest.

(26.3 m/s; 39°48")

8. A car of mass 1120 kg is travelling along a curved unbanked road of radius 60 m. Its
wheel track is 1.35 m and its centre of gravity is 0.9 m above the ground, and midway
between front and rear axles. The coefficient of friction is 0.5. Find (a) the vertical
ground reaction at each wheel when the car is travelling at 15 m/s; (b) the maximum
speed without overturning; (c) the skidding speed.

(1340 N; 4140 N; 21.1 m/s; 17.15 m/s)

Chapter 7

Balancing

7.1 Static balance — two masses in a plane

Consider a light arm pivoted freely at the fulcrum O (Fig. 7.1) and carrying masses
my, m, at distances ry, r, from O, respectively. In general, the arm will rotate about
O and the system is said to be out of balance. For equilibrium, there must be balance
of moments about O, i.e.

mg X rp =mg X n
or myry = mr,

When in balance the arm may be set in any position and it will remain at rest in that

position. The weights are said to be in static balance and the centre of gravity of
the system is located at O.

) (o]
s

Fig. 7.1

7.2 Dynamic balance — two masses in a plane

Now consider two light arms fixed to a shaft at bearing O and rotating with angular
velocity w, Fig. 7.2(a). The arms are in the same plane and carry masses m;, m, at
radii r|, r, respectively. Owing to the rotation, each mass exerts an inertia force
radially outward on the bearing O.

The force due to m, is m;w*r, (0a in the force diagram, Fig. 7.2(b)).

The force due to m, is myw*r, (ab in the force diagram).

The resultant out-of-balance force on the bearing is given by ob in the force diagram.

When the dynamic load on the bearing is zero, the rotating system is said to be
in dynamic balance. The condition for no load at O is that the two inertia forces shall:
(a) act along the same straight line but with opposite sense; (b) be equal in magnitude.
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m,w2r1

(a) (b) (c)
Fig. 7.2

The relative positions of the masses are as in Fig. 7.2(c); the condition for equal
inertia forces is:

mlwzrl = m2w2r2
Thus, since «? is the same for both masses
mry = mn,

This is also the condition for static balance. Hence, if two bodies in the same plane
are in static balance when pivoted about a given axis they will be in dynamic balance
at any speed when rotating about the same axis.

7.3 Method of balancing rotors

It was shown above that for a two mass system to be in static balance, the mr product
for each mass had to be the same. This is also the condition for the masses to be
balanced when rotating, and suggests a method for ensuring balance for rotating rotors
such as turbine discs or car-wheel assemblies.

Figure 7.3 shows a turbine rotor idealized in the form of a disc, mounted on a shaft
placed on a pair of parallel knife-edges. The rotor may be allowed to rotate freely
on the knife-edges and, if not uniform, the heavier section will rotate to the lowest
point. The point is marked with chalk and a small balance mass attached at a point
diametrically opposite. The rotor is turned through 90° and again allowed to rotate
freely and again the heavier section will rotate to the bottom. The balance mass is
then increased or decreased accordingly and the process repeated until the rotor remains
at rest in any position. It is then in static balance and remains balanced when rotating
at speed.

In practice it is usually possible to balance a rotor to an accuracy of 0.001 m kg,
i.e. the amount of residual unbalance is equivalent to a mass of 1 kg at I mm radius.

Fig. 7.3
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For a rotor of mass 10 t this is equivalent to a displacement x of the centre of gravity

from the axis of rotation given by

10 x 1000 x x = 0.001
i.e. x =10""mor 0.1 um

The corresponding out-of-balance centrifugal force when running at 3600 rev/min is

2
matr = 10 x 1000 X [ZL:-OE@] x 1077 kg m/s?

142 N

It is usual to limit the out-of-balance force to be not greater than 1 per cent of the
rotor weight.

7.4 Static balance — several masses in one plane

We now consider the static balance of several masses in the same plane of magnitudes,
my, my, ..., atradiir|, r;, ... from a common pivot O (Fig. 7.4). If the system
is to be in static balance, the shaft at O must remain at rest in all positions, i.e. there
must be no resultant moment about O. When the centre of gravity of the system is
at the centre of the shaft, the resultant vertical force due to the dead weight of all
the attached bodies passes through O and the shaft is then in static balance.

The static moment of mass m,; about O = m;g X OX (Fig. 7.4(b))
= mg X ry COs oy

Similarly for m, and m;. For static balance the sum of all such moments must be
zero, i.e. since g is constant, L mr cos « must be zero.
Now construct a polygon in the following way:

Draw ab, magnitude m,r,, parallel to radius r, (Fig. 7.4(c)). Draw bc,
magnitude m,r,, parallel to radius r,. Draw cd, magnitude m;yr;, parallel to
radius r3.

If the polygon closes, d coincides with a. Hence from Fig. 7.4(c), if x, y, z are the
feet of the perpendiculars from a, b, ¢, respectively, on to a horizontal line

(-3

CF-——=-

(b) ©
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Xy + yz + zx = 0 for a closed polygon, as shown
But Xy = myr| cos a
= moment of m, about O + g

Similarly for m,, m;. Hence

Xy +yz + 2zx = L mr cos «
0 for static balance

But this is also the condition for the polygon to close. Hence the condition for static
balance is that the vector polygon formed by the mr values must close. This result
is unchanged for all angular positions of the shaft; thus if the polygon closes for one
position it closes for all positions.

7.5 Dynamic balance of several masses in one plane

Suppose the shaft and attached masses shown in Fig. 7.5(a) to be rotating with angular
velocity w. Owing to the rotation there will be inertia forces of magnitude m,w?r,,
myw’ry, ..., acting radially outward at each mass. These forces can be represented
by a force polygon which must close if there is no resultant unbalanced force, as shown
in Fig. 7.5(b). Since the quantity w’ is a common factor for each inertia force it is
convenient to replace the force polygon by an mr polygon. But this is the polygon
obtained when investigating the static balance of the same system, Fig. 7.4.

Thus the conditions for static and dynamic balance are identical, i.e. that the mr
polygon must close.

If the inertia forces are not in balance the mr polygon will not close. Fig. 7.5(c).
The closing line co taken in the sense ¢ to o represents the mr value required to produce
balance. The line oc taken in the sense o to ¢ represents the resultant unbalanced mr
effect. To obtain the actual magnitude of the unbalanced forces, multiply by w?. Thus
the resultant unbalanced force on the shaft is:

2

oc X w° in direction 0 to ¢

and the required balancing force (equilibrant) is:
2

in direction ¢ to o

€0 X w

~0

() ©
My 2@/

Fig. 7.5
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An unbalanced inertia force produces a load on the shaft bearing which, in a machine,
results in increased wear and leads to early failure of the bearing metal.

Example A shaft carries two rotating masses of 1.5 kg and 0.5 kg, attached at radii 0.6 m
and 1.2 m, respectively, from the axis of rotation. The angular positions of the masses are
shown in Fig. 7.6(a). Find the required angular position and radius of rotation r of a balance
mass of 1 kg.

If no balance mass is used, what is the out-of-balance force on the shaft bearing at 120 rev/min?

B®o5 kg

156°36"

@ ®) ©
Fig. 7.6

SOLUTION

The mr values are 0.9 kg m for A and 0.6 kg m for B and these are represented by oa and
ab, respectively, in the ‘force’ polygon, Fig. 7.6(b). The resultant out-of-balance mr value
is given by ob in direction o to b. From a scale drawing:

ob =13lkgm

The equilibrant is equal and opposite to the out-of-balance force, and since the mr value for
the balance mass is:

1 X rkgm
therefore, for balance

1 x r=1.31
and r 1.31 m

I

thus the radius of rotation of the balance mass is 1.31 m.

The balance mass must be positioned so that its inertia force is acting in direction b to o,
i.e. at an angle of 156°36’ to the radius of mass A, as shown in Fig. 7.6(c). If no balance
mass is used,

out-of-balance force = ob X «’

27 x 120 |2
31 x | ————1 kgm/s?
1.31 [ p ] g

207 N
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Example Four bodies A, B, C and D are rigidly attached to a shaft which rotates at 8 rev/s.
The bodies are all in the same plane and the masses and radii of rotation, together with their
relative angular positions, are: A, 1 kg, 1.2 m, 0°; B, 2 kg, 0.6 m, 30°; C, 3 kg, 0.3 m, 120°;
D, 4 kg, 0.15 m, 165°. Find the resultant out-of-balance force on the shaft and hence determine
the magnitude and position of the balance mass required at 0.6 m radius.

SOLUTION
Figure 7.7(a) shows the relative angular positions of the masses.

Formass A, mr=1x 12 =12kgm
B, mr=2x0.6 1.2 kg m
C, mr=3x03 =09kgm
D, mr=4x0.15 =06kgm

[

The mr polygon is shown in Fig. 7.7(b), each mr value being drawn following the direction
of the corresponding radius, outwards from the shaft. The closing line od taken in direction
o to d is the resultant out-of-balance mr value. From a scale drawing:

od = 1953 kgm
therefore

out-of-balance force on shaft = od x ?

1.953 x 27 x 8)?
4940 N

=4.94 kN

od makes an angle of 51°47' with oa. The equilibrant is equal and opposite to the resultant
force, i.e. in direction d to 0. The mr value for the balance mass is m X 0.6 kg m. Therefore
for balance

m x 0.6
i.e. m

1.953
3.26 kg

459

o>

"%

(€:)] Out-of-balance

/Force = 4.94 kN
A

(o] N

——g - O

0.6 m
128°13’
3.26 kg

()
Fig. 7.7
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The balance mass must be positioned so that its inertia force acts in the direction d to o.
Its position relative to A is shown in Fig. 7.7(c).

7.6 Dynamic forces at bearings

If a shaft carries rotating masses not in the same plane it may be in static balance
and therefore balanced as regards inertia forces, but it may yet be subject to an
unbalanced couple. Whether the masses are in the same plane or not, the inertia forces
act radially outwards and may therefore balance, but since the lines of action of the
inertia forces act in different planes, each force produces a different moment about
any given plane of the shaft. Thus an unbalanced moment may arise.

For a shaft to be in complete dynamic balance there must be no unbalanced force
or couple.

An unbalanced couple cannot, of course, exist in practice but must be resisted by
reactions at the bearings. As the shaft rotates so does the direction of the unbalanced
couple and the bearings are therefore subject to rotating radial forces. Also, since
the dead weight reactions are constant and upwards, it means that the bearing reactions
are constantly changing in direction and magnitude as the shaft rotates. This condition,
if allowed to persist, sets up undesirable vibrations. The following examples, restricted
to one mass or two masses in the same axial plane, will be used to show the existence
of unbalanced couples and to bring out the main points in the methods of calculating
the bearing reactions. The balancing of several masses in different planes of rotation
cannot be dealt with completely at this stage.

Example A shaft is supported in bearings at A and B, 2 m apart, Fig. 7.8. A rotor of total
mass 30 kg is mounted at a point 0.6 m from bearing A. Owing to faulty mounting the centre
of gravity of the rotor is offset 3 mm from the axis of rotation O. Calculate the dynamic loads
on the bearings when the shaft rotates at 600 rev/min. Calculate also the maximum and minimum
loads on the bearings.

SOLUTION

Inertia force = mw?r

2
30 x (2” 600) x 0.003
60

355N

Taking moments about bearing B:

®30 kg

RIS ot Al

0.6m 14 m \\ '_/ T Bearing reaction

Fig. 7.8

—
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Ry, x2=2355x 14
ie. R, = 2485 N

il

Taking moments about bearing A:

Rg x 2 =355 x 0.6
ie. Ry = 106.5 N
(or R, + Ry = 355, i.e. Ry = 355 — 248.5 = 106.5 N).

Therefore the dynamic loads on the bearings are 248.5 N at A and 106.5 N at B. Both reactions
oppose the unbalanced inertia forces as shown.
When at rest, taking moments about B:

Ry x2=30x98x 14
ie. R,” = 206 N
and R,” + Ry’ =30 x 9.8 =294 N
thus Ry’ = 88N

The dead weight reactions are therefore 206 N at A and 88 N at B, both vertically upwards.

As the shaft rotates the dynamic load on each bearing rotates. The maximum and minimum
bearing reactions therefore occur when the lines of action of the dynamic and dead weight
reactions coincide.

Maximum bearing reaction at A = 206 + 248.5

= 454.5 N (upwards).
Minimum bearing reaction at A = 206 — 248.5

= —42.5 N (downwards).
Maximum bearing reaction at B = 88 + 106.5

= 194.5 N (upwards).
Minimum bearing reaction at B = 88 — 106.5

= —18.5 N (downwards).

Example The shaft shown in Fig. 7.9(a) carries two masses at C and D in the same axial
plane but diametrically opposite to one another. Calculate the dynamic loads on the bearings
when the shaft rotates at 144 rev/min. Each mass is 3 kg ar 600 mm radius.

SoLuTION

Figure 7.9(b) shows the end view when the masses are in the vertical plane; the shaft is evidently
in static balance since the mr values are equal and opposite. When rotating, therefore, the inertia
forces are in balance. Nevertheless the two rotating masses exert a pure couple anticlockwise
due to the two equal inertia forces acting at distance CD apart.

Moment of couple = mw?r x CD

This couple is in equilibrium with reactions R, and Ry at bearings A and B, respectively, acting
as shown in Fig. 7.9(c) to produce a clockwise couple. For each rotating mass

inertia force = mw?r

2
=3 x [2" 144] x 0.6
60

409 N

To calculate the reactions take moments about each bearing in turn. Moments about A:
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Ry X 2 = 409 X 3.5 + 409 x 1
ie. Ry = 920.3 N

Moments about B:

Ry X 2 =409 x 3 + 409 x 1.5
ie. Ry = 9203 N

The two reactions are equal since they together form a pure couple exerted by the bearings,
in opposition to that exerted by the inertia forces of the rotating masses. The reactions in this
case could have been found by simply equating the two couples, i.e.

R x 2 = inertia force X CD
=409 x 4.5
R = 920.3 N

However, when the two masses have unequal inertia forces, i.e. when the shaft is not in static
balance, the bearing reactions are generally not equal. The reactions must then be found by
taking moments about each bearing in turn.

7.7 Car wheel balancing

Present-day motor cars require accurately balanced wheels. If a wheel assembly is
out of balance, forces come into play which may affect steering and tyre wear and
cause rough running. Even when a wheel and tyre is in static balance it may be
dynamically out of balance owing to a heavy spot on one side of the wheel. This
dynamic unbalance is apparent in wobble of the wheel when rotated at speed.

A car wheel may be statically balanced as a rotor, except that when the balance
mass has been determined, it is usual to split it into two parts, placing one part on
each side of the wheel. Dynamic balance is achieved by running the wheel at speed
in a suitable machine to check the wobble. Balance masses to correct for dynamic
unbalance must be placed on opposite sides of the wheel, 180° apart, in order to provide
the necessary couple, Fig. 7.10.

Problems
1. Two masses revolve together in the same plane at an angular distance 45° apart. The
first is a 3 kg mass at a radius of 225 mm, the second 5 kg at 175 mm radius. Calculate
the out-of-balance force at 2 rev/s and the position of a 10 kg balance mass required
to reduce this force to zero.
(226 N; balance mass at 143 mm radius and 160°33" to 5 kg mass)
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A casting is bolted to the face plate of a lathe. It is equivalent to 2 kg at 50 mm from
the axis of rotation, another 1 kg at 75 mm radius and 4 kg at 25 mm radius. The angular
positions are, respectively, 0°, 30°, 75°. Find the balance mass required at 150 mm
radius to eliminate the out-of-balance force. State the angular position of the balance mass.
(1.56 kg; 215° from 2 kg mass)
A turbine casing is placed on a rotating table mounted on a vertical axis. The casing
is symmetrical except for a projecting lug of mass 15 kg at a radius of 1.2 m and a cast
pad of mass 25 kg at 0.9 m radius. The lug and the pad are positioned at right angles
to one another. The casing is bolted down symmetrically with respect to the axis of rotation.
Find the magnitude and position of the balance mass required at a radius of 1.5 m.
(19.2 kg at 141°41’ to pad)
Two equal holes are drilled in a uniform circular disc at a radius of 400 mm from the
axis. The mass of material removed is 187.5 g. Calculate the resultant out-of-balance
force if the holes are spaced at 90° to each other and the speed of rotation is 1000 rev/min.
Where should a mass be placed at a radius of 250 mm in order to balance the disc,
and what should be its magnitude?
(582 N; 0.211 kg at 45° to a drilled hole)
Three masses are bolted to a face plate as follows: 5 kg at 125 mm radius, 10 kg at
75 mm radius, and 7.5 kg at 100 mm radius. The masses must be arranged so that the
face plate is in balance. Find the angular position of the masses relative to the 5 kg mass.
(Each at 114°36’ to 5 kg mass)
Four masses, A, B, C and D, rotate together in a plane about a common axis O. The
masses and radii of rotation are as follows: A, 2 kg, 0.6 m; B, 3 kg, 0.9 m; C, 4 kg,
1.2 m; D, 5 kg, 1.5 m. The angles between the masses are: « AOB = 30°, ~BOC
= 60°, 2 COD = 120°. Find the resultant out-of-balance force at 12 rev/s and the radius
of rotation and angular position of a 10 kg mass required for balance.
(21.6 kN; 380 mm, 39°7’ to OA)
A cast-steel rotor is 40 mm thick and has four holes drilled at radii 50, 100, 125 and
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10.

150 mm, respectively. The holes are 25 mm in diameter and located as shown in Fig.
7.11. Find the magnitude of the total unbalanced force on the spindle bearings at 12 rev/s.
Where should a hole of 12 mm diameter be drilled for balance? Steel has a density of
7.8 Mg/m?.
(74 N; at 364 mm radius, 112°32’ clockwise to hole A)
A casting of mass 25 kg is bolted to the faceplate of a lathe rotating at 2 rev/s. If the
centre of gravity of the casting is offset 25 mm from the axis of rotation and 75 mm
in front of the spindle bearing, calculate the out-of-balance couple carried by the bearing.
(7.42 N m)
A mass of 25 kg revolves at a radius of 600 mm. It is mounted on a shaft which runs
in two bearings distant 600 and 900 mm, respectively, on either side of its plane of rotation.
Calculate the dynamic force on each bearing at a speed of 144 rev/min. What are the
maximum and minimum forces on each bearing?
(1365 N, 2050 N; 2197 N, 1903 N; 1463 N, 1267 N)
A shaft rotates in bearings 2 m apart. A mass of 20 kg rotates with the shaft at a radius
of 100 mm in a plane 600 mm from the left-hand bearing. A second mass of 12 kg at
a radius of 250 mm is in the central plane of the shaft. Both masses are in the same
axial plane when viewed from the end of the shaft and on the same side of the shaft.
Calculate the dynamic force on each bearing at 5 rev/s.
(2860 N; 2071 N)



Chapter 8

Periodic motion

8.1 Periodic motion

When a body moves to and fro, so that every part of its motion recurs regularly, it
is said to have periodic motion. For example, in the engine mechanism of Fig. 8.1(a)
when crank OC rotates uniformly the piston X moves back and forth between the
two limiting points A and B, the motion being repeated at regular intervals of time.
It is important to note that neither the velocity nor the acceleration of the piston is
uniform and the methods and formulae for uniformly accelerated motion do not apply.

Now consider the motion of piston X more carefully. As X moves towards A its
velocity v is from right to left, Fig. 8.1(b). At A it comes instantaneously to rest and
reverses direction. Before reaching A, it must be slowing down or retarding, i.e. the
acceleration a of X is from left to right, in the opposite sense to the velocity. After
reversing direction, X accelerates from rest, and both v and a are from left to right,
Fig. 8.1(c). At B the piston comes again instantaneously to rest, hence near B it is
retarded and the acceleration a is from right to left, Fig. 8.1(d). After reversal of
the motion at B, both v and a are from right to left, Fig. 8.1(e). As X reaches A
for the second time, the whole sequence repeats itself.

The periodic reciprocating motion of the engine piston is complex but is
approximately the same as an important but simpler periodic motion termed simple
harmonic motion. This latter type of motion will now be dealt with in detail.

8.2 Simple harmonic motion
We define simple harmonic motion (s.h.m.) as a periodic motion in which:

1. The acceleration is always directed towards a fixed point in its path.
2. The acceleration is proportional to its distance from the fixed point.

The motion is similar to the periodic motion of the engine piston except that the
acceleration has been exactly described in a particular way. In order to fix ideas, we
study a particular case.
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8.3 Simple harmonic motion derived from a circular motion

Figure 8.2 shows a ‘Scotch yoke’ mechanism. A pin P in a circular disc rotates at
a uniform angular velocity w about a fixed point O where OP = r. The pin engages
in a slot in the vertical link E attached to bar F; the latter is constrained to move
in a straight line. As the pin rotates, bar F reciprocates back and forth with a periodic
motion. This motion corresponds exactly with that of an imaginary point X which
is the projection of P on the horizontal line OB. The motion of X is identical with
the horizontal component of the motion of P. Assuming that time is measured from
the position when OP lies along OB, i.e. t = 0 when P is at B, then the angle turned
through by OP in time ¢ is

0 = wt

=Z

ya

e
. &

[
m
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and the displacement of X measured from the midposition at time ¢ is OX given by

x = rcosf
= r cos wt
The velocity of P is tangential to the circle of rotation and its magnitude is wr. The
velocity of X is the horizontal component of the velocity of P (Fig. 8.3), i.e.

v = wrsinf
= wr sin wt
Vir? - x?)

r

oV (r? — x?) since sin § =

Fig. 8.3

The centripetal acceleration of P is w?r, and is directed radially inwards from Rto
O, Fig. 8.4. The acceleration of X is the horizontal component of the acceleration
of P, i.e.

w?r cos @
wzr Ccos wt

wix since x = r cos 0

a
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v =0 v = w

Fig. 8.5 Velocity of X

Fig. 8.6 Acceleration of X

The acceleration of X is therefore proportional to its distance x from the fixed point
O. From Fig. 8.4 it can be seen that the acceleration of X is always directed towards
O. The motion of X (and of bar F) is therefore simple harmonic.

The above formulae give merely the numerical relationships between x, v and a,
without regard to direction. Note particularly the following special cases:

Extreme positions of s.h.m.
The velocity of X is zero at A and B, Fig. 8.5. At these points the velocity of P is
vertical and therefore has no component along AB. The acceleration of X at these
two points is the centripetal acceleration of P, Fig. 8.6, i.e.

a= ’r
and this is the maximum acceleration of the s.h.m.

Thus v = 0 and a = w?r when 6 = 0° and 180°.

Midposition of s.h.m.
When P is at C or D, X coincides with O, the midpoint of its path. The velocity
of X is that of P, i.e. its velocity reaches its maximum value wr, Fig. 8.5. Thus
v = wr when 6 = 90° or 270°. The acceleration of P is vertical and since there
is no horizontal component, the acceleration of X is zero, Fig. 8.6, i.e. a = 0,
when 6 = 90° or 270°.

Two important facts are

1.  When the acceleration of X is zero, the velocity is a maximum.
2.  When the velocity of X is zero, the acceleration is a maximum.

This latter statement should not be surprising since s.h.m. requires that the acceleration
is proportional to the distance from O, and therefore reaches its maximum value at
its greatest distance from O.
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8.4 Periodic time

The periodic time or period t, of s.h.m. is the time taken for point X to complete
one to-and-fro oscillation, i.e. to pass through any point twice in the same direction.
This is also the time for the rotating arm OP to sweep out an angle 27 rad at w rad/s
Fig. 8.7. The line OP is said to generate the s.h.m. and w is sometimes called the
circular frequency. Thus:

2
— seconds
w

period, I

Also, since ay = wx

a
w = _X.
X
X
hence , = 2w ax
displacement
tp =27 \/p—.‘— S
acceleration

In Fig. 8.7, it can be seen that when P is at B, § = 0 and ¢t = 0. After time ¢ =
7/2w = t/4, when § = 90°, P is at the midposition, and after time ¢t = w/w = £,/2,
when 6§ = 180°, P reaches the extreme position A.

8.5 Frequency

The frequency (n) of oscillation is the number of complete cycles, back and forth,
made in unit time. The frequency n is therefore the reciprocal of the period #,. The
unit of frequency is the hertz (Hz), which is one cycle per second. Thus

1

n = — cycles per second
t
P

L Hz
27

1 Jacceleration
27 N displacement

therefore n = Hz

8.6 Amplitude

The distance r through which the point X moves on either side of the fixed point O
is called the amplitude of the motion. The total distance 2r is called the stroke or travel.

Note: The above results were obtained for the motion of a point X reciprocating
to-and-fro due to the rotation of a point P. These results, however, apply to any body
performing s.h.m.
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Fig. 8.7

Example A body moving with s.h.m. has a velocity of 3 m/s when 375 mm Sfrom the midposition

and an acceleration of 1 m/s?> when 250 mm from the midposition. Calculate the periodic time
and the amplitude.

SOLUTION
To calculate 1, we must first find w.

a =

wix
a
therefore w = \/ —
X

1
= \/0'25 sincea = 1 m/s? whenx = 0.25m

i.e. w = 2 rad/s

therefore t, = 2m = 2m =3.142s
w 2

. displacement
Alternatively 1 = 2« p*___
acceleration

0.25

=2r
1

=3142s
To calculate the amplitude r, refer to Fig. 8.3. When x = 0.375 m

v =13m/s
and v = oV(r? — x?
thus 3 = 2v/(r? — 0.375?)
hence r = 1.55 m

1
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Example A body performs s.h.m. in a straight line. Its velocity is 4 m/s when the displacement
is 50 mm, and 3 m/s when the displacement is 100 mm, the displacement being measured from
the midposition. Calculate the frequency and amplitude of the motion. What is the acceleration
when the displacement is 75 mm?

SOLUTION
First determine the amplitude r from
v=wV(r? - x?)

When x = 0.05 m and v = 4 m/s:

4 = wV(r? - 0.05%) [
When x = 0.1 mand v = 3 m/s:
3=w/(r? - 0.1) 2]

Divide eqn [1] by eqn [2]:
4 _ N@? - 0.05)

3 Vvt - 0.19)

Squaring both sides

16 _ r2 — 0.0025

9 r2 — 0.01
Hence

r=0.139m = 139 mm
To find w, from eqn [1]:

4 = oV (0.1392 — 0.0025)
hence w 30.8 rad/s

i

@
2r
30.8

T 2r

= 4.9 Hz

thus frequency n

The acceleration when x = 0.075 m is given by

a = wi

30.8%2 x 0.075
= 71 m/s?

Example A body oscillates along a straight line with s.h.m. The frequency is 0.4 Hz and the
amplitude 300 mm. Find the displacement of the body 0.3 s after leaving the position of maximum
displacement.

SOLUTION

w =27n =27 X 0.4 = 2.51 rad/s
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Fig. 8.7 shows the geometrical representation of the motion. The displacement x is measured
from the midposition and time is measured from the position of maximum displacement (B)
where t+ = 0. When ¢t = 0.3 s, the angle 6 turned through is

0 = wt =251 x 03 =0.753 rad
= 43.14°

Hence x = rcos 6
300 cos 43.14°
= 219 mm

I

Example A piston is driven by a crank and connecting rod as shown in Fig. 8.8. The crank
is 75 mm long and the rod 450 mm. Assuming the acceleration of the piston to be simple
harmonic, find its velocity and acceleration in the position shown when the crank speed is
360 rev/min clockwise. What is the maximum acceleration of the piston and where does it occur?

SOLUTION
It can be seen that the motion of the piston is approximately the same as that of point X, the
projection of crankpin P on the line of stroke. The greater the length of the rod compared with
that of the crank, the more closely does the motion of the piston agree with that of X and therefore
of s.h.m.

Amplitude r = 0.075 m
0= 2EX300 g ads
60

For the position shown
x = 0X = 0.075 X cos 60° = 0.0375 m
Velocity of piston,

oV (r? — x?)
= 377V (0.075% — 0.0375%)
= 2.45 m/s (inwards towards O)

v

Acceleration of piston,

a = wx
37.7% x 0.0375

= 53.3 m/s? (inwards towards O)

1

Maximum acceleration of piston,

a = wr

37.72 x 0.075
107 m/s?

Fig. 8.8
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The maximum acceleration occurs when X coincides with A or B, i.e. when the piston is at
the top or bottom dead centre position. To be exact, there is a difference in the accelerations
at A and B.

Problems
1. Find the periodic time of a point which has simple harmonic motion, given that it has
an acceleration of 12 m/s?> when 80 mm from the midposition. If the amplitude of the
motion is 110 mm, find the velocity when 80 mm from the midposition.
(0.513 5; 0.925 m/s)
2. A body has s.h.m., its velocity being 3 m/s at 150 mm displacement, and 2.4 m/s at
225 mm displacement, from the midposition. Find the periodic time, frequency and
amplitude.
0.6 s; 1.71 Hz; 316 mm)
3. A body moves with s.h.m. and completes twenty oscillations per second. Its speed at
a distance of 25 mm from the centre of oscillation is one-half the maximum speed. Find
the amplitude and the maximum acceleration of the body.
(29 mm; 454 m/s?)
4. A body oscillates along a straight line with s.h.m. The amplitude is 300 mm and when
the body is at point A, 150 mm from the centre of oscillation, it is moving with a speed
of 3 m/s. Calculate the shortest time taken from A to reach a point 260 mm from the
centre of oscillation.
(0.05 s)
5. In a simple crank and connecting rod mechanism the crank is 50 mm long and the
connecting rod is 350 mm long. When the crank is 30° from the top dead centre position,
find the velocity and acceleration of the piston at 10 rev/s. Assume the motion of the
piston to be simple harmonic. What is the maximum velocity and acceleration of the piston?
(1.57 m/s; 170.5 m/s?; 3.14 m/s; 197.4 m/s?)
6. A body moves with s.h.m. making 20 oscillations per minute. The stroke is 300 mm.
Find the velocity and acceleration 0.4 s after passing through the midposition.
(0.21 m/s; 0.49 m/s?)
7. The maximum velocity of a body moving with s.h.m. is 2.5 m/s and its velocity when
passing through a point 300 mm from the midposition is 1.5 m/s. Find the number of
oscillations per minute, the amplitude and the maximum acceleration.
(63.7; 373 mm; 16.7 m/s?)

8.7 Dynamics of simple harmonic motion

A simple harmonic motion, or close approximation to it, occurs in many important
mechanical problems, e.g. a mass oscillating at the end of a spring, the simple
pendulum, the motion of a piston on a connecting rod which is long compared to its
crank. In every case it is necessary to show that the motion is simple harmonic or
to find the degree of approximation involved. In order to do this the procedure is:

1. Write down an ‘equation of motion,’ i.e. balance the inertia and applied forces.
Check if the acceleration of the body is proportional to its displacement from
a fixed point or midpoint of its motion.

3. Check if the acceleration is always directed towards the fixed point.

Having checked the conditions for s.h.m., we may conclude that the motion is simple
harmonic or, alternatively, note the approximation involved in the equation of motion
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in order to consider the motion as simple harmonic. For example, the motion of a
Scotch yoke is exactly s.h.m. whereas that of an engine piston is only very
approximately s.h.m. unless the connecting rod is at least six times the crank length.

8.8 The mass and spring

(a) Horizontal motion

Consider a body A of mass m and weight W = mg, attached to a light spring of stiffness
S, which is anchored at B, Fig. 8.9. The body is constrained to move in horizontal
guides, assumed frictionless and in the rest position it is at point O.

Imagine the body to be pulled to the right a distance r and then released. The pull
F in the spring will initially cause the body to move from rest towards the left. When
it is a distance x from O, the pull F of the spring is from right to left and, since x
is also the extension of the spring at this instant:

F = Sx

This pull is ‘balanced’ by the inertia force ma, where a is the acceleration of the body.
This inertia force must be from left to right and therefore a is from right to left as
expected. For equilibrium

F = ma
or Sx = ma

Thus a ixx
m

(constant) X x

The acceleration of the body is therefore proportional to the distance x from the fixed
point O and directed from right to left, i.e. towards O.

When the spring 1s compressed and the body is to the left of O, then both the spring
force and the inertia force are reversed in direction so that acceleration a is still directed
towards O. Thus the acceleration is always directed towards O. Hence the motion
of the body is simple harmonic and the mass is said to move with free or natural
oscillations.

Now compare the expressions:

a = w’x for s.h.m.

and a = -§»x for body A

° A
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Evidently
wz = .§.
m
\/ s
or w= [—
m

By comparison with the Scotch yoke mechanism w is sometimes called the equivalent
angular velocity.
The frequency of oscillation is

o _ 1 [s

n=-— =
2T 27 Nm

and the period is

tp=2—7r=21r\/ﬂ
w S

(b) Vertical motion
Let the body A be supported vertically by the spring, Fig. 8.10. At rest, the force
in the spring is W. Hence the deflection at rest or static deflection d, is given by:

W=3S8xd
or d=z=ﬂ
S N

Let the body be pulled a distance r below the static position O and then released.
We should expect the body to move upwards from this position with an acceleration
towards O due to the upward pull of the spring. At X, a distance x from O, the total
extension of the spring is d + x. Hence the spring force is

F=8d+ x

This force is balanced by the weight W together with the inertia force ma, both acting
downwards. Hence

F=W+ ma
or Sd+x)=W+ ma

F
Unstretched
reened
d A a
rest ma

X
x $
w

Fig. 8.10
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but § X d = W, and thus
W+ Sx=W+ ma

or Sx = ma

. S

i.e. a=—2x
m

constant X x

The acceleration a is therefore proportional to the distance x from the position of
equilibrium O (a fixed point) and always directed towards O. The motion of the body
A is therefore simple harmonic.

The period is the same as for horizontal motion, i.e.

tp=21r\/%

but in this case

me _ 4
S

where d is the static deflection, so that the period may be written:

2n d
If d is in metres, g = 9.8 m/s?, so that 7, = 2Vd and n = §//d.

t, =2« \/% and frequency, n = 1 &

The amplitude of the motion is the maximum value of the displacement x, i.e. the
initial displacement r given to the mass. The body therefore oscillates an equal distance
r above and below the static rest position O.

Note: The results are the same whether the mass is oscillating vertically or horizontally.
The only difference in the two cases is in the position about which the oscillation
takes place. In vertical motion, the body oscillates about the static deflected position
whereas in horizontal motion it oscillates about the unstretched position of the spring.
In the vertical motion, the dead weight is a constant force acting in a constant direction
(downwards) and such a force has no effect on an oscillation.

Example A load is suspended from a vertically mounted spring. At rest it deflects the spring
12 mm. Calculate the number of complete oscillations per second.

If the load’s mass is 3 kg, what is the maximum force in the spring when it is displaced a
further 25 mm below the rest position and then released?

SOLUTION 1 g
Frequency, n = mAld

1 [ 98
27 A 0.012
= 4.54 Hz
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If the load is pulled down 0.025 m the amplitude of oscillation, r = 0.025 m.

Maximum acceleration,

2

Aoy = O°F
= (27 X 4.54) x 0.025
= 20.4 m/s?
Maximum inertia force = may,,
=3 x 204
= 61.2N

The maximum force in the spring occurs when the mass is at its lowest position. Then the
spring force must balance both the weight and the inertia force. Hence maximum spring force is:

(3 x 98 +61.2=96N

Example A composite spring has two close-coiled springs A and B in series. A has a stiffness
S, = 2000 N/m, B, S, = 800 N/m. The composite spring carries a mass of weight 50 N and
oscillates freely in the vertical direction. Find the frequency of the oscillation.

SOLUTION

The deflection d of the mass is the sum of the extensions of the two springs, d| and d,, under
the action of the same force, i.e. the weight W, Fig. 8.11. Since extension = force/stiffness,
then

4 =Y_-3 _05sm
S, 2000

g =X -0 _5o0625m
S, 800

I

and d

d, + d, = 0.025 + 0.0625 = 0.0875 m

Fig. 8.11
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Frequency,

n=L (£ L 128 _ i gH,
27 d 27 N\ 0.0875

Example An instrument of mass 10 kg is attached 10 a spring mounted horizontally. The periodic
time was observed to be 1.3 s. Find the stiffness of the spring.

The assembly is now placed in a vehicle with the axis of the spring horizontal and parallel
with the longitudinal axis of the vehicle, Fig. 8.12. Find the resuiting extension of the spring
when the vehicle accelerates smoothly at 4 m/s* and the instrument does not vibrate. Neglect
friction.

SOLUTION
t, = 2= \/%
thus 1.3 = 2« ?
and S = ——-—————(21):.; 10
= 234 N/m

The accelerating vehicle will in turn accelerate the spring-mounted mass through the force in
the spring. The forces on the instrument are the spring force F and the inertia force ma. For
balance

F = ma
10 x 4
40 N

I

but F = Sx, where x is the extension of the spring due to the acceleration of the vehicle. Therefore

40

234
= 0.171 m = 171 mm
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Problems

1.

10.

A helical spring, of stiffness 18 kN/m supports a body of mass 25 kg. The body is given
a free vibration of amplitude 12 mm. Determine (a) the period of the motion, (b) the
maximum acceleration, (¢) the maximum velocity.
(0.23 s; 8.65 m/s%; 0.32 m/s)
A mass of 2.5 kg is hung vertically from a spring of stiffness 5.4 kN/m. Calculate the
maximum amplitude of vibration if the mass is not to jump from the hook.
(4.53 mm)
A mass of 10 kg is hung from the end of a thin wire. It is found that the static stretch
in the wire is 2.6 mm. Calculate the frequency of free vibration when a mass of 14 kg
is on the wire.
(8.26 Hz)
An instrument is spring mounted to the body of a rocket, the spring axis lying along
the rocket axis. The natural frequency of the instrument upon its mount is 40 Hz. If
the rocket is accelerated smoothly to an acceleration ten times that of gravity in such
a way that the instrument is not set into vibration, find the static deflection of the instrument
on its mounting during the acceleration.
(1.55 mm)
A body of mass 30 kg performs s.h.m. in a straight path, the greatest distance from
its midposition being 750 mm. Calculate the force acting on the body, (a) at the beginning
of its travel, (b), midway between the end of its path and midposition, if it makes eighty
strokes per minute.
(395 N; 197.5 N)
A spring-loaded slide valve of mass 4 kg opens and closes with s.h.m. It has a lift of
12 mm, equal to twice the amplitude of the s.h.m. If the total time to open and close
the valve is 0.1 s, find (a) the stiffness of the spring, (b) the maximum accelerating
force exerted by the spring.
(15.8 kN/m; 95 N)
A mass of 1.8 kg is hung vertically on the end of a spring. When set in vibration the
frequency is 1.6 Hz. Find the stiffness of the spring.
If the maximum total extension of the spring during the vibration is 150 mm, what
is the amplitude of the vibration?
(182 N/m; 53 mm)
A mass of 6 kg is suspended from a vertically mounted spring. The static extension is
6 mm. A further load of 12 kg is hung from the spring, pulled 10 mm below the
equilibrium position and released. Find (a) the period of the resulting oscillation, (b)
the maximum spring tension.
(0.27 5; 274 N)
A light shaft is supported horizontally in bearings at its ends and carries a disc of mass
45 kg at the midpoint. When disturbed the shaft and disc vibrate freely and the frequency
is measured as 35 Hz and the amplitude 0.4 mm. What is the static deflection at the
disc? Calculate the maximum velocity and acceleration of the s.h.m. What is the maximum
accelerating force at the midpoint of the shaft? Assume s.h.m. for the disc.
(0.2 mm; 0.09 m/s; 19.3 m/s?; 870 N)
A mass of 8 kg is connected to two springs A and B, Fig. 8.13. The surfaces are smooth
and the mass is set oscillating with amplitude 50 mm. If the spring A has stiffness 800 N/m
what must be the stiffness of spring B for the frequency to be 2 Hz? What is the maximum
force in each spring if both springs are initially unloaded. What is the maximum
accelerating force on the mass?
(463 N/m; A, 40 N; B, 23.2 N; 63.2 N)
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A B
— -
Fig. 8.13
11. A Scotch yoke mechanism reciprocates with s.h.m. The period is 0.1 s, the amplitude

300 mm and the mass of the reciprocating parts 30 kg. When the mechanism is 150 mm
from the midposition calculate (a) the velocity, (b) the acceleration, (c) the accelerating
force, (d) the power delivered to, or returned from, the mechanism at this point. Neglect

friction.
(16.3 m/s; 592 m/s?; 17.8 kN; 290 kW)

8.9 Simple pendulum

A simple pendulum is formed by a concentrated body of mass m and weight W at
the end of a light cord of length / suspended at Q, Fig. 8.14. When displaced with
the cord taut from the rest position O, the mass moves in an arc about Q. When released
from a displaced position A it tends to return to the rest position, i.e. the mass always
accelerates towards O from any displaced position along the arc AO. The forces acting
on the mass at A are:

0

Fig. 8.14 Simple pendulum
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1.  The weight W, vertically downwards.

2.  The tension F in the cord at A, acting from A to Q.

3.  The inertia force ma required for balance. This force acts tangentially to the
arc at A, i.e. perpendicular to QA.

These three forces are represented in the triangle of forces, abe. Thus:

be
ab

sin 6 =

ma

w

=2 Ssince W = mg
4

For small angular displacements of the cord, we may assume:

0 rad

sin 0
-“;— where s = arc OA
thus 8 = 4
4

i.e. 0

Q
Il
o

H
o9

N
X —
{

=& x5
!

constant X s

Thus the acceleration g is directed along the tangent to the arc at A, towards O, and
is proportional to the distance s from O, measured along the arc. The motion of the
pendulum is therefore approximately simple harmonic. It is approximate since we
have had to limit 6 to small values. However, it turns out to be a very good
approximation even when § = 10°. Other approximations are involved in assuming
that the dimensions of the mass are small compared with the length of the cord and
that the cord is weightless.
Compare now

a=is

{

where a is an acceleration tangential to an arc and s a distance measured along an
arc, with

a =w2x

where a is directed along a straight line and x is a distance along the straight line. Then
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=L
l
and the period
__‘ 27
tp = —(:
i.e t, =27 L
g
1 /g
and frequency n = Al T

Note that the period is the time for one complete swing, to and fro. It is proportional
to the square root of the length of the pendulum and independent of the mass of the
suspended body. It does, however, depend on the value of g, the acceleration due
to gravity.

8.10 Resonance

If every time an oscillating body reaches the point of maximum displacement it receives
an external impulse, the amplitude will increase and build up to a maximum value
depending on what forces are acting to damp down the oscillation. If no damping forces
are present then the system will finally collapse. The frequency of the external impulse
is equal to the frequency of the free oscillation, and the effect of the impulse being
in unison with the oscillation is called resonance. The effect is most pronounced at
the fundamental frequency but may also occur at a higher order frequency (harmonic).
In any spring-mass system when a disturbing frequency coincides or nearly coincides
with a natural frequency, resonance may be possible. Examples of this phenomenon
occur ina wide range of engineering situations including aircraft wings, motor vehicles,
machine tools and in many other fields such as radio and musical instruments. For
example, severe vibrations may occur in a drilling machine if it is operated at, or
near, the natural frequency of free oscillations of the drill and its holder. Also, if
the foundations on which the machine rests vibrates there can be resonance effects
on the drill. Rotating machinery has critical speeds which coincide with the natural
frequencies of the system. A turbine, for example, starting up from rest may have
to pass through one of its natural frequencies before reaching its operating speed and
care must be taken to pass through such speeds as quickly as possible. In an aircraft
there are a number of sources that can lead to resonance; these include engine vibration,
propeller downwash and ‘flutter' due to bending and twisting of structural parts such
as wings, tailplane and elevators. Again, in the absence of atmosphere in space, when
an oscillation develops there is no natural damping and other means of damping have
to be devised.

Vibrations may be reduced in a number of ways, the aim being to keep the natural
frequency well below or above the expected forcing frequency. The distribution of
mass in a system or structure may be altered to achieve this, or the stiffness increased
by design improvements or the use of different materials. If the cause is an out-of-
balance force, this may be eliminated by balancing the machine. Heavy spring
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mountings to isolate machinery from their foundations and damping devices such as
car shock absorbers are employed to reduce the amplitude of oscillations. The frequency
during resonance is a natural frequency of the system.

Example A simple pendulum was observed to perform forty oscillations in 100 s, of amplitude -

4°. Find (a) the length of the pendulum, (b) the maximum linear acceleration of the pendulum
bob, (c) the maximum velocity of the bob, (d) the maximum angular velocity of the pendulum,
(e) the velocity of the bob at 2° displacement from the midposition.

SOLUTION
C 100
(@) Periodic time, f, = —— =235s
40
!
therefore 25 =27 |—
9.8
ie. {=155m
2
®) Since 1, = 25w = = = 251 radls,
w 2.5

Maximum acceleration of the bob occurs at either extreme position when the displacement

is a maximum (Fig. 8.15), i.e. when § = 4°,
amax = wz’

where r = arc OA = 0Q x 20QA

1.55x4xL

180
= 0.1085 m
therefore
Gpae = 2.512 x 0.1085
= 0.685 m/s?

(¢) Maximum linear velocity of the bob occurs when the bob passes the midposition O, i.e.

vmﬂX = wr
2.51 x 0.1085
= 0.272 m/s

Periodic motion 149

(d) The angular velocity of the pendulum is the linear velocity of the bob divided by the
length of the pendulum. Therefore the maximum angular velocity occurs when the bob
has its maximum linear velocity.

vmax

l

0.272
1.55

0.175 rad/s

Maximum angular velocity

(e) At 2° displacement from midposition, § = 2°, and x = displacement along arc from
midposition. Then since 8 is small, x is the displacement of the s.h.m., and

X

/

2° X T rad
180

therefore x = 1.55 X — = 0.054 m
180

and v=wv(@? — )

2.51v/(0.10852 — 0.054?)

0.24 m/s

Example A simple pendulum is formed by a bob of mass 2 kg at the end of a cord 600 mm
long. How many complete oscillations will it make per second?

The same pendulum is suspended inside a train accelerating smoothly along the level at
3 m/s?. If the pendulum is not set oscillating, find the angle the cord makes with the vertical.

SOLUTION
1 8
Frequency n = — -
q y 27 ]
_ 1 9.8
27 0.6
= 0.64 Hz

When suspended in a smoothly accelerating train, the cord makes an angle 6 with the vertical,
Fig. 8.16. The forces acting on the bob are: the tension F in the cord, the weight W = 2 X
9.8 = 19.6 N, and the inertia force

ma=2X3=6N

- |

S

Fig. 8.16
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The inertia force acts in a direction opposite to that of the acceleration of the train. From the
triangle of forces:

tan § = ——
19.6

0.306

therefore 6 = 17°

The tension F is given by

F? = 19.6? + 67
= 419
hence F = 20.5N
Problems

1. A simple pendulum has a period of 4 s. Find its length.

If the amplitude is 300 mm, find the velocity and acceleration of the bob at 100 mm
displacement from the position of equilibrium. What is the maximum velocity and
acceleration of the bob?

(3.97 m; 0.445 m/s; 0.247 m/s?; 0.47 m/s; 0.742 m/s?)
2. Calculate the value of g if a simple pendulum of length 2600 mm makes 100 complete
oscillations in 325 s.
‘ (9.72 m/s?)
3. A massof 1.8 kg suspended from a spring of stiffness 45 N/m is set in oscillation. What
length of simple pendulum will have the same frequency of oscillation? What is the
frequency?
(392 mm; 0.795 Hz)
4. A 2.25 kg mass hangs from a string of length 900 mm. Calculate the stiffness of spring
required to give the same period as the pendulum when carrying the same mass. What
is the frequency of oscillation?

The simple pendulum is hung inside a vehicle accelerating smoothly at 2.4 m/s?,
Calculate the horizontal displacement of the bob if the bob is not set swinging.

(24.5 N/m; 0.525 Hz; 214 mm)

5. A small steel ball runs freely in a groove of radius R in a vertical plane. Show that for
small displacements from the equilibrium position the motion of the ball is approximately
simple harmonic, of period T = 27/ (R/g). Calculate the radius R to give a period of 1 s.

(248 mm)

8.11 Periodic motion of a conical pendulum

Figure 8.17 shows a body of mass m and weight W suspended by a light arm or cord
of length [. If the cord is displaced by a small angle @ from the vertical and is then
rotated about the vertical axis at a rate w rad/s, the mass will rotate in a horizontal
circular path. The forces acting on the mass when the radius of rotation is r, are:
its weight W, the tension F in the cord and the centrifugal force mer.

From the triangle of forces:

mwzr wzr

tan § = = since W = mg
w g
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Fig. 8.17 Conical pendulum

Since # is small,

tan @ = 6
2
thus g ="
g
210

= since r = 16

8
\/&
l
This is the minimum value of w at which a small displacement can occur and yet allow
the mass to remain in equilibrium. If w is less than this critical value the cord will
remain vertical, if greater than the critical value the bob will start to rise, the cord

then sweeping out a conical path.
For a simple pendulum,

{

Thus w for the simple pendulum corresponds exactly with the critical angular velocity
of the conical pendulum.

When w is large, the angle 6 is no longer small and the approximation for tan
no longer holds. From the triangle of forces therefore

0.)27'

8

therefore w

tan § =

But tan § = r
h
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Hence L -er
h g

8

or h==%

w2

The distance & of the plane of rotation of the mass from the point of suspension O
is known as the ‘height’ of the pendulum. It is independent of both mass m and length /.
The conical pendulum performs a periodic motion, and its period is

_ 2w
= —
w
but o’ = £
h
Hence 1, =27 \/i
8

The tension F in the arm OA is given by

Fcos =W

Therefore F X % =W
and F = Wi = mgi
h h

The conical pendulum forms the basis of the simple engine governor, a rise or fall
in the height of the rotating mass being employed through suitable linkage to operate
a fuel valve.

Example A 100 g bob on the end of a light arm forms a simple pendulum of period 1.2 s.
The arm is allowed to hang vertically and the bob is then rotated about this vertical axis. At
what speed would it start to rise?

When rotating as a conical pendulum at 20 rad/s, what would be the tension in the arm?

SOLUTION
For the simple pendulum
2
= _;1_r = 12—7; = 5.24 rad/s = 50 rev/min

P

This is also the speed at which the bob would start to rise in the equivalent conical pendulum.
From

tp=21r\/—l~
8

_ gt 9.8 x 1.22
472 472

20 rad/s,

=0357Tm

When w
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. g 9.8
height h = = = —— = 0.0245
& w? 202 "

Thus tension in cord, Fig. 8.17,

F = ud
cos 6
_ mgl
h
_ 100 x 1073 x 9.8 x 0.357
0.0245
=14 N
Problems

1.

A mass hangs from a cord 300 mm long. If the body is rotated about the vertical axis,
at what speed would it just start to rise?
When the mass rises 75 mm above the lowest position, what is the period of the conical
pendulum?
(54.6 rev/min; 0.95 s)
A conical pendulum rotates at 100 rev/min. The cord is 150 mm long and the mass of
the bob 1.35 kg. Find (a) the amount by which the bob rises above its lowest position,
(b) the period, (c) the tension in the cord.
(61 mm; 0.6 s; 22.2 N)
A simple governor is formed by a pair of balanced rotating spheres, each of mass 3 kg.
The link joining each mass to the rotating shaft is 300 mm from the shaft axis to the
centre of gravity of the mass. Find (a) the change in height when the speed rises from
60 to 70 rev/min; (b) the force in the link at 60 rev/min.
(66 mm; 35.6 N)
The arm of a simple conical pendulum is 450 mm long and the rotating mass is 0.9 kg.
Find the ‘height’ of the pendulum and the tension in the arm at 2 rev/s. What decrease
in speed is necessary to increase the height by 20 per cent? The mass of the arm may
be assumed negligible.
(62 mm; 64 N; 0.17 rev/s)
A conical pendulum consists of a 3 kg bob suspended on a string of length 1500 mm.
Find the radius of the circle described by the bob and the maximum speed if the permissible
tension in the string is 50 N. What is the acceleration in magnitude and direction at the
maximum speed?
(1213 mm; 31.8 rev/min; 13.5 m/s?, radially inwards)
A mass of 14 g is carried by a cord 500 mm long. When the mass rotates as a conical
pendulum the cord makes an angle of 70° with the vertical. Show that the mass is rotating
at the rate of 1.2 rev/s and that the tension in the cord is 0.4 N.



Chapter 9

Dynamics of rotation

9.1 Angular acceleration

If the line OA, Fig. 9.1, rotates about a fixed point O, so that its angular velocity
increases from wg in position OA to w in position OA’ in time ¢, then the average
angular acceleration a of the line is defined as

change in angular velocity
time taken

=@~ %

B t

The units of « are rad/s? if w is in radians per second and ¢ in seconds.

0
Fig. 9.1

If the angular velocity increases by equal amounts in equal times the acceleration
is uniform. For uniform acceleration «, we have, by rearranging the above equation:
w = wy + of

Now if u and v are the linear velocities of point A when the angular velocities of

line OA are w, and w, respectively, and a is the linear acceleration of point A, i.e.
its tangential acceleration, then

U = wor
v = wr

where OA = r,and v = u + at

Thus wr = wyr + at
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a
or w=w +—1
r
and we have shown that

w = wy + af

Thus 4 -q

9.2 Angular velocity—time graph

The relation between angular velocity and time for uniform or constant angular
acceleration is given by

w = wy + o

and this is represented graphically in the velocity—time graph, Fig. 9.2. For uniform
angular velocity the graph is a horizontal line CB, and OC = wo.

For uniformly accelerated motion the graph is a straight line CD; AD = w and
OA = t. Hence

w—wO_AD—0C=BD
t OA CB

a =

Thus the angular acceleration «a is given by the gradient BD/.CB: of the graph.
When the acceleration is uniform, the average angular velocity is simply the mean
of the initial and final velocities, or

O)+(JJO

average angular velocity = 5

angle turned through _ 6
time taken t

But average velocity =

w + Wy
2

0
Hence 7

w + wp) Xt

=}
=

-]
I
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But w = wy + o, so
0 = Fl(wo + ar) + wy] X ¢

thus 6 = wyt + tar?

This gives the angle turned through in time . Again since

0 = é—(w + wo)t

W —
and r = — 20

o

then 8 = %(w + wp) X

o~ W}
20
rearranging gives

W = wg + 208

(w — wp)

This is a useful equation in that it does not involve the time .
The equations for uniformly accelerated angular motion are summarized below and,
since they are very similar to those for linear motion, the equations for linear motion

are given for comparison.

v =u+ at
+

s —Htv,
2

s = ut+ ta?

v2 = ul + 25

9.3 Use of w—t graph

w = w + of

0 = w0+wt
2

0 = wpt + Lar?

ol = 0§ + 200

Many problems are conveniently solved by making use of the fact that the area under
the w—1 graph is equal to the angle turned through. Fig. 9.3(a) shows the graph CD
for uniformly accelerated motion:

area under w—t graph =

area OADC

area OABC + area CBD

OC x OA + 1 x CB x BD
w0t+%xtx(w—w0)

wot + $1 X at, since w — wy = at
wo! + %at2

0

angle turned through in time ¢

In the general case, when the motion is not uniformly accelerated, suppose CD,
Fig. 9.3(b) represents the w—¢ graph. Since
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—») leat
)

dé
— = w
dr
then df = w dr
and 60 = Sw dr

= area under w—¢ graph

Example The speed of a shaft increases from 300 to 360 rev/min while turning through eighteen
complete revolutions. Calculate (a) the angular acceleration; (b) the time taken for this change.

SOLUTION
2
= 300 x — = 31.42 rad/s
@ 60
27
w =360 x — = 37.67 rad/s
60
6 =18 X 27 = 113 rad
Using

W = o} + 2af

2 2

. w - wo
angular acceleration, o« = ————
20
_ 37.67° — 31.422
T2 x 113
= 1.91 rad/s?
b w=w + o
Thus ¢ = 2 — %
o
_ 37.67 — 31.42
h 1.91
= 3.27s
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Example A shaft is accelerated uniformly from 8 rev/s to 14 rev/s in 2 s. It continues
accelerating at this rate for a further 4 s and then continues to rotate at the maximum speed
attained. What is the time taken to complete the first 200 revolutions?

SOLUTION
The speed—time graph is shown in Fig. 9.4. ABC represents the uniform acceleration for 6 s;
CD represents the motion at constant (maximum) speed for time ¢ s. It is convenient in this
case to measure the vertical ordinate in revolutions per second, then the area under the graph
gives directly the number of revolutions turned through.

Since ABC is a straight line the maximum speed n rev/s at C is given by proportion from
similar triangles:

CF _ AF
BG AG
n—8 6
or ————— = —
14 — 8 2
thus n = 26 rev/s

The angle turned through during the first 6 s

= average speed X time taken
8 + 26

=—"—"x6
2

102 rev

Therefore revolutions to be turned through at uniform speed = 200 — 102 = 98. Thus time
to turn through 98 rev at maximum speed

_no. of revolutions
speed
_ 98
26
=377s
Total time taken to turn through 200 rev = 6 + 3.77 = 9.77 s

D

T

1

|
Qg :
>
: |
he) {
[]
@ |
o |
@ f

|

)

I

t
Time (seconds)

Fig. 9.4
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Problems
1.  The speed of an electric motor rises from 1430 to 1490 rev/min in 0.5 s. Find the average
angular acceleration and the number of revolutions turned through in this time.
(12.57 rad/s?; 12.2 rev)
2. A flywheel 1.2 m in diameter is uniformly accelerated from rest and revolves completely
sixty times in reaching a speed of 120 rev/min. Find (a) the time taken, (b) the angular
acceleration, (c) the linear acceleration of a point on the rim.
(60 s; 0.21 rad/s?; 0.13 m/s?)
3. After the power to drive a shaft is shut off, it is seen to describe 120 rev in the first
30 s, and finally comes to rest in a further 30 s. If the retardation is uniform, calculate
the initial angular velocity in revolutions per minute (rev/min) and the retardation in
rad/s?.
(320 rev/min; 0.56 rad/s?)
4. A swing bridge has to be turned through a right angle in 140 s. The first 60 s is a period
of uniform angular acceleration; the subsequent 40 s is a period of uniform angular velocity
and the third period of 40 s a uniform angular retardation. Find the maximum angular
velocity, the acceleration and the retardation.
(0.018 rad/s; 0.0003 rad/s?; 0.00044 rad/s?)

9.4 Dynamics of a rotating particle

In the same way as a change of linear motion requires a force, we shall find that a
change of angular motion requires a torque.

Let a concentrated body of mass m be attached to the end A of a light arm OA
of length r, pivoted at O, Fig. 9.5. OA will rotate freely without the application of
a force, provided there is no friction at the pivot. In order to start the rotation, or
accelerate the mass, a force F is required at A perpendicular to OA. If a torque is
applied to the arm then this force F is provided by the connection of the arm to the mass.
If o is the angular acceleration at the instant considered and a is the linear acceleration
of the mass tangent to the circle of motion, then the force required at A is

F = ma
= mar since a = ar

The moment of force F about O is the torque T required, i.e.

Fig. 9.5
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T=FXxr

mar X r

= mria

The term mr? is a most important quantity and is known as the second moment of

the mass about O, or its moment of inertia, denoted by 1. The units of [ are kg m?.
The radius r (for a concentrated mass) is called the radius of gyration of the mass
about O, denoted by k. Thus, for example, if m = 4 kg, r =2 manda = 3 rad/s?,
then

torque = mr-o

Note: The formula T = mr’a is directly applicable to a thin ring of mean radius r
rotating about its axis, since every particle of the ring may be considered as concentrated
at the same distance r from the axis of rotation.

Example A cast-iron pulley is 200 mm wide and 25 mm thick with a mean diameter of 2 m.
Considering the pulley as a thin ring, find the moment of inertia. What torque is required to
produce a pulley speed of 5 rev/s in 15 s? Density of cast iron = 7.2 Mg/m’.

SOLUTION
Volume of material = mean circumference X thickness X width
= (r X 2) x 0.025 x 0.2
= 0.0l7 m®

Mass, m = density X volume
7.2 x 1000 x 0.01=x

= 226 kg
I =mr
=226 x 12
= 226 kg m?
27 X 5
o = —
15
= 2.09 rad/s?
T =lx
= 226 x 2.09
=472 Nm
Problems

1. A mass of 250 g is mounted on the end of a light arm 240 mm long. The arm is accelerated
uniformly from rest to 3000 rev/min in 20 s. Find the torque required.

(0.23 N m)

2. A light arm 500 mm long, pivoted at its centre, carries a 10 kg mass at each end. If

a couple of 3 N m is applied to the arm calculate the angular acceleration produced.

(2.4 rad/s?)

3. A flywheel is made up of a thin ring 20 mm thick and 150 mm wide, with a mean diameter
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of 1.5 m. Calculate the time taken to come to rest from 10 rev/s due to a friction couple
of 8 N m. The density of steel is 7.8 Mg/m® and the effects of the spokes may be
neglected.

(488 s)

9.5 Dynamics of a rotating body

Consider a body of total mass m accelerated about a fixed axis O. Fig. 9.6. It is required
to find the torque to give the body an angular acceleration « about O. It is necessary
to find the torque required to accelerate each particle such as A of mass dm and add
these elementary torques to determine the total torque. The force required at A is

dF = dm a,, normal to OA

where a, is the linear acceleration of A, tangential to its circular path of motion.
The torque required for the acceleration of A is
dT =dF X r
= dm aa X r

where r is the radius of rotation of A about O. The total torque T is found by summation
of all the elementary torques d7 for the whole body. Therefore

T

| dT
= S dm apr
But a, differs for every particle, since it depends on radius r, hence we write
a, = ar

thus T

S dmar X r
and since angular acceleration « is the same for every line such as OA, it is therefore
a constant at the instant considered, so that
T=a« g dm r?
or T=Ix

where I = Sdm r?

Fig. 9.6
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1 is the second moment or moment of inertia of the whole mass of the body about
the axis of rotation O. 7 is the summation of the quantities (mass) times (radius)’ for
all the particles of the body and depends on the shape and size of the body. Its value
depends on the distribution of the mass as well as on the total mass.

It is useful to imagine all the mass of a body concentrated at a particular radius
k from the axis O such that the moment of inertia of the concentrated mass is the
same as that of the actual body. Thus the radius of gyration k is defined by

mk? =

and the units of / are kg m?.

9.6 Inertia couple
Comparing the formulae
F=ma and T = o

it is seen that moment of inertia / plays the same part in a change of angular motion
as mass m does in change of linear motion. By analogy with the idea of inertia force,
we may regard the torque T as being balanced by an inertia couple lo, whose sense
is opposite to that of the angular acceleration «. The problem is then in effect reduced
to a static one. Fig. 9.7(a) shows a rotor rotating anticlockwise with angular acceleration
a under the action of a driving torque T, assuming frictionless bearings.

The reality of the effect of an inertia couple will be appreciated by anyone who
has tried to accelerate a bicycle wheel rapidly by hand. Although the weight may be
carried wholly by the bearings, an effort is required to set the wheel spinning. An
inertia couple is, of course, reactive.

9.7 Accelerated shaft with bearing friction

Consider a shaft (Fig. 9.7(b)) carrying a rotor having a moment of inertia / about
the shaft axis. If the bearing friction is equivalent to a couple T; then, in order to
accelerate the shaft and rotor, the driving torque 7 must balance both the inertia couple
la and the friction couple T;. Thus:

T=1Ia+T;

9.8 Shaft being brought to rest

If the shaft is being brought to rest by a braking torque 7, the friction couple T; assists
the braking action so that 7 and T; together must balance the inertia couple lo; o
is now a retardation, its sense being opposite to that of the motion (Fig. 9.7(c)). Thus:

T+ Tf = la
If there is no braking torque, the friction couple alone brings the shaft to rest, then
Tf = Ju

Note, in both cases, that
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&
& ;°°/

(a) (b) (©
Fig. 9.7

. the friction couple T; opposes the motion .
. the inertia couple I opposes the change of motion.

9.9 Units
Consider the formula
T = I

2

In SI the units of these quantities are: TNm, kg m?, and o rad/s”. Thus
T(Nm) = I (kgm?) X o (rad/s’)

and since one newton equals one kilogram-metre per second squared (i.e. 1_ N =1kg

m/s?) and the radian is a number, it can be seen that the units on both sides of the

equation agree. The units of 7 and / may be given in other fqrms. For example, T
may be given as kN m and / as tonne m?. In all such cases it is advisable to reduce

all quantities to basic units.

9.10 Values of | for simple rotors

The derivation of formulae for the mass moment of inertia is left as an exercise in
mathematics. Formulae for the moment of inertia / for cylinders and discs about a
longitudinal axis are given here without proof.

1. Solid disc or cylinder o
For a uniform solid circular cylinder of diameter d, the moment of inertia about the

axis O—O0, Fig. 9.8(a), is

1= més-z-

where m is the mass of the cylinder. By comparison with the formula
[ = mk?

we see that the radius of gyration k for a solid cylinder is given by
k¥ = d__2 = (_ZL)i

8 8
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)

(b)

Fig. 9.8

where r = radius of cylinder; i.e.

r

V2

Thus the radius of gyration of a uniform solid circular cylinder is about 0.71 times
the radius of the cylinder.

k = or 0.707r

2. Hollow circular cylinder
A hollow circular cylinder is formed by removing from a solid cylinder a concentric
cylinder of smaller radius, Fig. 9.8(b). If suffixes 1 and 2 denote outer and inner
cylinders, respectively, then for a hollow cylinder, the I about longitudinal axis O—O
is given by subtraction, thus

I=1 -1
di _ , di

m m
''g )

where m, is the mass of the ‘solid’ outer cylinder and m; that of the inner cylinder.

If p is the mass of material per unit volume (density) and / the length of the cylinder,
then

msz_zrd_zlx[
! 4

2
M2=px%d2)(l

and if m is the mass of the actual hollow cylinder, then

m=m — my
2 _ g2
=px7r(dl dZ)xl
4
2 2 2 2
thus 1=p[Ld‘lx‘—1—'] —p[ﬂlxﬁ]
4 8 4 8

T 4 4[
04(1 2)8
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_ [mr(d% - d)) ,] @} + d)
4 8
ndi+ d)
8

This formula gives / in terms of the mass m of the actual hollow cylinder. The
corresponding radius of gyration k is given by
_di+d}

8

k2

Note particularly the positive sign in the formulae for I and k.

Example A steel cylinder of 500 mm outside diameter and 200 mm inside diameter is set in
rotation about its axis. If the cylinder is 900 mm long, of density 7800 kg/m’, calculate the
torque required to give it an angular acceleration of 0.5 rad/s.

SOLUTION
Mass of cylinder, m = volume X density

% 0.52 — 0.22) x 0.9 x 7800

=1155 kg
PR )
8
2 2
- 1155 x (0.52 + 0.2%)
= 41.8 kg m?
Torque required, T = la
= 41.8 x 0.5
=209Nm

Example A flywheel, together with its shaft, has a total mass of 300 kg, and its radius of
gyration is 900 mm. If the effect of bearing friction is equivalent to a couple of 70 N m, calculate
the braking torque required to bring the flywheel to rest from a speed of 12 rev/s in 8 s.

SOLUTION

12 rev/s = 12 X 2x = 75.4 rad/s

thus retardation o = —‘:— = T = 9.42 rad/s?

I of flywheel and shaft = mk? = 300 x 0.9? = 243 kg m?
Inertia couple = Io = 243 X 9.42 = 2290 N m
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The braking torque T together with the friction couple of 70 N m are in equilibrium with the
inertia couple, i.e. together they bring the shaft to rest.

T+ 70 = 2290
thus 7T=2220Nm=222kNm

Problems

1. A flywheel has a moment of inertia of 10 kg m?. Calculate the angular acceleration of
the wheel due to a torque of 8 N m if the bearing friction is equivalent to a couple of
3Nm.

(0.5 rad/s?)

2. A light shaft carries a disc 400 mm in diameter, 50 mm thick, of steel (density
7800 kg/m*). Calculate its moment of inertia about an axis through the centre of the
disc and perpendicular to the plane of the disc.

What torque would be required to accelerate the disc from 60 to 120 rev/min in 1 s,
neglecting friction?
If a friction torque of 1.5 N m acts, what braking torque would be required to bring
the disc to rest from 60 rev/min in 1 s?
(0.98 kg/m?; 6.16 N m; 4.66 N m)

3. The rotor of an electric motor of mass 200 kg has a radius of gyration of 150 mm.
Calculate the torque required to accelerate it from rest to 1500 rev/min in 6 s. Friction
resistance may be neglected.

(118 N m)

4. A light shaft carries a turbine rotor of mass 2 t and a radius of gyration of 600 mm.
The rotor requires a uniform torque of 1.2 kN m to accelerate it from rest to 6000 rev/min
in 10 min. Find (a) the friction couple, (b) the time taken to come to rest when steam
is shut off.

(446 N m; 16.9 min)

5. A drum rotor is a thin cylinder of 1.2 m diameter, 5 mm thick and 600 mm long. The
material is mild steel of density 7.8 Mg/m?. Calculate the moment of inertia of the rotor
about the polar axis.

Find the time taken for the rotor to reach a speed of 3600 rev/min from rest if the
driving torque is 55 N m and the friction torque is 5 N m.
(31.8 kg m?; 240 s)

6.  The flywheel of an engine consists essentially of a thin cast-iron ring of mean diameter
2 m. The cross-section of the ring is 50 mm by 50 mm. Calculate the moment of inertia
of the flywheel and find the change in speed of the flywheel if a constant torque of 110 N m
acts on it for 5 s. Density of cast iron = 7200 kg/m’.

(113.1 kg m?; 46.4 rev/min)

7. A winding drum of mass 200 t has a radius of gyration of 3 m. Find the constant torque
required to raise the speed from 40 to 80 rev/min in 60 s if the friction torque is 15 kN m.

If the wheel is rotating freely at 80 rev/min and a brake is applied bringing it to rest
in 120 rev, find the brake torque assuming uniform retardation.
(140.5 kN m; 68.8 kN m)

8. A shaft carrying a rotor rotates at 3 rev/s. When the driving torque is removed the speed
drops to 1.5 rev/s in 6 min due to the braking action of the bearing friction alone. If
the rotor’s mass is 810 kg and the radius of gyration is 500 mm, find the average value
of the friction couple at the bearings.

If the shaft is of 150 mm diameter and is supported in journal bearings, what is the
average value of the coefficient of friction at the bearing surface?
(5.3 N m; 0.009)
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9. The rotating table of a vertical boring machine has a mass of 690 kg and a radius of
gyration of 700 mm. Find the torque required to accelerate the table to 60 rev/min in
three complete revolutions from rest.

(354 N m)

9.11 The hoist

Hoist and pulley problems on connected bodies were dealt with in Chapter 5 but no
account was taken there of the rotational inertia of the drum or pulley. We shall now
study the effect of combining a hoist drum of moment of inertia / with a hanging
load of mass m and weight W = mg. The case considered is the load rising and being
accelerated under a driving torque. Whatever the case, two equations can be written:

. the equation for the balance of couples at the hoist drum
o the equation for the balance of forces at the load.

If the hoist drum radius is 7, a third equation connecting the angular acceleration «
of the drum and the linear acceleration a of the load can be written, i.e.

a=ar
The rules for solving problems on hoists are:

The friction couple at the drum always opposes the rotation.

The inertia couple on the drum always opposes the change in rotation.

The inertia force on a load always opposes the change in linear motion.
The direction of the rope tension is always downwards at the drum, upwards
on the load, but its effect may be to accelerate or retard.

5.  The direction of the weight W is always vertically downwards, but its effect
may be to accelerate or retard.

AUJN:—‘

For the situation where a load is being raised and is accelerating upward (Fig. 9.9),
note the following points:

. Acceleration a is upwards, hence the inertia force is downwards.
o Angular acceleration « is anticlockwise, hence the inertia couple is clockwise.
. Rotation of the drum is anticlockwise, hence the friction couple acts clockwise.

For rotation of the hoist drum the driving torque T must balance the friction couple
T;, the inertia couple Io, and the torque E X r due to the tension E in the rope at
the drum. Thus

T=T+1Ie+(EXTr)

For the load, the tension E in the rope at the load must balance both the dead weight
and the inertia force ma, thus

E=W+ ma

If the driving torque T is suddenly withdrawn and no braking torque is applied the
load continues to rise upwards but decelerating because of the friction torque at the
drum and the retarding torque due to the load, until the system is brought to rest or
the load hits the drum.
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Motion

ma

a

w
Accelerated hoist;

load raised
Fig. 9.9

Example A hoist drum has a moment of inertia of 85 kg m? and is used to raise a lift of mass
1 t with an upward acceleration of 1.5 m/s®. The drum diameter is 1 m. Determine (a) the
torque required at the drum; (b) the angular speed of the drum after 3 s from rest.

SOLUTION

(@)  The torque required at the hoist drum is made up of three parts:
1. Torque o, required to accelerate the drum.
2. Torque W x r, required to hold the dead weight of the lift.
3. Torque ma X r, required to accelerate the lift.

m = 1000 kg; W = mg = 1000 x 9.8 = 9800 N; / = 85 kg m?

a=2 =13 o34

Thus, total torque = Joa + W X r + ma x r
= (85 x 3) + (9800 x 0.5) + (1000 x 1.5 x 0.5)
= 5905 N m
(b)  After 3 seconds, the lift speed

v = at
1.5 x3
4.5 m/s

and this is the speed of the drum circumference. Therefore angular velocity of the drum
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Example A wagon of mass 12 t is lowered down an incline of 1 in 20 by means of a cable,
parallel to the incline, wrapped round a drum at the top of the slope. The hoist drum has a
mass of 450 kg, a radius of gyration of 750 mm and effective diameter 2 m. The mass of the
cable may be neglected, but the friction couple at the drum bearings is 1.6 kN m, and the
resistance to motion of the wagon is 1.4 kN. Find the braking torque on the hoist drum to bring
the wagon to rest from 25 km/h in 7 m. The rotational inertia of the wagon wheels may be
neglected.

SOLUTION

25 km/h = 6.94 m/s
retardation, a = — = ——— = 3.44 m/s?

Thus the angular retardation of the drum

a=2= 34;4—4 = 3.44 rad/s?
r

The pull E in the cable together with the tractive resistance of 1.4 kN balances the resolved
part of the weight down the incline (12 g/20 kN) together with the inertia force due to the
retardation of the wagon, ma, Fig. 9.10. Thus:
12 x 1000 x 9.8
20

45760 N

E + 1400 + 12 x 1000 x 3.44

and E

Fig. 9.10 20

The braking torque 7 applied to the drum with the friction couple of 1.6 kN m together balance
the torque £ X r due to the pull E in the cable and the inertia couple /o due to the retardation
of the drum, thus:

T+ 1600 =(E X r) + la
= (45760 x 1) + 450 x 0.752 x 3.44
= 46 630 Nm
therefore T =45.03kNm
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Problems
1. A load of mass 8 t is to be raised with a uniform acceleration of 1.1 m/s? by means
of a light cable passing over a hoist drum of 2 m diameter. The drum has a mass of
1 t and a radius of gyration of 750 mm. Find the torque required at the drum if friction
is neglected.
(87.8 kN m)
2. A mine cage of mass 4 t is to be raised with an acceleration of 1.5 m/s? using a hoist
drum of 1.5 m diameter. The drum’s mass is 750 kg and its radius of gyration is 600 mm.
The effect of bearing friction is equivalent to a couple of 3 kN m at the hoist drum.
What is the torque required on the drum? If the driving torque ceases when the load
is moving upwards at 6 m/s, find the deceleration of the load and how far it travels before
coming to rest.
(37.44 kN m; 9.64 m/s?; 1.87 m)
3. Ahoist drum has a mass of 360 kg and a radius of gyration of 600 mm. The drum diameter
is 750 mm. A mass of 1 t hangs from a light cable wrapped round the drum and is allowed
to fall freely. If the friction couple at the bearings is 2.7 kN m, calculate the runaway
speed of the load after falling for 2 s from rest.
(2.69 m/s)
4. The maximum allowable pull in a hoist cable is 200 kN. Calculate the maximum load
in tonnes which can be brought to rest with a retardation of 5 m/s?. The hoist drum has
a moment of inertia of 8400 kg m? and a diameter of 2.4 m. What is the corresponding
braking torque on the drum?
(13.52 tonne; 275 kN m)
5. Inanexperiment, a flywheel is mounted on a shaft 50 mm diameter supported in bearings.
Around the shaft is wrapped a light cord from which is hung a mass of 2 kg. When
allowed to fall and rotate the flywheel, the load falls 2 m from rest in 3 s. The friction
couple is 0.35 N m. Find the moment of inertia of the flywheel.
(0.00662 kg m?)
6. A load of mass 250 kg is lifted by means of a rope which is wound several times round
a 1 m diameter drum and which then supports a balance mass of 150 kg. As the load
rises the balance mass falls. Neglecting friction and the inertia of the drum, find the
torque required on the drum to give the load an upward acceleration of 1.4 m/s2, If the
drum has a mass of 80 kg and a radius of gyration of 600 mm, find the torque to accelerate
the drum only.
(771 N m; 81 N m)

Appendix to Chapter 9

Gravitation: satellites

The pull of gravity obeys Newton’s Law of Gravitation which states that a body of
mass m at a distance R from the centre of the earth is under a gravitational force F
given by

G.m.m,

F = e

where m, is the mass of the earth and G a universal gravitational constant. This law
of gravitation means that the force of gravity is proportional to the mass m of the
body and inversely proportional to the square of the distance of the body from the
earth’s centre. The force of gravity is experienced as the weight of the body. Thus
the weight of the body is inversely proportional to R?.
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If W, is the weight of a body at the earth’s surface and the radius of the earth in
R, then the weight W of the body at any other radius R from the centre of the earth
is found from the proportion

W _ R}

W, R?

Also, since the mass m = W/g is constant, g is proportional to W, or

g W R}

8o Wo R?

where go (= 9.8 m/s?) is the acceleration due to gravity at the surface of the earth
and g is the acceleration due to gravity at radius R.

As an example, consider the motion of an artificial satellite of mass m = 200 kg,
travelling in an orbit round the equator whereby it circles the earth at a height of
36 000 km about every 24 h. The satellite is in a circular orbit* determined by the
correct launching speed. The inclination of an orbit to the equator is the angle at which
the orbital plane cuts that of the equator, therefore this satellite is at 0° inclination.
The speed of the satellite, its distance above the earth’s surface and its period of
revolution are related, since the centripetal force required for motion in a circle is
equal to the gravitational pull, i.e. the weight of the satellite relative to earth. Since
the radius of the earth’s surface R is 6370 km, the radius of rotation of the satellite
is R = 6370 + 36 000 = 42 370 km. At this height the acceleration due to gravity

is given by
RO]Z [ 6370 x 10° ]2
= g, | =2 98 x | =22 -
& gO[R 42370 x 10°

0.222 m/s*
and centripetal force

m02

1.€. R = mg

i.e. v =+v(@gR)

V(0.222 x 42370 x 10%
= 3064 m/s or 11030 km/h

It

weight of satellite

The orbital period, i.e. the time for a complete circuit of the earth, is given by

[ = distance travelled in orbital path (km)
speed (km/h)

* A satellite orbiting the earth obeys Kepler’s Laws of Planetary Motion, one of which states
that the satellite will move in an elliptical orbit determined by the speed of the body. When
a satellite is launched into orbit, depending on its speed and direction, it takes up a circular
or elliptical orbit or travels out into space in a special trajectory. A circular orbit is a particular
limiting case of an ellipse. If a satellite is moving in a circular orbit and receives a forw?rd
rocket thrust increasing its speed, it moves into an elliptical orbit; if already in an elliptical
orbit it moves into a larger one. A typical early warning satellite has an elliptical 12-hour orbit
at a height of 500 km x 40 000 km.
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_ 22X 7 XR

v

2 X T X 42370
11030

= 24 h, approximately,
The weight of the satellite at this point, i.e. the pull of the earth, is given by
mg = 200 x 0.222 = 44 N

A man trayelling in a satellite would appear to be weightless; the gravitational pull
on the man is exactly balanced by the centrifugal force due to rotation. If weighed
by a spring balance on the satellite his ‘weight’” would be zero.

Geostationary  orbit

The satellite dealt with above orbits in the equatorial plane at altitude 36 bOO km with
a speed of 3 km/s and circles the earth every 24 h. The orbital period is the same
as that of the earth and its motion is therefore synchronous with that of the earth.
It is called a geosynchronous orbit and to be exact its period should be 23 h 59 min
6 s. If it is moving in the same direction as the earth's rotation it appears to remain
'fixed' in longitude at a point above the earth's surface. Such a satellite provides a
stable body, relative to earth, for communication signals. Its motion is a special case
of synchronism* and the satellite is said to be in geostationary orbit. For several reasons
it is not absolutely 'stationary’ nor is the orbit truly circular so that periodically it
has to be adjusted back on station. For these satellites the advantage of constant visibility
from ground stations offsets the disadvantage of high power requirements due to the
enormous transmission distances involved. Only three satellites in this orbit are
theoretically required to cover the entire surface of the globe. The geostationary orbit
is the most important and valued position for world-wide communication systems in
which many countries share control. One of a number of systems is INTELST AT
(International Telecommunications Satellite Consortium) which has units in position
over the oceans providing fixed international links with global coverage, except for
the polar regions. There are innumerable systems now operating to meet a myriad
of demands from civil, military, scientific and industrial bodies producing congestion
in certain areas of the orbit.

Achieving orbit

Suppose a satellite is given an impulse by its launch rocket to set it moving freely
in a direction tangential to the earth's surface, from a point above the earth's
atmosphere, say 200 km. If it has moderate speed, it will strike the surface of the
earth partway round the globe as its flight follows a descent curve under the effect
of the gravity force even though the surface of the earth is also falling away because
of its curvature, Fig. 9.11. If the initial impulse is sufficiently increased the satellite's
speed will eventually keep it to the same height or more above the surface  going

* A synchronous orbit has the same period and direction of rotation as the earth but may
be inclined to the equator and then it follows a figure-of-eight pattern of flight in latitude.
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_Fig. 9..11. (a) Satellite falls to earth; (b) Satellite goes into circular orbit; (c) Sateliite goes
into elliptical orbit; (d) Satellite escapes from the earth’s gravitational field.

into orbit and returning to the point of launching. To circle the earth at altitude 200 km,
the speed required is found, as shown above, from

v = \/(gR)
where R = 6370 + 200 = 6570 km
2
and g = 9.8(6—37—9> = 9.2 m/s?
6570
Hence v = V(9.2 x 6570 x 1000)
= 7.8 km/s

i.e. the earth’s circular orbit speed, just above the atmosphere, is 7.8 km/s. If the
calculation is repeated for the earth’s surface using the sea-level values for g and R
the orbital speed theoretically required is 8 km/s. If the satellite fails to reach 8 km/s
it strikes the earth; if it exceeds 8 km/s it goes into elliptical orbit but when it reaches
a critical speed of 11.2 km/s it can be shown that it will escape* from the earth’s
gravitational field and become a satellite of the sun. For a geostationary orbit, the
launch rocket is aimed eastwards to take advantage of the earth’s rotation, usually
from the equator, and the satellite is lifted to a height of 36 000 km before being fired
off at 3 km/s in a direction parallel to the earth’s surface. The earth’s rotation means
that when the rocket is aimed eastwards, the point of launching on the equator is itself
moving eastwards at the rate of 0.5 km/s and the theoretical required speed of launching
is thereby reduced.

Notes on other earth orbits

Polar orbits  Satellites in orbits crossing the poles serve to cover the high latitudes,
particularly those observing the earth since they are able to scan a fresh swathe of
the surface as the earth rotates: the orbital height is usually between 600 and 1600 km
but they may go lower. Near-polar orbits enable a satellite’s instruments to record
images of the same place under similar lighting conditions regarding shadows and
clouds (by season) at the same local time each day. A typical near-polar orbit is at

* The escape velocity of 11.2 km/s can be found by considering the work done against the
pull of gravity in lifting the satellite to infinity. A body falling to earth from infinity will strike
the ground with acceleration 9.8 m/s2 and velocity 11.2 km/s. The escape velocity from the
surface of the moon is 2.4 km/s.
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820 km (a low orbit) with an inclination of 98.7 o, circling the globe about sixteen
times each day. For this so-called sunsynchronous orbit the orbital plane observed
from the sun appears to hold the same orientation over the year. Since the earth's
polar axis has a tilt of 23.5° away from the vertical to the plane of its orbit round
the sun, and stays pointed in direction in space throughout the year, the orientation
of the polar axis with respect to the sun alters throughout the year and the poles in
turn incline towards, or away from, the sun.

Loworhits Because of lack of power, the early satellites, starting with Sputnik |
then Explorer 1, used low elliptical orbits rising from just over 200 km at their nearest
point to earth; these were followed by large numbers of low-earth orbiters (LEOS)
in the range 200-1600 km but at present there are no large-scale global systems.
A number of such systems are being developed, varying in satellite size and number,
signalling power, ground station coverage, etc. A main potential use is for data and
voice plus data services, particularly linking up between cellular telephones and the
satellites; a key factor will be the ability of a system to penetrate buildings. A satellite
in low orbit covers only a small part of the earth's surface as it circles, its' footprint' ,
and hence a large number are necessary, following one another in close proximity,
to give uninterrupted coverage. The advantages include short transmission distances,
no time delay in signals and savings in costs since the satellites would consist of
lightweight, compact units, capable of being mass produced and launched in clusters
by single-stage rockets. A typical system would consist of 48 satellites, 52° inclination,
deployed world-wide in 8 orbital planes with 6 satellites in each plane and requiring
8 launches. Another system would employ 66 satellites in polar orbit. The disadvan-
tages, apart from the hazards due to the ever-increasing space debris, include (a) the
short life of LEOs, (b) their high speed means short contact time with ground receivers
for each satellite (c) satellites usually depend on the sun's energy via solar cells to
top up storage batteries for power supplies and LEOs spend nearly half their lifetime
shadowed by the earth.

An example of a single LEO is the sophisticated ERS-I (European Remote-Sensing
Satellite) which circles the globe every 100 min in sunsynchronous orbit at 780 km.
With a mass of 12t and 12 m long, it carries radars, infra-red sensors and other
instruments, to send back images of land and sea, providing data on the polar ice-
caps, coastal erosion, oil spills, wind and wave patterns, as well as detecting changes
in climate, crop growth, carbon dioxide and ozone levels, etc.

Intermediate orbits An important system for positioning and navigation is the USA's
GPS (Global Positioning System), completed in mid 1993 with the launch of the final
satellite. It employs an intermediate orbit 0f20 000 km (10 900 n.m. (nautical miles))
with 55° inclination, to give entire global coverage by a 'fleet’ of24 Navstar 12-hour
satellites, mostly active but with a few passive spares. The active types transmit
recognition data, position with exact time and receive and process signals; the passive
types simply send out or reflect signals. There are 6 orbital planes, offset from each
other. Each satellite is 3-axis stabilized (see below) and carries atomic clocks and
momentum wheels. The system depends on the gravity field, the speed of the radio
waves and most critically on the accuracy of the clocks, to provide extremely accurate
data on height, latitude and longitude. One of the users of GPS is Ordnance Survey

Dynamics of rotation 17'i

which previously relied on mapping information derived from control points fixed
by astronomical observations and triangulation.

Effects of drag and gravity Air resistance (drag), tidal forces, solar radiation, and
the gravity pulls of the earth, moon, sun and stars, all affect the motion of an earth
orbiter. At low orbit, a satellite’s speed is soon reduced if it is uncontrolled, depending
on its mass, size and surface area. For low altitudes, an orbiting body must either
be designed assuming it will burn out in a few days or weeks, when it falls to a height
of about 120 km, or be equipped with reaction thrusters to maintain it in orbit. Its
lifetime in orbit when it becomes uncontrollable can be calculated fairly accurately.

In the rarefied conditions above the earth's atmosphere, the air molecules are very
far apart but air drag still exists. The pull of gravity reduces with altitude and although
the other forces still have effect, a satellite at high altitudes will orbit for hundreds
of years, its useful life, however, being limited by the power available and its
instrumentation. For example, a 100 kg unit in circular orbit at a height of 800 km
has an estimated orbital lifetime of over 450 years before destruction in the atmosphere.

For current geostationary satellites, the useful or design lifetime is five to seven years.

Moon satellite  The above calculations may be applied to a satellite orbiting the moon
except that the acceleration due to gravity at its surface (go) is about one-sixth that
of the earth, i.e. 1.62 m/s> and the radius of the moon's surface Ro is 1740 km.

Satellite guidance and control A satellite requires guidance and control in regard
to several aspects of its motion and tasks, including

(@) keeping on-station, changing orbit or making rendezvous

(b) maintaining correct attitude (orientation); for example, solar panels have no
energy intake when they move from sunlight into shadow so they have to be
kept sun-pointing as long as possible by optical sensors

(c)  controlled spinning or de-spinning about an axis or stabilizing a tumbling motion;
spinning about a single axis gives a structure stability and it may be required
to spin continuously, intermittently or not at all

Specifying and achieving the motion and attitude of satellites and their instruments
in reference to the earth, sun and stars is a complex task necessitating a variety of
engineering and scientific methods to carry it out. The mechanical engineering aspects
are concerned with the important inertial navigation systems which use a combination
of accelerometers,  spinning-mass momentum-wheels,  gyroscopes and reaction
thrusters, to provide the necessary control torques and forces in response to signals
received. The system relies on the inertia reactions against spinning masses* and is
independent of outside influences such as weather and electrical disturbances. Any
change in speed causes an acceleration, measured by an accelerometer which transmits
a signal to an on-board processor thereby activating an electromechanical control

* A spinning body tends to react to an applied torque by rotating slowly (precessing) in a
direction at right angles to the direction of the torque. A gyro may be isolated from the structure
carrying it by means of gimbals. A rate gyro can be used to indicate fore-and-aft roll by being
mounted on a single gimbal.
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device. Momentum-wheels of small mass relative to that of the satellite and driven
at moderate speed are used for the exchange of angular momentum and energy.
Momentum-bias wheels are of greater mass and rotate at high speed so that they have
high angular momentum; such wheels, when their axis of rotation is fixed in direction,
strongly resist any effort to change this direction, thus restraining the structure's axis
to the same direction. A satellite can be stabilized in 3-axes using a combination of
three wheels (with their axes at right angles) and reaction thrusters. Gyroscopes are
used in rate sensing units to sense any chan[?es in attitude and other types of sensors
(infra-red) measure the direction of the sun and stars relative to the satellite.
Momentum-wheels and gyros differ in the way they are mounted on platforms and
gimbals. Also, the wheels affect the motion of the satellite whereas gyros are relatively
small and the momentum and torques they generate have negligible effect.

Direct application of Newton’s Law of Gravitation

The velocity and period of earth-orbiting satellites may be found directly from the
basic law given at the beginning of this appendix. Newton’s law states the pull of
gravity F in terms of the mass of a body, m, the universal gravitational constant G,
the mass of the earth, m., and the distance R of the body from the centre of the
earth. Thus given that G = 6.67 x 10~!' Nm?/kg? and that the mass of the earth
m, = 6 X 10%* kg, and working throughout in metres, seconds and kilograms, we
have, for a body orbiting at linear speed v,

m’ G.m.m,

F= =
R R?

. J G.m,
ie. v= |——
R

_ \/6.67 x 10~ x 6 x 102
R

2 x107
= ———— m/s approx

VR

where R is in metres.
The period ¢ is given by

_ 27R
v

3
2w \/ R
G.m,

3.14 x 10~7 VR? s approx.

I

Since the force F is the weight of the body, mg, we may write for a body at the
surface of the earth where g = ggand R = R,

G.m.m,

m =
80 Ré
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, . R}
1.€. m. = g—OG—O

which gives the mass of the earth in terms of gy, Ry and g. The values of gy and G
can be determined experimentally and the value of Ry may be measured. Thus taking
8o = 9.8 m/s?, the values of Ry and G as above, we may obtain a value for the mass
of the earth, i.e.

9.8 x (6370 x 10%

= = 5.96 x 10 kg.
e 6.67 x 107! g

Example A navigation satellite of mass 180 kg is to have an orbital period of 100 min. Find
the height at which it orbits above the earth’s surface, and its speed and weight. The radius
of the earth’s surface is 6370 km. Assume a circular orbit.

SOLUTION

Let R metres be the radius at which the satellite orbits the earth.
Radius of earth’s surface, R, = 6370 x 10° m.

Acceleration due to gravity at the satellite is

-, R}’
g—go[R]

312
08 x [6370 x 10]
R

397.7 x 107
——T—m/s

]

Centripetal force = weight

i.e my? =m
.e. R g
therefore v = gR
12
_ 397.7R>2< 10 % R
397.7 x 1042
therefore R=——m——m

v?

where the speed v is in m/s.
Time of orbit ¢ = 100 mins = 6000 s

27R

v

2 X ™ x 397.7 x 102
3

and t =

therefore 6000

v
7470 m/s or 27 000 km/h

12
and R =277 X107 ' 7127 x 105m = 7127 km

7470

hence v
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therefore altitude » = R — Ry = 7127 — 6370 = 757 km

2
At the satellite g = 9.8 [ﬂ] = 7.83 m/s’
7127

Hence the weight of the satellite is

mg = 180 x 7.83 = 1410 N

Example A space module of mass 120 kg circles the moon at a height of 125 km. Find its
linear speed and linear momentum. For the moon’s surface, radius Ry = 1740 km and g, =
1.62 m/s?

SOLUTION
The radius R of the module’s orbit is 125 + 1740 km, i.e. 1865 km. If g m/s? is the radially
inwards acceleration at the module, then

(2

2
1.62 (‘—7i‘9)
1865

1.41 m/s?

and v = \/(gR)
= V(1.41 x 1865 x 10
= 1620 m/s

8

I

Linear momentum = my

120 x 1620 kg m/s
194 x 10° kg m/s
194 t m/s

Problems
(Radius of earth’s surface, 6370 km; moon’s surface, 1740 km. At earth’s surface, acceleration
due to gravity, 9.8 m/s?; moon’s surface, 1.62 m/s?; assume circular orbits.)

1. A space vehicle orbits the earth at an altitude of 300 km. Find the ratio of the vehicle’s
weight in orbit to that at the earth’s surface, and calculate its speed and orbital period.
(0.912; 27 800 km/h; 90.5 min)
2. The earliest satellite Sputnik I orbited the earth at a speed of 27 180 km/h. Find the
height at which it travelled above the earth’s surface and its time of orbit.
(606 km; 96.8 min)
3. A weather satellite of mass 9.7 kg is in orbit at a distance of 800 km above the earth’s
surface. Find the speed of the satellite, its period of revolution and the centripetal force
exerted by the earth on the satellite.
(26 810 km/h; 100.8 min; 75 N)
4. A communications satellite is released by a powerful spring from an Orbiter craft flying
at its operational ceiling of 1110 km above the earth’s surface. What is the orbital period
of the satellite? If the satellite is then boosted by rockets into a higher orbit where its
orbital period is 2 hours, find its new height of orbit.
(107.4 min; 1 683 km)

10.

11.

12.

13.

14.
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The moon has an orbital period of 27.3 days around earth. Show that it circles the earth
at a radius of about 383 000 km, with an orbital speed of approximately 1 km/s. What
is the acceleration of the moon towards the earth?
(0.0027 m/s?)
A Navstar global navigation satellite orbits at 10 500 nautical miles above the earth’s
surface. Find its period and speed in knots. 1 n.m. = 1.85 km and 1 knot = 1 n.m./h
= 0.514 m/s.
(11 h 28 min; 7640 knots)
Find the height, speed and orbital period of an earth-orbiter corresponding to an
acceleration due to gravity of 0.45 m/s?.
(29 730 km; 3.66 km/s; 14 h 11 min.)
A surveillance satellite has a mass of 12 t and is to have an orbital period of 110 min.
To maintain this period, an on-board motor adjusts the orbit every few days. Find the
height at which the satellite orbits, its speed, weight and linear momentum.
(1230 km; 26 043 km/h; 82.6 kN; 86.8 x 103 t m/s)
Show that the orbital period of an earth satellite is given by

27
R, Vg

where R, is the radius of the earth, g, the acceleration due to gravity at sea-level and
h the altitude of the satellite.

(RO + h)3/2

t =

What is the speed and period of revolution of a command module travelling in orbit
around the moon at an altitude of 100 km above its surface?
(5878 km/h; 118 min)
What is the time of circuit and altitude for a lunar module in orbit around the moon
if its speed is 6000 km/h? If the mass of the module is 200 kg, what is the gravity pull
exerted by the moon on the module?
(25.7 km; 111 min; 315 N)
A space module circles the moon just above its surface. Show that the period is about
109 min.
Assuming the earth to be spherical, find the acceleration due to gravity at its surface.
Mass of the earth = 5.98 x 10* t. Universal Gravitational Constant = 6.673 X
10~ N m¥/kg?.
(9.834 m/s?)
Repeat Q.13 for the moon, given that its mass is 1/81 that of the earth.
(1.63 m/s?)



Chapter 10

Work, energy and power

10.1 Work done by a force

Work is done when a force is applied to a body and the body moves in the direction
of the force. The amount of work done is measured by the product:

force x distance moved by point of application of force in direction of force

Thus, if a uniform force F moves a body a distance s measured in the direction of
the force, then

work done by F = F X s

When the force is applied gradually* so that its magnitude varies from zero to a
maximum value F, then the average force is %F and therefore

work done = 1Fs

If the force is in newtons and the distance in metres then the units of work are newton-
metres. A unit of work equal to one newton metre is defined in the SI system as the
Joule (J). The joule is defined precisely as: the work done when the point of application
of a force of one newton is displaced through a distance of one metre in the direction
of the force.

The joule is also the unit of energy and heat and since it is a rather small quantity,
it is more often convenient to use the following multiples:

1 kilojoule (kJ) = 10°J

1 megajoule (MJ) = 10°)

1 gigajoule (GJ) = 10°)
It may happen that the line of action of the force is at an angle to the direction of
motion of the body. For example, let a uniform force of 80 N act on a body at 30°

* This is the only case of force varying with distance that will concern us. The work done
by a force F over a distance s is given in general by

S;F.ds
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\\\ . 1

y 30° AN ® 180 sin 30°
\ 30° |
| [, -

-J—O—L_—— 80 cos 30°
———

Fig. 10.1

1>

to the horizontal as shown in Fig. 10.1, and let the body move a horizontal distance
OA = 4 m. The work done by the force is determined by the distance OC = 4 cos 30°,
moved by the force along its line of action. Thus:

work done = 80 x OC
80 X 4 cos 30°
=277]

Alternatively, the force may be resolved into components parallel and perpendicular
to the direction of motion of the body, in this case, the horizontal direction OA.

80 cos 30°
80 sin 30°

The force of 80 sin 30° perpendicular to OA does not move the body in this direction
and therefore does no work. The force 80 cos 30° moves the body through a distance
of 4 m, therefore,

Component of force parallel to OA
Component of force perpendicular to OA

80 cos 30° x 4
277 J, as before

work done

10.2 Work done in particular cases

Force of Gravity

The force required to lift a body of mass m through a height & is equal to the weight,
mg. Therefore the work done in overcoming the force of gravity is mgh. For example,
when an aircraft climbs at an angle 6 to the horizontal and travels a distance s along
the line of flight, then the centre of gravity of the plane is raised through a height
s sin 6, and the work done is mg X s sin 8. Alternatively, the resolved part of the
weight along the line of flight is mg sin 6 and the work done against this force in
a distance s is mg sin 6 X s, as before.

Resisting force
If a body travels a distance s against a steady resisting force R, then
work done against resistance = resistance X distance moved

= Rs

Accelerating body
Consider a body of mass m accelerated from rest with uniform acceleration a over
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a distance s, when there is no resistance to motion. The accelerating force F = ma,
and the work done by the accelerating force is

FXs=maXxXs

This is also the work done against the inertia force.

Body moving on an incline

Figure 10.2 shows the free-body diagram for the particular case of a body of mass
m being accelerated up a gradient by an effort E against a constant resistance R. The
work done by the effort is E X s, and this is made up of the work done against the
component of the weight acting down the slope, the resistance and the inertia force.
Thus

E X s
= (Wsinf + R + ma)s

work done

W sin ¢
Fig. 10.2

10.3 Work done by a torque

Consider an arm OA of length , rotating about an axis O, due to the action of a constant
force F applied tangentially at A, Fig. 10.3. The applied torque about O is Fr = T.
If the arm turns through an angle 6 then the force F moves a distance r9 along the

/7777777
Fig. 10.3
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‘lrc. Hence the work done by the force is F X r6 or T9, i.e. the work done by a
réorque is the product of the torque and the angle turned through. Thus

work done by constant torque T = T¢

i

‘If the torque is applied gradually so that it varies linearly* from zero to a maximum
'value 7, then the average torque is ZLT and hence

! work done by a gradually applied torque = %1‘0

‘Note that ‘work’ and ‘torque’, although different in character, have the same basic
units, N m. The unit for work, however, has the distinguishing name joule (J).

j 10.4 Springs

The force transmitted by a spring depends on its shape and design and there are many
types — helical, flat spiral, conical, barrel and carriage — as well as straight rods
used as springs. Helical springs made of wire of circular cross-section are the most
common, and they may be close- or open-coiled; tension springs may be either, whereas
compression springs are open-coiled. In mechanisms, controlling devices, etc., springs
are often used in series, parallel or ‘nested’ arrangements.

The extension of a close-coiled helical spring is directly proportional to the force
when the force is applied gradually, i.e. there is a linear relationship, giving a straight-
line graph, between load and displacement. This is not the case with all types of spring
or with a helical spring where the coils are considerably ‘open’.

The stiffness, spring constant or spring rate of a close-coiled helical spring is the
load per unit extension and is approximately constant within the working range of
the spring; thus if S is the stiffness, the load F required to produce an extension x
is given by

F = Sx

This gives a straight-line graph of F against x, Fig. 10.4.
Suppose a load is gradually applied to a spring so that it varies from zero to a
maximum value F and produces a maximum extension x. Then

work done = average load X extension
1

5‘F X x

= %Sx X x

— 1qy2

= 38x

* This is the only case of varying torque considered here. In general, if the torque varies
with the angle turned through, then for an angle of rotation, 8 the work done is given by

S” 7.d6
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Alternatively
work done = area under graph (Fig. 10.4)
= ;—Fx
= ;—sz

Example An 80 t locomotive hauls a train of coaches of mass 240 t up an incline of 1 in 80
a distance of 600 m. The rolling resistance is 55 N/1. If the acceleration is 0.1 m/s?, find the
total work done.

SOLUTION
Refer to Fig. 10.2. Total mass being accelerated, m = 80 + 240 = 320 t.
Resultant force exerted along the incline

= accelerating force + component of weight + resistance
=ma + Wsinf + R

= (320 x 10%) x 0.1 + (320 x 10° x 9.8) x $ + 55 x 320

= 88.8 x 10°N
The distance travelled is 600 m, therefore

work done = 88.8 x 10° x 600 J
= 53.3M]

Example Figure 10.5(a) shows diagrammatically a compound assembly of close-coiled springs.
Spring A has stiffness S, = 3 kN/m and B, S, = 7.2 kN/m. The spring housing is moved
downwards 25 mm by a gradually applied force F. Draw a graph showing how F varies with
the housing movement and find the work done at maximum compression.
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Fig. 10.5
SOLUTION

We need only find the force F at points of change since the force—displacement relationship
is linear. At x = 15 mm displacement only spring A is compressed, hence the load is

F = S;x = 3000 x 0.015
= 45N

When displacement x = 25 mm, both springs take the load: spring A is compressed 25 mm
and spring B, 10 mm. Therefore,

F = 3000 x 0.025 + 7200 x 0.01
= 147N

The F—x graph is shown in Fig. 10.5(b).
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The work done by the force of 147 N is given by the area of the graph which will be found
to be 1.3 J. Alternatively, the work done on a spring of stiffness § when compressed a distance
xis ;—sz, hence for the two springs,

work done = + X 3000 x 0.0252 + § x 7200 x 0.012
=13]J.

Problems

1. A hawser wound on to a drum is used to lift a load of 300 kg through a height of 12 m.
The hawser has a mass of 7 kg per metre. Find the work done in lifting the load.
(40.2 KJ)
2. A length of 40 mm diameter bar is turned at 4 rev/s in a lathe. If the cutting force is
900 N, find the work done per second during the cutting operation.
452.4))
3. The torque on a machine rises uniformly from 150 N m to 600 N m for the first third
of a revolution, falls uniformly to 150 N m during the next third and then remains constant
at 150 N m for the remaining third of a revolution. Find the work done and the average
torque over one revolution.
(1.89 kJ; 300 N m)
4. A compound spring assembly is compressed between two plates and the applied force
varies linearly from zero to 150 N over the first 20 mm of compression, then from 150 N
to 450 N over the next 15 mm. What is the work done in compressing the assembly?
6D
5. A spring of stiffness 25 kN/m is compressed by an initial load of 5 kN, gradually applied,
and then further loaded gradually to compress it an additional distance of 500 mm. What
is the total work done on the spring?
(6.125 kJ)
6. A 100 t wagon is lowered from rest down an incline of 1 in 10 with a uniform acceleration
of 0.15 m/s?, against a track resistance of 150 N/t. What is the work required to be done
by the restraining force when the wagon travels a distance of 50 m?
(3.4 M)
7. Aload of 2 t is pulled at a steady speed up a track inclined at 30° to the horizontal,
by a force of 15 kN inclined at 20° to, and above, the track. Find the work done by
the applied force on the load over a distance of 40 m and the work done against track
resistance.
(564 kJ; 172 kJ)
8. In a compound helical spring arrangement similar to that shown in Fig. 10.5, the inner
spring is arranged within and concentric with the outer one but is 10 mm shorter. A
load of 22 N applied to the compound spring compresses the outer spring by 20 mm.
If the stiffness of the outer spring is 800 N/m, find the stiffness of the inner spring.
What will be the total compression of the compound spring and the work done if the
load is increased to 32 N?
(600 N/m; 27 mm; 0.38 J)

10.5 Energy

Energy is defined as that property of a body which gives it the capacity to do work.
We say, for example, that petrol has the capacity to do work as a result of the chemical
energy stored in it, high-pressure air in a cylinder has pressure energy which enables
it to drive a piston, and high-temperature steam in a boiler has the capacity to drive
a turbine by virtue of its thermal energy. Energy may take a variety of forms —
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chemical, nuclear, electrical, solar, sound and so on, but we are concerned here .oply
with mechanical energy which comprises kinetic energy pqs§essed by a bocfy arising
from its speed, and potential energy as a result‘ of its pqs1t10n. The term poten.tlal
energy’ usually refers to a body’s energy due to its e'levatlon above some datum, i.€.
gravitational potential energy, but it may also describe other.forms of stored energy
due to position. A compressed spring, for example, l}as potential energy because when
released to take up its original length it has the capacity to do v\{ork. Howevc?r, becaqse
work is done initially in straining the spring, the energy stort?d is called ellastlc potential
energy, or simply strain energy. Similarly, compressed air has poter}tlal energy but
this is more often referred to as pressure energy. Energy and work are interchangeable

quantities.

10.6 Kinetic energy: work—energy equation

The average force to accelerate a body of mass m from rest to speed v over a distance

s is F = ma, where a is the average or uniform acceleration produced. Since a =
v2/2s then the work done by the force F in moving a distance s is

F Xs=maXxs

The expression %mv2 is the kinetic energy or energy of motion, of the body at speed

v. Thus:

kinetic energy = {—mv2

Kinetic energy is a scalar quantity since it is not necessary to take the direction of
the speed into account. Further, since F has been taken as the average force, we note:

1. The kinetic energy is independent of the variation of the force during the

acceleration to speed v. o .
2. The work done on the body from rest is equal to the kinetic energy possesse

by the body.

In general, if an effort E is applied to a body as shown in Fig. 10.6 t'o ovgrcome
a steady resistance R, and accelerate the body from speed u to speed v in a distance
s, then if a is the average acceleration,

resultant force X distance moved
(E—-—R) Xs

F xs

=ma X §

2 — u?

2s

work done

XS

=m X

| 2 _ 1 2
= ymv zmu

= final kinetic energy — initial Kinetic energy
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Fig. 10.6

This relationship between work done by the resultant force and the change in kinetic
energy produced is known as the work—energy equation.

10.7 Potential energy

The work' df)ne in lifting a load of mass m and weight W = mg through a height &
is Wh Thl.S is known as the potential energy of the load referred to its original position
and 1ts'umts are those of energy, i.e. the basic unit is the joule (J). The multiples
of the joule are given on page 180. Thus:

potential energy = Wh = mgh

Potfantia.l energy is a relative quantity since the original datum position may be chosen
arbitrarily. Usually, therefore, it is the changes of potential energy with which we
are concerned.

Evidently the work done against gravity in increasing the potential energy of a body
may b? recovered by allowing the body to fall back to its original position. Thus the
potentllal energy is converted into kinetic energy by virtue of the work done on the
bo.dy in falling under gravity. Figure 10.7 shows a body falling through a vertical
height 4 to strike the ground. The potential energy of the body measured above the
ground is mgh and this is converted to kinetic energy 2lmv2, when it strikes the
ground, i.e.

;—mv2 = mgh

i.e. striking velocity v = v/ (2gh)

Notes: l Provided there is no friction the speed v of the body is given by the same
expression for each of the cases illustrated where the mass falls down an incline or
shaped tube. However, the direction of the final velocity is changed:
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2. The work—energy equation must take account of any change in potential energy,
i.e. work done due to gravity.

10.8 Units of energy

In the SI system the basic unit of energy is the joule (J) and this is the same unit as
for work. Thus the units of work, kinetic energy and potential energy are the same
and, as has been seen, the quantities are interchangeable. The joule has been defined
on page 180. It is instructive to derive the unit of energy from the expressions 1i-mu2
and mgh for kinetic and potential energy respectively. Since m is in kilograms and
v in metres per second, we see that for kinetic energy, %mvz, the units are:

kg X (m/s)® = (kg m/s?) X m
= Nm
=]

and for potential energy, mgh, the units are

kgx(m/sz)xm=Nm
=]

A special unit of energy, used mainly in the electrical industry, is the wart-hour (W h),
or one of its multiples (see page 200 for definition of the ‘watt’, the unit of power),

Example A drop hammer is allowed to fall from rest through a height of 6 m on to a forging.
Find the downward velocity of the hammer when it strikes the forging.

If the mass of the hammer is 500 kg what is the work done by the forging and baseplate in
bringing the hammer to rest in a distance of 50 mm?

SOLUTION
Equating the kinetic energy gained to the initial potential energy for the hammer,

%mv2 =mg X 6
Hence striking velocity

v=+v@2 x 6 x 9.8
= 10.86 m/s

The work done on the hammer in bringing it to rest is made up of two parts:

I. The work done in ‘destroying’ the kinetic energy of the hammer.,
2. The work done against the weight W in resisting the downward motion of the hammer

in the final 50 mm.

Therefore total work done = loss of potential energy

(mg X 6) + (mg x 0.05)

= (500 X 9.8 X 6) + (500 x 9.8 x 0.05)
=29650J = 29.7 k)

This work represents energy lost in permanent deformation of the forging and reappears as
heat. Some of the energy loss may also be accounted for in noise and vibration.
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Ex:l}zzlehA car of mzss 1125 kg descends a hill of Lin 5 (sine). Calculate, using an energy
me » Ihe average braking force required to bring the car to rest ]
The frictional resistance to motion is 250 N. rom 72 kmih in 50 m

SOLUTION

The total energy of the car when its speed is 72 km/h is the sum of its kinetic and potential

energies. This total energy is destroyed by the braking for icti i i
through a distamen o o) g force and frictional resistance acting

Vertical height corresponding to 50 m on the slope is 0 =10m
5

N
36 m's

Potfential energy of car = mgh = 1125 x 9.8 x 10 = 110 250 J
Kinetic energy of car = 2Lmu2

1125 x 20?
2

= 225000

Total energy = 110 250 + 225 000 = 335 2507
Work done by braking force = F x 50 J
Work done by frictional resistance = 250 x 501

Equating total work done to total energy destroyed:

F x 50 + 250 x 50 = 335 250
Hence F = 6455 N = 6.46 kN

Problems

1. A !\amrfler of mass 30 kg is held in a horizontal position and then released so that it
swings in 2 vertical circle of radius 1 m. What is the kinetic energy and the speed of
the hammer at its lowest point?

If at the lowest point it strikes and breaks a metal specimen and moves on through
an angle of 50° beyond the vertical before instantaneously coming to rest, how much
energy has been absorbed by the specimen?

. . (294 J; 4.42 m/s; 189.5 J)

2. Acar (‘iesc_ends a hill of 1 in 6 (sine). Its mass is 1000 kg and the frictional resistance
to‘motlon is 200 N. Calculate, using an energy method, the average braking effort to
bring the car to rest from 48 km/h in 30 m.

3 . . . . - (4'4 kN)

. Atrain is moving down an incline of 1 in 120 at a speed of 40 km/h. The wheels are
locked by application of the brakes on all vehicles. If the coefficient of sliding friction
between wheels and track is 0.13, how far will the train move before coming to rest?

. . . 52 m)

. A l(.)comoflve of mass 80 t hauls a train of twelve coaches up an incline of 1 in 80. The
rolling resistance to motion is 55 N/t. Each coach is of mass 20 t. If the speed is increased
from 24 to 48 km/h in 600 m, find: (a) the change in kinetic energy of the train; (b) the
work done by the engine during this period.

(21.3 MI; 55.4 MJ)
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5. A 10 t hammer is driven downwards under the influence of its own weight and by an
additional steam force of 140 kN. The hammer falls through a distance of 1.8 m before

striking a forging. What is the velocity of striking?
(9.26 m/s)

6. A piston of a reciprocating engine moves with approximately simple harmonic motion.
The crank speed is 1440 rev/min and the crank arm is 150 mm long. If the mass of the
piston is S kg, find its maximum kinetic energy and the average force required to bring
it to rest at inner and outer dead centres.

(See Chapter 8.)
(1.28 kJ; 8.53 kN)

7. A space module of mass 185 kg is near to the surface of the moon (g = 1.62 m/s?) when
its twin retro-rockets fire to enable it to make a steady vertical descent. What thrust is
needed from each rocket? If the module’s rockets have to accelerate it vertically upwards
from rest on the surface at 3 m/s?, what thrust is then needed from each rocket?

Calculate the kinetic and potential energy of the module after 10 s from rest.
(150 N; 428 N; 83.3 kJ; 45 kJ)

10.9 Strain energy

The work done in compressing or stretching a spring is stored as strain energy in
the spring provided that there is no permanent deformation (overstretching). This strain
energy is a form of ‘potential energy’.

Suppose a load gradually applied to a spring so that it varies from zero to a maximum
value F and produces a maximum extension x. Then the strain energy stored is

U = work done
= average load X extension
= %—F X x
= 38x? since F = Sx

Alternatively, the strain energy is given by the area of the F—x graph (see Section
10.4). The units of strain energy are the same as those of work, i.e. joules.

Example A wagon of mass 12 t travelling at 16 km/h strikes a pair of parallel spring-loaded
stops. If the stiffness of each spring is 600 kN/m, calculate the maximum compression in bringing
the wagon to rest.

SOLUTION
Kinetic energy of wagon = 1muv?
16 \?
=1 X 12 x 1000 X (—)
3.6
= 1185001

This kinetic energy may be assumed to be absorbed equally by the two springs. Strain energy
stored per spring is
1 x 118500 = 59250 J

At maximum compression, the wagon is instantaneously at rest, the final kinetic energy is zero
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and the initial kinetic energy has been converted entirely into strain energy of the springs. Thus
if x is the maximum compression of the springs,

1 +8x2 = 59 250
or 7 X 600 x 1000 x? = 59 250
therefore x = 0.446 m = 446 mm

Example A spring of stiffaess 18 kN/m is installed between plates so that it has an initial
compression of 23 mm. A body of mass 4.5 kg is dropped 150 mm from rest on to the compressed
spring. Find the initial work done on the spring and the Jurther compression, neglecting loss
of energy at impact.

SOLUTION
Let x m = further compression of the spring (Fig. 10.8)

initial spring force = stiffness X initial compression
18 x 10° x 0.023

414 N

(414 + 18 000x)N

maximum spring force

The load'—comprcssion graph is shown in Fig. 10.9. The line OA represents the initial
compression of the spring and the area under the line gives the work done, i.e.

initial work done = area OAC
T % 414 x 0.023
4.76 J
or  initial work done = strain energy stored in the spring
= 382 = 1 x 18000 x 0.023? = 4.76 ]

I

The loss of potential energy of the weight in falling is equal to the additional work done on
the spring which is given by the area under the line AB. Thus:

loss of potential energy = 4.5 x 9.8(0.15 + x)J

work done on spring = area CABD
414 X x + 3 x 18000x X x
= (414x + 9000x2) J

45 kg Load (N)
Y O B
Y ‘F
0.15 m !
i' 18 000x
xm P
_JV P |
47 AL _ _ y
(7 // | A
s
z; ) 414
of” le D ¥
[ 0023m | x Compression (m)
Fig. 10.8 Fig. 10.9
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equating 4.5 X 9.8(0.15 + x) = 414x + 9000x?
hence x2 + 0.041ix — 0.000736 = 0
hence x = 0.0136 m = 13.6 mm (neglecting negative answer)

Problems
1. A machine is mounted on a light rigid beam AB supported by two springs as shown
in Fig. 10.10. The spring at A has stiffness 20 kN/m, and that at B, 60 kN/m. As a
result of the machine’s action and location, a vertical force F = 4.8 kN is applied at
C. If the beam is initially horizontal, what is the deflection at C when force F is applied

and what is the energy stored in each spring?
(65 mm; 81J;75))

Pt
-

A

F -3

1000 mm | 600
Tmm<]

-]

-]

-

T

AAAAAA
YYVYVV
VVVVVY

t

Fig. 10.10

2. Fig. 10.11 shows an assembly where two compressed springs control the movement of
the shaft and the collar C. The spring rates are A, 700 N/m, and B, 260 N/m. The initial
free length of A before assembly is 200 mm, and of B, 175 mm. Find the force needed
on the shaft to hold the collar 12 mm from the shoulder and the energy stored in spring
A in this position.

(40N; 1.35))

N

\\\\\\\\\\\Z

10000IND 2 2 2

ATTTTING 7 7 7

A T 707725 =

150 mm 150 mm

Fig. 10.11

3. A spring requires a force of 100 N, gradually applied, to compress it 20 mm. Find the
amount of compression when a 1.6 kg mass falls freely from rest on to the top of the
spring through a height of 80 mm. The spring is initially unloaded.

(25.8 mm)

4. A body of mass 0.9 kg falls 300 mm on to the top of a spring. The spring has an initial
compression of 30 mm and is given a further compression of 36 mm by the falling mass.

Find the stiffness of the spring.
(1.715 kN/m)
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5. A5 kg mass falls from a height of 600 mm on to a plate on top of a compound spring.
The spring arrangement consists of two concentric springs of which the outer spring
has stiffness 2.2 kN/m and the inner one 1.8 kN/m. The outer spring is 40 mm longer
than the inner one so that the falling mass does not affect the inner spring until the outer
one has been compressed 40 mm. Find the total compression of the compound spring.

(152 mm)

6. A spring gun consists of a cylinder holding a spring of free length 300 mm and stiffness
200 N/m. When the gun is set, the spring is compressed to a length of 120 mm and
a shot of mass 50 g is placed in the cylinder against the spring. Neglecting friction, find
the speed of the shot when released.

(11.4 mis)

7. Avcylinder is inclined at 15° to the horizontal and the bottom end is rigidly capped. The
cylinder houses a spring of stiffness 5 kN/m fastened to the closed end. A mass of 36 kg
is released from a point in the cylinder and travels downwards a distance of 1.7 m before
striking the top of the spring. Neglecting friction, what is the striking velocity of the
mass and the maximum compression of the spring, assuming its free length permits it?
What is the amount of energy absorbed by the spring at maximum compression?

(2.94 m/s; 268 mm; 179.7 J)

8. A train of twenty loaded wagons, each of total mass 12 t, is brought to rest by a pair
of parallel buffer springs. The stiffness of each spring is 30 kN/m and the initial resisting
force in each spring before impact is 4.5 kN. If the train speed is 2 km/h when it strikes
the buffers, calculate the maximum compression of the springs. Hint: the area under
the load-compression graph is equal to the work done in compressing the spring.

(975 mm)

10.10 Conservation of energy

The principle of conservation of energy states that energy can be redistributed or
changed in form but cannot be created or destroyed. The following examples will
show how this occurs.

Falling body A falling body loses potential energy but gains a corresponding amount
of kinetic energy.

Mass-spring A mass vibrating at the end of a spring loses kinetic energy in stretching
the spring but the spring then possesses potential or strain energy. When the motion
is reversed and the spring is acting on the mass, its strain energy is transferred to
the mass as kinetic energy of motion.

‘Lost' energy when friction is involved A body moving along a rough surface loses
kinetic energy corresponding to the work done against the friction forces. This work
is generally 'lost' for mechanical purposes but reappears as heat energy in the body
and surface. Thus the total energy of the system, body and surface, is conserved.
The work done in overstretching a spring so that it is permanently deformed is again
lost for mechanical purposes and converted into heat.

Collision of bodies When two perfectly elastic bodies collide, the work done in elastic
deformation is recovered as they rebound. For example, when two steel balls bounce
together, there is compression of the steel on impact but as they move apart the steel
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recovers its shape and in doing so restores kinetic energy. When perfectly elastic bodies
collide the total kinetic energy before and after the collision is the same. In a collision
of inelastic bodies, as for example, when two balls of putty collide, all the kinetic
energy may disappear to reappear as heat energy corresponding to the amount of work
done in producing permanent deformation.

It should be noted that (a) that the principle of conservation of energy is based upon
observation and experiment and not upon mathematical proof; (b) the principle should
not be used to solve problems where the precise measurement of energy quantities
is not possible, e.g. where friction or heat energy is involved as mentioned above.

10.11 Kinetic energy of rotation

Consider the work done in accelerating a shaft of moment of inertia I from rest to
a speed w while turning through an angle 0 rad. The average angular acceleration
« is given by

W = Wy + 208

(4)2 .
— since wg = 0;
26

and o

Hence the average torque required is

2
T=lo=1x2Z
26
The work done by the torque T in rotating the shaft through 6 rad is
2
T =12 x 6 =1Lt
20

The term %Iw2 is known as the kinetic energy of rotation.
Similarly it may also be proved that the work done in accelerating a shaft from
velocity wy to velocity w is equal to the change in kinetic energy of rotation, i.e.

T = Ll — Llwj

When a friction couple is present, opposing motion, the total work required is
work done against friction + change in kinetic energy of rotation

As an aid to memorizing these formulae, note the similarity between the expressions
for kinetic energy of translation (linear motion) and kinetic energy of rotation:

kinetic energy of translation -%—mvz

kinetic energy of rotation = 3Iw?

So far we have considered only the kinetic energy of a shaft rotating about a fixed
axis. When the axis of rotation is in motion the shaft possesses additional energy which
we shall now consider.
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10.12 Total kinetic energy of a rolling wheel
If a wheel rolls then the total kinetic energy is made up of two parts:

1. the kinetic energy of translation of the centre of mass
2. the kinetic energy of rotation about the centre of mass

This statement requires justification but the proof is lengthy and is omitted here. A
proof may be found in advanced textbooks. Note that it is the motion of, and rotation
about, the centre of mass which must be considered; however, in many practical cases
the centre of mass coincides with the axis of rotation, as in a rolling wheel.

If v is the linear velocity of the wheel and 7 is the moment of inertia about its axis
of rotation, then

total kinetic energy = %—mv2 + %Iw2
= 7mv2 + 5mk2w2

where m is the mass and k the radius of gyration of the wheel, and, since for rolling
motion without slip, w = v/r, where r is the wheel radius, then

2
kinetic energy of wheel = Jmv? + Lmk? v_2
.

A particular problem, not dealt with at this stage, is the small effect of the rotational
energy of a vehicle on the tractive effort or braking force required.

Example A shaft of moment of inertia 34 kg m? is initially running at 600 rev/min. It is
brought to rest in eighteen complete revolutions by a braking torque; reversed, and accelerated
in the opposite direction by a driving torque of 675 N m. The friction couple is 160 N m
throughout. Find the braking torque required and the revolutions turned through in attaining
Jull speed again.

SOLUTION
. 27
600 rev/min = 5 X 600 = 62.83 rad/s
%Iw2

= 5 X 34 x 62.83
67 000 J

initial kinetic energy

Work done by friction torque T; in turning through angle @ rad is

T; x 6 =160 x 2w x 18)
= 181007J

Let T be the braking torque in newton metres, then:

Tx 8
T X 2n x 18)
=113T]

work done by braking torque

Work done by brake + work done by friction couple = kinetic energy of rotation destroyed, i.e.
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1137 + 18 100 = 67 000
thus T=433Nm

If ¢ rad is the angle turned through by the shaft in accelerating from rest to full speed, then

work done against friction 160¢ joule
and work done by accelerating torque = 675¢ joule

Therefore work done by applied accelerating torque

work done against friction + increase of kinetic energy

675¢ = 1609 + 67 000
therefore ¢ = 130 rad
= 20 rev

Example In an experiment to determine the moment of inertia of a flywheel and its shaft, the
wheel is allowed to roll on its shaft freely from rest down an incline formed by two parallel
steel tracks (Fig. 10.12). The shaft rolls without slip. To allow for the work done against friction,
two tests are carried out, the slope of the incline being increased for the second test. The results
of such an experiment were as follows: in the first test the flywheel fell through a height of
50 mm in rolling 1.5 m down the incline in 50 s; in the second test the flywheel fell 100 mm
while rolling 1.5 m in 30 s. If the flywheel’s mass is 20 kg and the shaft diameter is 50 mm,
calculate the moment of inertia of the flywheel and shaft.

SOLUTION
shaft radius r = 0.025 m
. 1.5

average speed in first test = S0 = 0.03 m/s

thus maximum speed v; = 2 X 0.03 = 0.06 m/s
v 0.06

i lar velocity w, = = = = 2.4 rad/s

and maximum angular velocity o, . 0.025

For the second test, maximum speed v, = 0.1 m/s and maximum angular velocity w, =
4 rad/s. For each test:

loss of potential energy of wheel in rolling down incline = gain of kinetic energy
+ work done against friction, R

Let I be the moment of inertia of the flywheel. Then

kinetic energy of flywheel = kinetic energy of rotation + kinetic energy of translation
= Ll + § x 200

Fig. 10.12
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For the first test:

loss of potential energy = mgh = 20 x 9.8 x 0.05
thus 20 x 9.8 x 0.05 %l x 2.4% + (;— x 20 x 0.06>) + R
i.e. 9.764 = 2.88] + R [1}

For the second test:

loss of potential energy = 20 x 9.8 x 0.1 = 19.6J
therefore 196 = +1 x 4 + 4 x 20 x 0.1) + R
ie. 195 =8/ + R [2]

To eliminate R, subtract eqn [1] from eqn [2]: then

9.74 = 5.121
therefore 7 = 1.9 kg m?

Example In an experiment to determine the radius of gyration of a flywheel, the shaft is mounted
in horizontal bearings and a light cord wrapped around the shaft, with the free end of the cord
carrying a mass of 2 kg (Fig. 10.13). When allowed to fall freely from rest, the load falls 900 mm
in 20 s before striking the floor. The flywheel eventually comes to rest owing to bearing friction.
The toral number of shaft revolutions from start to finish is 30. If the shaft diameter is 25 mm
and the flywheel’s mass is 11 kg, calculate (a) the radius of gyration of the flywheel, (b) the
Jriction torque at the bearings, assumed constant.

SOLUTION

The motion of the flywheel is in two stages: (a) acceleration to a maximum angular velocity
w when the load reaches its maximum velocity v on striking the floor; (b) deceleration to rest
after the load strikes the floor due to the friction torque T at the bearings. Consider the first
stage, Fig. 10.13:

energy in position (1) = energy in position (2) + work done against
friction between positions (1) and (2)
i.e. potential energy of load at (1) = kinetic energy of load at (2) + kinetic energy of
flywheel at (2) + T; X angle turned through by

shaft
] ]
ﬂw
il
Position (1)
i [:] Posi nonr _J
900 mm
Datum for p.e. ¥ Position (2)[—-_L—Jl ’

Fig. 10.13
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ie. @ x 9.8) X 0.9 = (& x 2) + 3l + T;6, (1]
where / = moment of inertia of flywheel and shaft; and 6, = angle turned through by shaft
between positions (1) and (2). Thus

_ length of cord unwrapped

shaft radius
0.9

0.0125
= 72 rad

Now average velocity of falling load is

09 = 0.045 m/s
20
therefore (maximum) v = 2 x 0.045 = 0.09 m/s
and w = 0.09/0.0125 = 7.2 rad/s

Equation [1] becomes

17.64 = (3 x 2 x 0.09) + 3/ x 722 + T, X 72
= 0.0081 + 25.91/ + T2T; 2]

Consider now the second stage. The kinetic energy of the flywheel, 'flwz, is destroyed by
friction, thus

1,6, = 17
where 6, = angle turned through by the shaft in coming to rest after the load strikes the floor,
Total angle turned through by shaft = 30 rev = 188.5 rad, so that

6, = 188.5 — 72 = 116.5 rad
ie. T x 1165 =41 x 7.2
therefore T; = 0223/Nm

Hence eqn [2] becomes (neglecting the term 0.0081):
17.64 = 25.91 + 72 x 0.2231

ie. I = 0.42 kg m?
mk? = 0.42
11 k2 = 0.42
i.e. k = 0.196 m
The radius of gyration of the flywheel and shaft = 196 mm
T; = 0.2231
= 0.223 x 0.42
=0.094Nm
Problems

1. A rotating shaft carries a load having a moment of inertia about the shaft axis of
48 kg m?. Calculate, using an energy method, the torque required to accelerate the shaft
from rest to a speed of 10 rev/s in 12 rev. The bearing friction is equivalent to a couple

of 300 N m.
(1.56 kN m)
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2. A shaft rotating at 12 rev/s has a moment of inertia of 34 kg m?. It is brought to rest
by a brake block acting on the rim of a 1 m diameter drum. Calculate the normal force
on the brake block to bring the shaft to rest in 12 revolutions of the shaft if the coefficient
of friction between block and drum is 0.45.

(5.7 kN)

3. A shaft having a moment of inertia of 16 kg m? is accelerated from 1440 rev/min to
1500 rev/min during two revolutions of the shaft. If the friction couple is 80 N m, calculate
(a) the change in kinetic energy of rotation of the shaft, (b) the average torque required
to accelerate the shaft.

(15.5 kJ; 1.31 kN m)

4. A flywheel having a mass of 25 kg is mounted on a 75 mm diameter shaft in horizontal
bearings. Around the shaft is wrapped a light cord to which is attached a hanging load
of mass 2 kg. If allowed to fall from rest and accelerate the flywheel, the load is seen
to fall 1.2 m in 24 s. Calculate by an energy method the radius of gyration of the flywheel.
The effect of bearing friction may be neglected.

(513 mm)

5. Acylinder rolls freely down a slope of 1 in 50. What will be its speed after rolling 10 m
from rest down the incline? What is then its total kinetic energy? The mass of the cylinder
is 30 kg.

(1.62 m/s; 58.8J)

6. In an experiment to determine the moment of inertia of a flywheel, its shaft is mounted
in horizontal bearings and a mass of 10 kg is hung from a light cord attached to, and
wrapped around, the shaft. It is found that when allowed to fall from rest the mass travels
downwards 900 mm in 15 s. At the end of this period the falling mass is arrested and
ceases to accelerate the flywheel, which then turns through a further sixteen complete
revolutions before coming to rest owing to bearing friction. The shaft diameter is 80 mm.
Find, by an energy method: (a) the moment of inertia of the flywheel; () the friction
couple at the bearings.

(16 kg m?; 0.72 N m)

7. A flywheel is mounted on a 50 mm diameter shaft. In order to determine its radius of
gyration, it is allowed to roll freely from rest down an incline formed by a pair of knife-
edges on which the shaft may run. When one end of the track is raised 75 mm above
the other the flywheel takes 30 s to travel 1.5 m from rest. When the raised end is 150 mm
above the other end, it takes 20 s to travel the same distance down the incline. If the
work done against frictional resistance is the same in both tests find, by an energy method,
the radius of gyration of the flywheel.

(271 mm)

10.13 Power

Power is the rate of doing work. In SI units the derived unit of power is the wart
(W) which is defined as a rate of working equal to one joule per second, i.e. to the
work done by a force of one newton in moving through a distance of one metre in
one second. Thus

lwatt =1J)/s =1Nm/s
The watt is a small quantity and the higher multiples are more often used; these are:

1 kilowatr (kW) = 10° W
1 megawart (MW) = 106 W
1 gigawart (GW) = 10° W
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Thus if one watt of power is developed by a force of one newton moving at one metre
per second, then a force F newtons moving at v metres per second will develop F.'u
watts, i.e. the instantaneous power developed by a force F moving at a speed v I8
given by

power = force X speed = Fv
Energy is a specific quantity and does not involve time. Power does involve tin}(: and
the watt is a rate of working equal to one joule per second. If, however, this .rate
of working is kept up for one hour then the quantity of work done or the energy emitted
or absorbed in one hour is

1 watt X 1 hour = 1J/s X 3600 s

3600 )
i.e. 1 watt-hour = 3.6 kilojoule

The most useful unit is the kilowatt-hour, used in the electrical industry, and
1kWh = 1000 W h = 3.6 M]
Note that 1 kW h is a specific quantity of energy.

10.14 Power developed by a torque

Consider a torque T applied to rotate an axle through an angle 6 in time f, then

work done by the torque = torque X angle turned through
=719
19

t

and power or rate of working

But 8/t = w the angular speed of rotation, hence
power developed by a torque = Tw = torque X angular speed

If the torque is in newton metres and the angular speed in rad/s, then the unit of
power is the watt. If the axle rotates at n rev/s then

@ = 27n rad/s nT

and power developed = 27nT watts = kW

10.15 Efficiency

The mechanical efficiency of a machine or engine is defined as the ratio of the u§eful
work done to the actual work input in a given time. The difference between the input
and output quantities of work is because of losses due to friction, leakage, etc. Thus:

work output .

efficiency (n) = in a given time

work input

and the work done in unit time is the power. Hence the efficiency may be expressed as

_ power output
power input
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In the case of plant efficiency, such as a power station, the efficiency may be stated
in terms of energy, i.e.
__energy output

- in a given time
energy input

Each part of the system, such as boilers, turbines, generators, etc., will have separate
efficiencies and these may be combined to give the overall efficiency of the plant.

Example The cutter of a broaching machine travels at 0.1 m/s. It is operated by a square-
threaded screw of 10 mm pitch, and the operating nut takes the axial load. The torque to be
overcome due to thread load and friction is 2 N m and the torque due to friction at the bearing
surface of the operating nut is 2.25 N m. Find the power required to rotate the operating nut.

SOLUTION
Total resisting torque, 7 = 2 + 2.25 = 425 N m

angular speed of nut linear speed of screw

pitch
0

.1
0.01

10 rev/s

w = 2710 = 207 rad/s, therefore

Tw
4.25 x 207
=207 W

power

Example A mine cage of mass 4 t is to be raised with an acceleration of 1.5 m/s? by a cable
passing over a hoist drum of 1.5 m diameter. What is the power required when the load has
reached a velocity of 6 m/s, neglecting the inertia of the drum and the weight of the cable,

but allowing for a bearing friction torque of 3 kN m at the drum? What is the power required
at a uniform velocity of 6 m/s?

SOLUTION
Let E be the tension in the cable. Figure 10.14 shows the free-body diagram for the cage. Then

E

weight (W) + accelerating force (ma)
4 x 10° x 9.8 +4 x 10* x 1.5
= 45200 N

I

torque at drum

torque to overcome weight and inertia force + torque to
overcome bearing friction

(45 200 x 0.75) + 3000

36 900 N m

1

I

LA 8 rad/s

angular speed of drum, w =
r 0.7

6
5
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33 kN m

Fig. 10.14
power = Tw
_ 36900 x 8 W
1000
= 295 kW

At uniform speed, there is no inertia force, hence
E=4x 10 x 98 = 39200N

(39200 x 0.75 + 3000) X 8 _ 259 KW
1000

and power =

Problems .
1. A force is applied parallel to a plane inclined at 30° to the horizontal to drag a mass
of 100 kg down the plane at a steady speed of 4 m/s against a resistance of 600 N. What
is the power required? w0 W)
2. A load of 2 t is pulled at a steady speed of 1.2 m/s up a track inclined at 30° to the
horizontal by a force inclined at 20° to, and above, the track. Find the power developed

ine. T = 0.3.
by the engine. Take u (17.2 kW)

3. A table carrying a machine tool is traversed by a three-start screw of 6 mm p'itch. The
mass of the table is 200 kg and the coefficient of friction between the table and its guides
is 0.1. The screw is driven by a motor at 12 rev/s. Find the speed of operation of the

d the power required, if the efficiency is 70 per cent.
tool. & % a (12.96 m/min; 60.5 W)

4. A shaft transmits 300 kW at 2 rev/s. Calculate the torque transmitted. If a gear is spll-ned
to the shaft as shown (Fig. 10.15), what is the load F on each spline? If th'e coefficient
of sliding friction between gear and splines is 0.1, what force would be required to move

ially when transmitting the above torque?
the gear was (23.9 kN m; 39.8 kN; 15.9 kN)
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Fig. 10.15

5. The journal of a bearing housing a line-shaft is 80 mm diameter and the coefficient of
friction between the shaft and bearing lining is 0.03. Find the power required to overcome
friction at 180 rev/min, if the load on the bearing is 12 kN.

270 W)

6. A load of mass 250 kg is lifted by means of a rope which is wound several times round
a 1-metre diameter drum and carries a balance mass of 150 kg. Find the tensions in the
rope when the load is given a uniform acceleration of 1.4 m/s?. What is the power
required at the drum when the load has reached a velocity of 10 m/s from rest? If the
friction torque is 50 N m and the torque to accelerate the drum is 80 N m, what is the
additional power required?

(load 2.8 kN; balance mass, 1.26 kN; 15.4 kW; 2.6 kW)

10.16 Power to drive a vehicle

A vehicle is driven forward by the engine torque being transmitted and increased
through gearing to exert a torque on the driving axle, thereby producing a tractive
effort at the road surface (see Section 5.11). The engine power effective at the road
surface is

output power = actual work done per second
tractive effort X road speed
= Ev

The power developed by the engine is greater than this output value because there
are losses in transmission and power is absorbed in accelerating the road wheels and
engine rotating parts.

The maximum tractive effort possible depends on the friction or adhesive force at
the ground, and this in turn depends on whether power is supplied to the rear, front
or all wheels (see Section 5.13). At constant speed, the effort on the level is equal
in magnitude to the total resistance. The output power is then equal to the rate of
working against the resistance. If the effort is increased above that to maintain constant
speed, the vehicle accelerates and the power required is then equal to the rate of working
against both the resistance and the inertia force. On a gradient, the effort and power
are affected by the component of the weight down the slope.

Example A lorry of mass 4 t accelerates uniformly from 45 to 70 km/h in 11 s. If the tractive
effort is constant during this time at 3 kN, find the average resistance to motion. Also calculate

(a) the average power developed during this time,
developed if the lorry continues at a constant speed of 70 km/h.

SOLUTION
Initial speed = 45 km/h = 12.5 m/s
Final speed = 70 km/h = 19.45 m/s
19.45 — 12.5
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(b) the maximum power, (c) the power

Acceleration, @ = ———— = 0.632 m/s?

11

E=R+ ma

The tractive effort must balance both the tractive resistance and the inertia force. Thus:

or 3000 = R + 4 X 1000 x 0.632

thus average resistance, R = 472 N

(a) The distance travelled in 11 s is obtained from:

Vv = u? + 2as

i.e. 19.452 = 12.57 + 2 x 0.632 X s
hence s =1755m
Work done = E x s = 3000 x 175.5 = 526 500 J
526 500
Rate of working = EETHE = 47 860 J/s
47 860

Average power = 1000 = 47.9 kW

(b) The maximum power is developed when the speed is a maximum. Thus:

Ex v _ 3000 x 1945

= 58.4 kW

maximum power = 000 1000

(¢) At a uniform speed of 70 km/h, since there is no acceleration,

tractive effort, E = resistance, R
= 472 N

Exv RXuw
1000 1000

472 x 19.45
1000

= 9.16 kW

Rate of working

Example A motor car develops 75 kW when just

reaching a speed of 150 km/h on the level

in still air. The total resistance to motion is shown by tests to be given by

R = 180 + 0.6v + 0.06v’

where R is in newtons and v is the speed in km/h. What is the output power and the transmission

efficiency? If the car has an all-up mass of 1200 kg,
the tractive effort to be constant?

what is the acceleration at 60 km/h assuming
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SOLUTION

A.l 150 km/h there is no acceleration so that the tractive effort is equal to the resistance. Thus
since v = 150 m/s: ,

tractive effort

180 + 0.6 x 150 + 0.06 x 150°
1620 N

output power = tractive effort X speed

150 1
1620 X —— X —k
3.6 W

1000

67.5 kW

transmission efficiency = output power

engine power

_ 67.5 % 100
75
= 90 per cent

At 60 km/h,
resistance = 180 + 0.6 x 60 + 0.06 X 607 = 432 N
The tractive effort remains at 1620 N, hence

accelerating force = 1620 — 432 = 1188 N

therefore 1188 = ma
‘ = 1200 X a
i.e. a = 1 m/s?

Example A car has a mass of 1200 kg and road wheels of 600 mm diameter. When accelerating
up a grt.zdient of 1 in 20, the engine to back-axle gear ratio is 9:1. The torque available at
the engine output shaft is (100 — 0.080%)N m and the resistance to motion is (300 + V2N
where v is the speed of the car in m/s. Find the power developed and the acceleration of the

car when its speed is 36 km/h, neglecting the transmission losses and the inertia effects of the
road wheels and engine parts.

SOLUTION
At 36 km/h (10 m/s)

engine torque = 100 — 0.08 x 102

=92 Nm
Axle torque = 92 x 9
=828 Nm
Tractive force at road = axle torque = 828 = 2760 N
wheel radius 0.3

1l

Power developed = tractive force X speed

2760 x 10 = 27 600 W = 27.6 kW

Resistance = 300 + 107
= 400 N

and
i.e.
i.e.
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Component of weight down the slope = 1200 x 9.8 x % = 588 N

2760 — 400 — 588
1772 N

ma

1200a

1.48 m/s?

I

Accelerating force F

I

F
1772
a

il

I

Problems

1.

A car of mass 1.5 t travels up a gradient of 1 in 10 at a maximum speed of 126 km/h
against a resistance of 250 N. Find the power developed by the engine, neglecting losses.
(60.2 kW)
A motor car of mass 1200 kg has a road speed of 90 km/h on the level. The total resistance
to motion is 1100 N. Estimate the power developed by the engine when the car has an
acceleration of 1.1 m/s? under these conditions. If the transmission efficiency is 0.8,
what is the engine power?
(60.5 kW; 75.6 kW)
A vehicle of mass 1.2 t climbs a gradient of 1 in 20 against a track resistance of 500 N.
The wheel diameter is 600 mm. The engine torque is 110 N m at vehicle speed 126 km/h.
The gear ratio between engine and wheel is 12:1. Find the acceleration rate and the power
developed by the engine at 126 km/h. Neglect losses.
(2.76 m/s?; 154 kW)
A 10 t truck is driven at a steady speed of 36 km/h on a level road. The wheels are
1 m in diameter, the tractive resistance is 200 N/t and the engine speed 2100 rev/min.
Calculate the power developed and the gear ratio in use, engine to axle. Neglect losses.
(20 kW; 11)
A car of mass 1000 kg travels at 72 km/h on the level and the engine torque at this speed
is 120 N m. The gear reduction from engine to road wheels is 13. The resistance to
motion is 200 N and the road wheels are 600 mm in diameter. Find the power developed
by the engine. If there is a loss of power of 15 per cent between the engine and the
road surface, estimate the effective power at the road and the acceleration under these
conditions.
(104 kW; 88.4 kW, 4.22 m/s?)
A car is driven with the engine at full throttle, reaching a speed of 160 km/h on the
level when developing 75 kW. What is the resistance due to windage and road drag at
this speed? If it is assumed that the resistance varies as the square of the road speed
and the tractive effort is constant, what is the acceleration achieved at 80 km/h on the
level? The mass of the car is 1100 kg.
(1.69 kN; 1.15 m/s?)
A typical motor car of mass 1200 kg travels at 60 km/h on the level in still air and the
engine develops 30 kW. Neglecting transmission losses and assuming that the combined
road and air resistance is given in newtons by the expression (160 + 0.5y + 0.08v%),
where v is the road speed in km/h, find the maximum possible acceleration under these
conditions.
(1.1 m/s?)

10.17 Function of a flywheel

The function of a flywheel is to accumulate and store energy . If the moment of inertia
of the wheel is large, a great amount of energy can be absorbed without appreciable
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change in speed. For example, if the inertia of a wheel is 1000 kg m? then the energy
stored at 2 rev/s is:

T = 1 x 100027 x 2)* = 80000 J
A 10 per cent increase in speed (to 2.2 rev/s) would increase the energy stored to
80 000 x 1.1 = 96 800 J

That is, about 21 per cent more energy would be required to produce a 10 per cent
change in speed.

The flywheel serves to equalize the energy output of an engine during each cycle
of operations and reduces the fluctuations of speed which would occur if it were not
fitted. The cycle of operations in the engine cylinder is usually completed in one or
two revolutions.

When the engine torque is greater than the resisting torque due to the load, the engine
speed increases; when the engine torque is less than the load torque, the speed
decreases. The flywheel acts as a reservoir of energy by virtue of its inertia. An excess
of energy output is absorbed by the flywheel with only a small increase of speed;
when the engine torque falls the absorbed energy is given up to the load.

For example, both the pressure on the piston of a reciprocating engine and the crank
angle vary continuously during each revolution; the engine torque at the crankshaft
therefore varies widely whereas the resistance due to the load may be constant.
Similarly an electric motor delivering a constant torque may be used to drive a press
or punch; the additional energy required momentarily during the punching operation
is supplied by the flywheel.

The moment of inertia of a flywheel is chosen to keep the variation in speed within
required limits of the operating mean speed. For example, an engine flywheel may
be required to remain within 2 per cent of mean engine speed.

The distinction between the functions of flywheel and governor should be noted:
The flywheel determines the slight permissible variation of speed in one cycle of
operations and acts as a store of energy. The governor controls the fuel supply to
balance the average energy output with the load, while keeping the mean speed constant
over a period of time.

Coefficient of fluctuation of speed
If a flywheel of moment of inertia / has maximum and minimum angular velocity
w, and w) respectively, then the greatest fluctuation in energy stored is +1(w} — w?).
If  is the mean angular speed, then providing the speed variation is small (say 6
per cent).
=@t @
2

and the coefficient of fluctuation of speed, «, is defined as the ratio

greatest fluctuation of speed per cycle
mean speed

' W — W
ie. a=—2—"L
w
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Thus greatest fluctuation of energy = é—l(w% - W)
= 7l(@ = W)@ + w)

= Jow?

Suppose, for example, that the variation in speed of a flywheel is +2 per cent of
the mean speed, w, then

1.02w — 0.98w

w
= 0.04

whereas, if the fotal variation is 2 per cent, then o = 0.02.

Example The greatest amount of energy which has to be stored by an engine flywheel is 2 kJ
when the mean engine speed is 4 rev/s. The variation in speed is to be limited to + I per cent
and the mass of the flywheel is 450 kg. Assuming the flywheel to be a cast-iron ring having
its internal diameter 0.9 of its external diameter, find the diameters and thickness of the rim.
Take the density of cast iron as 7.2 Mg/n?’.

SOLUTION

o= —2—2 =002

w
w =27 X 4 = 8« rad/s
I = mk? = 450k? kg m?
Energy fluctuation = %I(w% - w))
= Jaw?
therefore 2 x 1000 = 450 x k> x 0.02 x (87)°
i.e. k? = 0.352
2 2

therefore % = 0.352

where D, d are the external and internal diameters respectively, and d = 0.9D. Hence

D=125m and d = 1.125m

Mass = 450 = % (D? — d? X thickness X density
= % (125! — 1.125%) x thickness X 7200
ie. thickness = 0.268 m = 268 mm

Example A 3 kW motor drives a flywheel which provides the energy for a machine press.
At the start of a pressing operation, the flywheel speed is 240 rev/min and each press takes
0.80 s and requires 5.5 kJ of energy. If the moment of inertia of the flywheel is 50 kg m?, find
the reduction in speed of the flywheel after each pressing and the maximum number of pressings
that can be made per minute. Assuming 80 per cent of the energy lost by the flywheel to be
taken up at the press tool, find the average force exerted when the stroke of the tool is 40 mm.
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SoLuTioN

therefore (W} — wd

. 1
l.e.7

hence

3 x 1000 x 0.80
2400 J
Energy required during each press = 5.5 kJ = 5500 J
Loss of energy of flywheel = energy for pressing operation ~ energy
supplied by motor
5500 — 2400
3100 J

3100

Energy supplied by the motor in 0.80 s

< 50 x [(2__2&> _ <2_~>] — 3100
60 60

N = 215 rev/min
Reduction in speed = 240 — 215 = 25 rev/min

Energy supplied by motor per minute = 3000 x 60 = 180 000 J
therefore maximum number of pressings per minute = _180 000
5500
= 32.7 say 32

therefore average force =

Energy actually used in pressing = 0.8 x 5500 = 4400]
Average force X stroke = 4400 J

110 000 J
0.04

110 kJ

Problems

1.

Find the mass of a flywheel required to keep the speed of an engine between 397 and
403 rev/min if its radius of gyration is 600 mm and the greatest fluctuation of energy
is 8 kJ.
(847 kg)
A machine for punching holes in sheet metal runs at 2 rev/s when not punching. The
loss of energy when a hole is punched through is 5 kJ. Calculate the mass of a flywheel
required, assuming the mass to be concentrated at a radius of 600 mm, if the lowest
speed must not fall below 1 rev/s.
(235 kg)
A flypress has two rotating spheres, each of mass 5 kg, fixed to a horizontal arm, so
that they are at a radius of 700 mm from the axis of rotation. When the press is used
to punch holes in a metal plate, the initial speed of the arm is 5 rev/s and the speed falls
to 4.5 rev/s during one operation. Find the energy used in the punching stroke and the
average force exerted if the plate is 12 mm thick.
(460 J; 38.3 kN)
A punching machine is driven by a motor which exerts a constant torque on the flywheel
at a mean speed of 2 rev/s. If the speed variation from maximum to minimum is not
to exceed 0.2 rev/s and the greatest fluctuation of energy during the punching and idling
strokes is 7 kJ, find the moment of inertia of the flywheel.
(443 kg m?)
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An engine runs at 100 rev/min. The total fluctuation in speed is limited to 1.5 per cent
of the mean speed and the maximum variation of energy supplied to the flywheel is 6.5 kJ.
Find the mass of the flywheel required if the radius of gyration is 1 m.
(3.95 tonne)
An engine flywheel consists essentially of a ring of cast iron of density 7.2 Mg/m*. The
flywheel has to deal with a fluctuation of energy of 22.5 kJ at a mean speed of 6 rev/s
with a limit of +0.5 per cent on the variation in speed. The maximum centrifugal stress
in the flywheel is not to exceed 5.5 MN/m?. Find the mean diameter and cross-sectional
area of the rim.
(1464 mm; 0.089 m?; for centrifugal stress see Chapter 13)
Under running conditions an engine flywheel has a mass of 1.1 t and a radius of gyration
of 1050 mm. The greatest fluctuation of energy during a cycle of operations is 2.15 kJ
when the mean engine speed is 200 rev/min. On test, a temporary brake wheel of mass
360 kg and radius of gyration 1150 mm is attached to the engine flywheel. Compare
the speed fluctuations under running conditions and under test, assuming the energy
fluctuation to be the same in both cases.
(x2 per cent; +1.45 per cent)
A riveting machine is driven by a S kW motor. The flywheel on the machine has a moment
of inertia of 63 kg m?. The riveting operation requires 12 kJ of energy. Find the
reduction in speed of the flywheel during each riveting operation if its speed at the start
of each operation is 4 rev/s. What is the maximum rate at which rivets can be driven
if each operation takes 1 s?
(0.775 rev/s; 25 per minute)



Chapter 11

Impulse and momentum

11.1 Linear momentum: impulse

Consider a body of mass m acted upon by an average force F for a time 1. The average
acceleration a is given by:
v—u

t

a =

where u and v are the initial and final velocities, respectively. Therefore

F = ma

Il
3
X

We now define the impulse of the force F to be the product: average force X time

Thus impulse = F X ¢
V- u
=mX Xt
t
=m@ — u)
i.e. Ft = mv — mu

The product
mass X velocity

is a measure of the ‘quantity of motion’, called the momentum of the body. The term
mv is the final momentum of the body at the end of time t; the second term mu is
the initial momentum; the difference is the change of momentum. Thus the impulse
Ft may be measured by the change in momentum it produces, i.e.

impulse = change of mementum
Again, since

nmv — mu
F=Tv "™
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change of momentum

then force :
time taken

or force = rate of change of momentum

and the change of momentum is measured in the direction of the force.*
The following points should be noted:

1.  The mass m is assumed unaltered in any way, i.e. no part falls away or is added
to the body.

2. Momentum is a vector quantity, having direction and sense corresponding to
that of the velocity.

3.  The force F is an average force and therefore the change of momentum does
not depend on how the force may vary during time ¢.

4.  When no external impulse is applied the momentum remains unchanged.

5. A change of momentum may be due to a change of speed or a vector change
of velocity or to a change of mass. We shall consider only problems where there
is a change of velocity and the mass is constant during the period of application
of the force.

11.2 Units of impulse and momentum
Since momentum = mv

and mass m is in kilograms and velocity v in metres per second then
the units of momentum are kg m/s

This is the only SI unit of momentum. However, it may be convenient in calculations
to leave the units in some other form such as tonne-km/h.

Impulse is equal to the change of momentum and therefore the units of impulse
are also kg m/s. However, impulse Ft, is important where a large force acts for a
very short time and the use of the unit form newron seconds (N s) serves on occasion
to emphasize the time element in an impulse. Note that

1Ns = I(kg m/s?) X s

1 kg m/s

* Note that this is simply a statement of the Second Law: ‘the applied force is proportional
to the change of momentum per unit time’. Thus the law states

force o rate of change of momentum

ie. F o Uy — mu)

or F m - u)

constant X

= kma

where k is a constant and a the acceleration produced. The SI units of force, mass and velocity
are such to make the value of the constant & unity, i.e. a force of 1 newton gives a mass of
1 kg an acceleration of 1 m/s?. Therefore, since k = 1, the applied force is equal to the rate
of change of momentum when using these units.
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Example A shunting locomotive provides an impulse of 40 kN s to set in motion a stationary
8 t wagon which then moves off freely at velocity u against a track resistance of 60 N/t and
finally reaches a velocity v after 20 s. Find the values of u and v.

SOLUTION

Impulse = change of momentum of wagon
therefore 40 X 10° = 8 X 10° X (u — 0)
i.e. u=5mis
Retarding force, F = 60 X 8 = 480 N
If the deceleration on the track is a, then

F = ma
i.e. 480 = 8 x 10° X a
hence a = 0.06 m/s?
and v=u — at
=5—-0.06 x 20
= 3.8 m/s

Problems
1. An 18 t truck has a maximum speed of 36 km/h on a track for which the resistance to
motion is 250 N/t. The engine exerts a pull of 6 kN. What is the momentum at maximum
speed? Using the impulse—momentum equation, find the time taken to reach full speed
from rest.
(180 x 10* kg m/s; 120 s)
2. A planing machine-table has a mass of 800 kg and is to have a cutting speed of 0.4 m/s
which it must reach in 0.8 s. The friction force is 40 N/t. Find the impulse and constant
force required on the table.
(320 N's; 432 N)
3. An experimental passenger train consists of two power units and six carriages with a
total mass of 456 t. The mass supported by the driving wheels on the power units is
140 t and the limiting coefficient of adhesion between wheel and track on the power
units is 0.2. What is the maximum possible tractive effort? If the resistance to motion
is 120 N/t of total mass, find, using the impulse—momentum equation, the time taken
to reach the maximum speed of 200 km/h from rest when the train climbs a gradient
of 1 in 100.
(274.4 kN; 145 5)

11.83 Force varying with time

Consider a force F varying linearly with time ¢,* i.e. F = kt, where k is a constant,

* This is the only case of force varying with time that will concern us. The impulse of a force
F is in general given by

S;th

where F is a function of . When F = kz,

impulse = S;’ ki dt = Lk = $F 1,
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Force
O

[o] t
Fig. 11.1

and the F—t graph is a straight line, Fig. 11.1. Thus when ¢t = 0, F = 0, and when
t = t,, F = F; = ki;. The elementary impulse is F dt, the area of the elementary
vertical strip. The total impulse is the sum of the elementary impulses, i.e. the total
area of the graph. Thus

impulse = area of graph
= %F U

The average or constant force over the same time period to give the same impulse
as the variable force is ;—F 1

Note that this average force is different from the average force to give the same
change in kinetic energy (work done) as the variable force.

Example A 210 kg mass initially at rest on a smooth horizontal plane is acted upon by a force
F parallel with the plane. If F = 1.4t N where t is the time in seconds, find, for an interval
of 30 s from rest, (a) the impulse (b) the velocity, (c) the average force producing the same
impulse.

SOLUTION

(@) Figure 11.2 shows the force—time graph. For an interval of 30 s from rest, the impulse

!.

Force (N)

e e ——_——

Time (8)
Fig. 11.2
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is given by the area of the graph, therefore
impulse = 7 x (1.4 X 30) x 30 = 630 N s

(b) Change of momentum = impulse
210 (v — 0) = 630
i.e. final velocity, v = 3 m/s
(c) If Fis the average force producing this impulse, then

average force x time = impulse
ie. F x 30 = 630
ie. F=21N

Problems
1. A 1200 kg mass has a net force applied to it which varies uniformly from 600 N to a
peak of 900 N in 12s from rest and then falls uniformly to zero in the following 18s.
Find the speed attained in km/h after 30 s from rest.
(51.3 km/h)
2. A4 kg mass moving at 3 m/s on a smooth horizontal plane is acted upon by a force
which is applied in the same sense and direction as the motion of the mass and rises
uniformly from zero to 200 N in 0.025 s before falling uniformly to zero in a further
0.025 s. Find the velocity of the mass after 0.05 s. What is the average force producing
the same impulse?
(4.25 m/s; 100 N)
3. A force F acts on a mass of 400 kg initially at rest on a smooth horizontal plane. If
F = 60t N, where t is in seconds, and the line of action of the force is parallel to the
plane, determine for a period of 20 s from rest (a) the impulse; (b) the velocity attained;
(c) the average force to produce the impulse. If the distance travelled by the mass during
(tjhe 29 s impulse period is 200 m, what is the constant force to produce the same work
one’
(12 kN s; 30 m/s. 600 N; 900 N)
4 A 10 kg mass initially at rest on a smooth horizontal plane is acted upon by a force F
parallel to the plane such that F = 10 + 8t N where t is the time in seconds. Determine
(a) the total impulse on the mass after the first 3 s of motion and the average force to
produce this impulse; (b) the final kinetic energy and the average force to produce this
energy if the mass travels a distance of 8 m during the period of the impulse.
(66 N's; 22 N; 218 J; 27 N)

11.4 Conservation of linear momentum

The total momentum of a system of bodies is obtained by adding together the
momentum of each individual body. When the external forces acting on a body are
in balance, the body is at rest with zero momentum, or moving at constant speed with
constant momentum, providing the mass remains unaltered. There can be no change
in the momentum of the body unless the external forces are unbalanced. If a number
of bodies impinge on one another, or interact in some way, they may be treated as
a system isolated from its surroundings, a 'closed’ system in effect. There can be
no change in the total linear momentum of the system in any given direction unless
there is a resultant external force acting on the system in that direction. This is the
principle of conservation of linear momentum which may be stated as
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The total linear momentum of a body or system of bodies in anyone direction
remains constant unless acted upon by a resultant force in that direction.

11.5 Impulsive forces

When a constant force F is applied to a body for a time t, the impulse is Ft. When
the force is large and the time interval very short, near instantaneous, it is called an
impulsive or impact force. An impact force varies in magnitude from zero to a peak
value and back to zero but the variations are incalculable and the force is assumed
to be constant. Impulsive or impact forces arise in collisions, explosions, in the sudden
tightening of a tow-rope or the driving of a pile. The principle of conservation of
linear momentum may be applied for the very short period of impact even although
external forces, such as gravity and friction, may be acting, because they are normally
negligible in comparison with the large impact force. Similarly where a spring is
involved, it may be assumed that the spring force does not come into action until after
the impact is over.

11.6 Note on the use of momentum and energy equations

Both the momentum-impulse and work-energy  equations can be used to solve
problems in dynamics but usually one or other will be the more suitable and in some
cases only one method will be possible. Key points to realize are:

1. Momentum is the easier concept to use when 'time' is the known quantity and
for some situations the only concept. When ‘distance’ is the known quantity,
the work-energy  equation is probably the more useful and convenient.

2. The momentum principle has the advantage in impact problems where the impact
force is not known or required and where inevitably there is a loss of energy.
The law of conservation of energy cannot be used directly unless the problem
is idealized by assuming perfectly elastic bodies (see page 222). The law applies
but the various energy changes cannot be calculated.

11.7 Explosions

When a body explodes freely, fragments fly off due to the internal forces produced.
Energy is added to the system from the explosion and appears as kinetic, heat and
sound energy. The distribution ofthis additional energy is not known, hence the final
motion of the fragments cannot be found simply by applying the law of conservation
of energy. It is necessary also to use the momentum principle and this can be applied
because there are no external forces acting except for gravity and its effect can be
neglected, since an explosion is instantaneous. The total momentum, although
redistributed, remains unchanged in any given direction before and immediately after
an explosion. There are several examples of explosions:

Body exploding from rest
The total initial and final momentum of the fragments must be zero in any given

direction.
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Rocket stage separating out

A rocket in flight may be separated from its payload by an explosive bolt or release
of a powerful spring mechanism. If the two parts continue along the line of flight
then the sum of their momenta after separation must equal the initial momentum of
the rocket. The impulse on each part is the same, given by thrust x time of separation

Rifle and bullet

When a rifle fires a bullet, the rifle kicks back due to the force of recoil. Equal and
opposite forces are exerted on the rifle and bullet during the time that the bullet takes
to traverse the barrel, hence the same impulse is applied to both rifle and bullet. The
momentum of the bullet therefore equals that of the rifle. Or, the final momentum
of the rifle-bullet  system must be zero, hence the forward momentum of the bullet
must equal the backward momentum of the rifle. For heavy guns firing shells, additional
factors have to be considered since guns may be sited on inclines, travel on rails and
have specially designed arrangements of buffer springs, piston-cylinder — mechanisms
and retracting barrels to reduce or prevent recoil forces completely. The momentum
of the bullet equals that of the rifle but the kinetic energy given to the bullet is very
much greater than that given to the rifle. The forces are equal but the work done in
each case is different since the bullet travels a greater distance during the explosion.
This is the difference between the 'time effect’ of a force and the 'distance effect'.

Example A projectile of mass 56 kg is moving at constant speed 8 m/s when it explodes into
three pieces, A, B and C. A (20 kg) flies on at 20 m/s along the line of flight, and B (16 kg)
flies at 15 m/s at 45° to the line of flight in the forward direction. Find the velocity of mass
C in magnitude and direction and estimate the energy supplied in the explosion.

SOLUTION

Figure 11.3(a) shows the relative positions of A and B. Let C have components of momentum
x and y, along and at right angles to the line of flight respectively. The initial momentum in
the original direction is unchanged by the explosion, therefore equating momenta

total initial momentum = final momentum
= momentum of A + components of B and C in the line of

flight
i.e. 56 x 8 =20 x 20 + 16 X 15 cos 45° + x
i.e. x = —121.7Ns

x is negative, therefore opposite to initial direction of motion. The momentum at right angles
to the line of flight is zero before and after the explosion, therefore the y component of the
momentum of C must balance that of B, i.e.

y = 16 X 15sin 45° = 169.7 N s

Figure 11.3(b) shows the momentum vectors. The resultant R of components x and y is 209 N s,
and since the mass of C is 20 kg,

velocity of C = 22;.09 = 10.45 m/s

The direction of motion of C is given by
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v
N
c@@okg) |
//
W
(b)
Fig. 11.3

169.7
121.7

! = 54.4°

# = tan™

initial kinetic energy = 3 X 56 x 8 = 1792}
1% 20 x 20 + 3 % 16 x 15

+ 3 x 20 x 10.45
6892 J

final kinetic energy

Assuming all the energy supplied reappears as kinetic energy, then

energy of explosion = gain in kinetic energy
= 6892 — 1792

= 5100 ]

Example A 320 kg spacecraft is coasting at 5 km/s when an explosive charge givi'ng a thru:st
of 1.5 kN separates off a 200 kg satellite which is prop.elled ahead of ti.ue lau.nchmgdcraﬁ. in
the line of flight. The speed of the craft falls by 15 m/s during the thrust eenod. Find the duration
of the thrust, the final speed of the satellite and the speed of recession.

SOLUTION
If ¢ s is the duration of .
satellite is 1500f N s. The loss of speed of the craft is 15

for the craft, Fig. 11.4,

the thrust (the separation period) then the impulse on both craft and
m/s, and its mass is 120 kg, hence

impulse = change of momentum
i.e. 1500t = 120 x 15
i.e. t=12s

The mass of the satellite is 200 kg, and if its velocity after time 7 is v, then
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S E—— - = .
(5000 — 15)m/s v mis

Fig. 11.4

and
hence

1500r = 200(v — 5000)
t =125,
v = 5009 m/s

Alternatively, equating the initial and final momentum of the spacecraft

ie.

320><5000=ZOOXU+120><(5000—15)
v = 5009 m/s

The satellite moves off at 9 m/s relative to the coasting speed, and the craft falls back at 15 m/s

hence

the speed of recession is 24 m/s (independent of speed of satellite).

Problems

1.

A 12 kg shell is moving at a constant speed of 20 m/s when it explodes into two parts

The largest part of mass 8 kg is immediately stationary. Calculate the energy sup, Iied-

in the explosion, assuming it is all translated into kinetic energy. P

A projectile of mass 40 kg is instantly at rest in mid-air when it explodes into(;:clei)

A, B, C, D of masses 8, 14, 11 and 7 kg respectively. A flies off at 8 m/s, B at 4 m/;

and C a? 3 m/s. A and B move in opposite directions and C moves at rig’ht angles to

them. Find the speed and direction of mass D and the energy of the explosion.
(4.85m/s; A =0°,C =90°,B = 180°, D = 256.4°; 500 J)

A 120 kg rocket moving at constant speed 9 m/s explodes into four pieces, two c;f which

are of equal mass, 25 kg, and continue in the same direction as the rocket, one at 8 m/s

tbe other.at 12 m/s. A third piece of mass 30 kg flies off at right angles to the original

lmfe of flight at 4 m/s. Find the speed and direction of motion of the fourth piece and

estimate the energy of the explosion.

‘ (14.8 m/s; line of flight, 0°, third piece, 90°, fourth piece °;
A rifle of mass 16 kg fires a 10 g bullet with a muzzle velocitypof 8:1(:); ‘:f/s’ 2V\?h6atk2
the velocity of recoil and the energy of the explosion? '
. 0.525 ; 3.

An explosive gharge giving an impulse of 4 kN s is used to disctfarge anll./;,tssastzlll;‘tz

from a spaceship in steady flight. The mass of vehicle remaining after separation is 1.1 t

1V‘Vhat is Fhe :pced of recession of the two parts, assuming the final motions to be ir; thc;,

i;n: b(:)fut;h%gt..‘tskl;(.)w that the energy of the explosion appearing as additional kinetic energy

(6.7 m/s; take the speed of flight as ¥ m/s or, more simply, zero)
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6. A sounding rocket of total mass 120 kg including an 80 kg payload is coasting at 20 m/s
when an explosive charge lasting 0.8 s breaks the connections mating it with its payload
capsule which then moves off in the line of flight. If the energy supplied in the explosion
is 3 kJ, find the velocities of the payload and rocket after 0.8 s and the thrust exerted,

neglecting losses.
(25 m/s; 10 m/s; 500 N)

7. A meteorological satellite used to take photographs is connected to a launching rocket
by a compression spring and tension bolts. The satellite is disconnected by a small
explosion just sufficient to break the bolts and release the spring. When the rocket reaches
its target height and is cruising at a constant speed, complete separation takes place.
Find the speed at which the satellite recedes from the rocket and the impulse exerted
by the spring. The mass of the rocket alone is 210 kg, and that of the satellite is 70 kg.

The strain energy stored in the spring is 420 J.
(4 m/s; 210 N s)

8. A spacecraft of mass m is coasting steadily in a ‘parking-orbit’ round the earth when
an explosive charge separates off a cargo of mass 0.6 m. The cargo flies off ahead of
the craft along the line of flight. The speed of the craft falls by 10 m/s during the explosion
period. Show that the speed of recession is 16.7 m/s and the energy of explosion is
33.3 mJ. If m = 300 kg, and given that the thrust from the explosion is 1.2 kN, find

the time of separation.

(1s)

11.8 Collision of two bodies

A body A, of mass m;, moving with velocity u; collides with a second body B, of
mass m,, moving along the same straight line with velocity u,, Fig. 11.5. During
the collision there is an impulse Ft exerted by one body on the other. If the time ¢
of the impact is very short, and hence the impulsive force very large, then the change
of momentum due to all other forces external to the two-body system (e.g. gravity,
friction) may be neglected. Hence, the total momentum of the system remains constant
during the impact and is therefore the same after the collision as before it.

Let vy, v, be the velocities of A and B, respectively, immediately after the impact.
Then the momentum equation is

momentum before impact = momentum after impact
i.e. mu; + mau, mu + nsyvy

We have assumed the positive direction and both final velocities to be from left

U U
e —
myu, myu,
Before Impact
Ft Ft Uy vp
i
A
myv, myv,
After Impact

Fig. 11.5
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to right. Each body undergoes a change of momentum of equal magnitude but opposite
direction. Thus, since the impulse Fr on A is negative,

—Ft = m(v; — uy)
The impulse Ft on B is positive, hence
Ft = my (v ~ uy)

These two equations relate the impulsive force to the time of impact and the velocities.
Combining them gives the above momentum equation so that we have only one equation
to find two unknown quantities—the final velocities. One other equation is required
and to obtain it we must have additional information. If, say, v, is known, then we
can find v,. If both velocities are unknown, we need to know if the bodies move on
together or rebound. This depends on the elasticity of the bodies or whether they are
mechanically coupled on impact. In an impact the bodies first deform, then they may
tend to return to their original shape and rebound due to the force of restitution between
them. The amount of restitution depends on whether the bodies are perfectly elastic,
partially elastic or inelastic. For every case the above momentum equations apply.

11.9 Collision of perfectly elastic bodies

Perfectly elastic bodies after colliding return completely to their original shape. The
initial kinetic energy is stored as strain energy in the first stage of impact and is returned
as kinetic energy in the rebounding bodies. There is therefore no loss of energy. In
engineering terms, the collision of two hardened steel ball-bearings is an example
of near perfect elastic impact. It is often convenient to idealize a problem by assuming
elastic impact. Thus, for a perfectly elastic collision, Fig. 11.5,

K.E. before impact = K.E. after impact

hence Lmud + tmud = Lmp? + Lmpd

and the momentum equation is
myu, + myU, = m, + mypu,

From these two equations we arrive at the relative velocity equation,
vy — vz = —(u — w)

Thus, when two perfectly elastic bodies collide, the relative velocity of separation
(v; — vy), is equal to the relative velocity of approach (u; — u,), but in the opposite
direction. For example, if a ball drops on to a surface with a velocity u,, and the
impact is elastic, then for the surface u, = 0, v, = 0, and for the ball the velocity
of rebound v; = —u; i.e. the ball rebounds reversing its velocity and rising to the
same height from which it dropped.

Example A 40 t rail-car travels at 4 km/h and collides with a 100 t wagon on the same track,
moving in the opposite direction at 1.2 km/h. Find their velocities immediately after impact,
assuming no loss of energy. What is the impulse between them?
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SOLUTION

Refer to Fig. 11.5. The direction of motion of the rail-car (x,) is taken as positive,.t.hen
u, = 4km/h and u; = —1.2 km/h. The final velocities v, and v, are assumed positive.
Equating momenta

40v, + 100v, = 40 x 4 + 100 X (—1.2)*
i.e. v, + 2.50, = 1

The relative velocity equation is

v — v =~ — uy)
= —[4 - (-12)]
= —5.2
From these two equations v} = —3.43 km/h and v, = 1.77 km/h, i.e. the rail-car rebounds

at 3.43 km/h and the wagon rebounds at 1.77 km/h. .
The impulse on each body is equal to the change in its momentum and is the same for both.

For the rail-car,

impulse = final momentum — initial momentum

1 1 *
40x103x<—3.43x—3_—6—)—40x103x<4><—37—

—82.6 X 10®Ns
—82.6 kN s (or tonne m/s)

The negative sign indicates that the impulse on the 40-t car is in the opposite direction to its
original motion which was taken as positive.

Example Figure 11.6 shows a 6.5 kg sphere constrained 1o move along frictf'onless guides
at a speed of 4 m/s towards a 26 kg block which is resting agazfzst a buffer spring of s.r(ﬁ‘hess
§ = 2.2 kN/m. The spring has no initial compression and there is no loss of energy at lmpa‘ct.
Find the velocities of the two masses immediately after impact and the maximum compression

of the spring. Neglect mass of spring.

SOLUTION . .
For the sphere, u, = 4 m/s, and final velocity v, is assumed to be from left to right (positive).

For the block, initially at rest, v, = 0, and final velocity v, is from left to right (positiv.e).
Assuming the impact force to be over before the spring force acts then the momentum remains

* In the momentum equation there is no need to convert tonnes to kg or km/h to mli sin;:]e
the same quantities occur on both sides of the equation but in calculating the impulse the

conversion is essential.
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unchanged before and after impact. Therefore

6.5u, + 26u, = 6.5 X 4 +26 x 0
ie. v, + 4v, = 4

The relative velocity equation is
Uy =, = = —up) = —(4 -0 = —4
Solving these two equations gives

vy = —2.4m/s
and v, = 1.6 m/s

The sphere therefore rebounds with a velocity of 2.4 m/s. The block starts to compress the
spring with an initial velocity of 1.6 m/s and its final velocity is zero when the spring has been
compressed a distance x. The kinetic energy (% mv?) lost by the block is equal to the strain
energy stored in the spring (2l Sx?), hence

1 x 26 x 1.6 =4 Xx 22 X 10° x x2
therefore x =0.17m

Problems

1. A wagon of mass 20 t moving along a track at 12 km/h, collides with a second wagon,
of mass 10t moving at 7 km/h; both wagons are moving in the same direction.
Immediately after the collision, the 10 t wagon moves on at 11 km/h. Calculate the velocity
of the 20 t wagon after impact and the impulse between the wagons.

(10 km/h; 11 110 kg m/s or 11.1 kN s)

2. A light rod of length 2.5 m is suspended at one end and carries an iron ball of mass
3.6 kg at the other end. It is initially at rest in the vertical position. A second ball of
mass 1.2 kg is carried by a similar rod suspended from the same point and held such
that the angle between the two rods is 30° before being released. Assuming elastic impact,
find the velocity of each ball immediately after impact and the height to which each rises.

(1.2 kg ball; —1.28 m/s, 84 mm; 3.6 kg ball; +1.28 m/s, 84 mm.)

3. A30 trail-car travels on a level track at 9 km/h and strikes a 45 t wagon resting against
buffer springs of total stiffness 900 kN/m. The springs have no initial compression.
Assuming the collision to be perfectly elastic, find the maximum compression of the
springs. How far will the 30 t car travel backwards before coming to rest if the track
resistance is 75 N/t?

(447 mm; 1.67 m)

4. A wagon of mass 100 t moving at 4 km/h, collides with the back of a wagon, of mass
40 t moving in the same direction at 1 km/h. What is the velocity of the 100 t wagon
after the impact and the impulse between them if the 40 ¢ wagon moves off at 5 km/h
after the impact?

(2.4 km/h; 44 400 N s)

11.10 Inelastic collisions

Bodies may collide in such a way that one penetrates the other and permanently deforms
it and then both move on together with a common velocity, Fig. 11.7. An example
is a bullet embedding itself in a stationary target which then moves off. It is assumed
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u, u, V
—_— ——— —_—
m, m, m, + m,
Before impact Assumed motion
Fig. 11.7

that the collision time is so brief that the target does not move until the bullet is at
rest relative to the target. There is no force of restitution between the bodies and the
impact is said to be inelastic. The energy expended in deformation, resulting in heat
and noise, is lost to the system. The total momentum before and after impact remains
unchanged since there is no external force acting. Similarly when two bodies collide
and move on together because they are held by a quick-coupling mechanism, a suddenly
tightening tow-rope, or simply get tangled together. .
If V is the common velocity immediately after impact, then the momentum equation
is
mu, + mu, = (my + my)V
The loss of kinetic energy is given by
2
(%mluf + %mﬂ%) -3 m + m)V

In the important case where one mass, say m;, is at rest, then u, = 0, and the
momentum equation becomes

muy = (my + my)V

i.e. V i

— . U
m1+m2

and the loss of kinetic energy is

m 2
u

2 I 1%
i — 3 (my + my) [ ]

m, + my
m
(1~ ) ma
my + my

This expression shows that there is always some loss of energy since the multiplying
factor is always less than unity.

1 2
;—mlu% — g(m + m)V

Example A pile-driving hammer of mass 0.5 t falls 2.4 m from rest on to a pile of mass 145 kg.
There is no rebound and the pile is driven 150 mm into the ground. Calculate the common
velocity after impact and the average resisting force of the ground in bringing the pile and
driver to rest.

SOLUTION o .
Equating the kinetic energy just before impact to the initial potential energy of the hammer

measured above the point of impact, Fig. 11.8,
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Fig. 11.8

;—mu% = mgh
thus striking velocity v, = v (2gh)
V(2 % 9.8 x 2.4)
6.86 m/s

145 + 0.5 x 10° = 645 kg

I

Mass of pile and driver m,

During impact, it is assumed that the impact force between pile and driver is very much greater
than the resisting force offered by the ground and the effect of gravity. The latter forces may
therefore be neglected during impact. There is therefore no appreciable external force acting
on the pile and driver. Hence

momentum of pile and driver after impact
= momentum of driver before impact

Let v be the common velocity of pile and driver after impact. Then

6450 = 0.5 x 10° x 6.86
Therefore v =1532m/s
;—m,u2
= J x 645 x 5.32
=9130]

Kinetic energy of system after impact

Loss of potential energy in descending a further 150 mm:

= (645 x 9.8) x 0.15 = 948 ]
Work done by hammer and pile = kinetic energy lost + loss of potential energy
9130 + 948
= 10078 ]

But the work done against the resisting force is R x 0.15 J where R is in newtons. Hence

R x 0.15 = 10078
therefore R = 67200 N = 67 kN

Example A 25 kg package slides down a smooth chute as shown in Fig. 11.9. At the bottom
it collides with a stationary trolley of mass 40 kg. The package and trolley move off together
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Fig. 11.9

on a rough horizontal surface for which the resistance is 3 N/kg. Find the common velocity
after impact and the distance travelled on the horizontal before coming to rest, assuming the
package and trolley remain together.

SOLUTION
The velocity v of the package at the foot of the slope is given by

v=+Q2gh) =v(@2 x 98 x 5 =99m/s

This velocity has a vertical component and the momentum due to this component may be assumed
to be destroyed on impact with the trolley and the ground. The horizontal component of velocity
is v cos 30° and the horizontal momentum remains unchanged. Hence, equating momenta,

25 X 99cos30° +40 x 0 =65V
ie. common velocity, V = 3.3 m/s

On the level, the friction force F = 3 X 65 = 195 N.
The initial velocity of the two bodies is 3.3 m/s and the deceleration a is given by

F = ma
i.e. 195 25 +40) a
therefore  a = 3 m/s?

If s is the distance covered before coming to rest, then from the equation of motion

v = u? — 2as
0=33-2x3xs
s =182m

I

i.e.

Example A2t caris towed by a 2.5 t truck which moves off from rest and reaches a speed
of 2 m/s before the tow-rope tightens on the stationary car. The rope then stretches, taking
up the strain for 0.15 s. Find: (a) the common speed when the rope ceases to stretch; (b) the
average impulsive force in the rope. Neglect resistance and the effect of the truck’s propelling
force during the stretching period.

SOLUTION

(a) Since road resistance and the truck’s propelling force (tractive effort) may be neglected,
the truck—car momentum remains unchanged during the rope tensioning period. Hence
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initial momentum = final momentum

?'.c. 2500x2+2000x0=(2500+2000)V
ie. common velocity, ¥ = 1.11 m/s or 4 km/h
(b) The impulsi've force F in the rope is found from the change of momentum of the car
or truck during the period of 0.15 s. For the truck, the impulse is negative since it opposes
the motion, hence
. impulse = final momentum — initial momentum
ie. —F X 0.15 = 2500 (1.11 — 2)
ie. F = 14 830 N or 14.83 kN
Problems

1.

Two similar vehicles, travelling at 30 km/h in opposite directions, collide with one another.
What would be their velocities after impact (a) in a perfectly elastic collision, () in
a'completely inelastic collision? Show that in case (b) both the impulse and the total
kinetic energy loss are each one-half of that which occurs when a similar vehicle collides
inelastically with a wall at 60 km/h.
. o (30 km/h; zero)
A simple ballistic pendulum, a device used in the past to measure the speed of a bullet,
consists of a 24 kg block of wood suspended by a light rod. The bullet of mass m is
fired horizontally at close range into the block, embedding itself, and the block then
swings to a height h above the lowest position. If m = 15 g and h = 20 mm, find the
muzzle velocity of the bullet.
. (1 km/s)
A 5 kg package slides 6 m down a frictionless chute and lands on a stationary trolley
of mass 10 kg. The chute is inclined at 30° to the horizontal and the trolley is free to
roll on horizontal guides. If both package and trolley move off together from the moment
of impact and the resistance of the guides is 3 N/kg, find the common velocity and the
distance travelled by the trolley before coming to rest.
(2.2 m/s; 817 mm; note that the vertical momentum of the package is
. destroyed on impact).
A rail wagon, of mass 20 t, starts from rest down an incline of 1 in 24 in a marshalling
yard. The resistance to rolling motion is 70 N/t. Half-way down the incline, which is
180 m long, the wagon collides with a similar wagon at rest. Find (a) the velocity of
Fhe first wagon just before impact, (b) the velocity of the two wagons immediately after
impact if they travel on coupled together, (c) their common velocity at the end of the
incline.
(7.8 m/s; 3.9 m/s; 8.77 m/s)
A package of mass 30 kg slides 9 m down a chute of gradient 1 in 4. At the bottom,
it collides with a stationary package of mass 45 kg. Both parcels then travel on together
ona horizontal surface. If the coefficient of friction between each package and the chute
is 0.1, on borh the gradient and the level, find (a) the common velocity immediately
after impact, (b) the distance travelled on the level before they both come to rest.
o . . (2 m/s; 2.04 m)
A pile is driven into the ground by a hammer of mass 400 kg, dropped from a height
of 3.75 m. The pile’s mass is 45 kg and the average resistance of the ground to penetration
is 45 kN. Find the common velocity of pile and hammer after impact and the distance
through which the pile is driven into the ground.
(7.7 m/s; 325 mm)
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7. A steam hammer, of mass 8 Mg, moves vertically downwards from rest through a distance
of 2 mon to a pile of mass 1 Mg. The hammer falls under the influence of its own weight
and a force due to steam pressure of 120 kN. What is the velocity of striking?

If the steam pressure is cut off at impact, and there is no rebound of the hammer,
find the common velocity of hammer and pile immediately after impact. What is the
average resistance to penetration if the pile is driven 450 mm at each blow?

(9.95 m/s; 8.85 m/s; 870 kN)

8. A weight is dropped from a height of 1.2 m on to a stake and drives it into the ground.
When the falling weight is three times as great as that of the pile to be driven, it is found
that it takes five impacts to drive the pile 250 mm. Calculate the number of impacts
required to drive the pile the same distance when the falling weight is five times as great
as the pile, and the height through which it falls remains the same.

(three; 95 mm per impact)

9. A 600 t tug tows a ship of 8000 t from rest by means of a cable. Assuming the cable
is initially slack and tightens up suddenly when the tug’s speed is 2 m/s and that the
cable tension reaches its maximum possible value of 80 kN, find the common velocity
of the two ships and the time taken, neglecting resistances and the effect of the thrust

of the tug’s engine.
(0.14 m/s; 14 s)

11.11 Collision of partially elastic bodies

When perfectly elastic bodies collide, there is full restitution, i.e. no permanent
deformation, no loss of energy and the velocity of recession is equal to the velocity
of approach. Where the bodies have some elasticity, there will be partial restitution
accompanied by loss of energy. The conservation of momentum equation still applies
but the relative velocities of approach and recession are no longer equal. Newton’s
experiments on partially elastic bodies in direct collision showed that the ratio of the
relative velocities was constant for a given pair of bodies and opposite in direction.
This ratio is denoted by e. When the collision is oblique it is the ratio of the relative
velocities in the direction of the common normal that is constant. This is Newton’s
Law of Impact, an experimental law and approximate only since so many factors affect
the conditions during a collision—the line of impact, the magnitude of the velocities
and the size and shape of the bodies.

The constant e is called the coefficient of restitution, hence, referring to Fig. 11.5

velocity of recession _ vy — v, _ ¢
velocity of approach U — U
or vy — U = —e(uy — w)

The negative sign indicates that the relative velocities are opposite in direction. The
value of e differs considerably for different bodies, varying from just less than unity
for two hardened steel spheres to 0.2 for lead spheres. Note that the relative velocity
equation applies equally to an elastic collision (¢ = 1) and to an inelastic collision
(e=0

Example A ball-bearing is dropped on to a rigid-hard surface from a height h, Fig. 11.10.
It rebounds to a height h,. Find the coefficient of restitution if h = 800 mm and h; = 650 mm,
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SOLUTION
For the ball-bearing, the velocity with which it strikes the surface is

up =~ (2gh) = V(@2 x 9.8 x 0.8) = 3.96 m/s
and the velocity with which it leaves the surface to rise to a height of 650 mm is
v = V(2gh) = V(2 x 9.8 x 0.65) = 3.6 m/s

The impact is treated as a collision where the velocity of one of the masses before and after
impact is zero, i.e. u, = 0 and v, = 0. Then if the direction of i, is taken as positive, v, is
negative and the relative velocity equation is

v = vy = —e(uy — up)
ie. =36 —-0= —e(3.96 - 0)
i.e. e =091

Example A sphere of mass 2.5 kg strikes a horizontal smooth surface obliquely with a velocity
of 18 m/s and rebounds with velocity V at an angle « to the surface, as shown in Fig. 11.11.
Find the values of V and « if the coefficient of restitution is 0.8. What is the impulsive reaction
of the surface on the sphere if the duration of the impulse is 0.5 s?

SOLUTION
The momentum equation for the sphere in the horizontal direction is

25 x 18 cos25° =25 x Vcos o
i.e. Vcos a = 16.3

Consider the velocities normal to the surface, using the notation of Section 11.11, then

18 m/s
\‘\ v
25° - . /r

Fig. 11.11
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for the sphere, u;, = + 18 sin 25° m/s

and vy = — Vsina
for the surface, u, =0
and v, =0

Substituting these values in the relative velocity equation,

vy — vy = —e(uy; — uy)
i,e. —Vsina — 0= —0.8(18 sin 25° — 0)
i.e. V sin a = 6.09

Solving these two equations relating V and o,

o = 20.5°
and V = 17.4m/s

The reaction R of the surface produces an impulse Rr which is equal to the change of momentum
in the direction normal to the surface. Taking u, as positive, v, and the impulse are negative,
therefore

—Rt = m(Ul _ ul)
iie. —R x 0.05 =2.5(—17.4 sin 20.5° — 18 sin 25°)
i.e. R = 684 N

Problems
1. A metal ball is dropped on to a rigid surface from a height of 800 mm and rebounds
to a height of 500 mm after the second impact. Find the coefficient of restitution.
(0.89; note, hy/h; = e?)
2. Anball is dropped from a height of 5 m on to a hard floor. If the coefficient of restitution
is 0.4, find the height to which the ball rises after the first impact and the time it takes
to reach the floor again.
(800 mm; 0.8 s)
3. Abody A of mass 4 kg is constrained by frictionless guides to move at a speed of 8 m/s
towards a second stationary body B of mass 12 kg constrained by the same guides. The
bodies collide and the coefficient of restitution is 0.9. Find the speeds after impact and
the loss of kinetic energy.
(A, —3.4m/s; B3.8m/s; 18.21])
4. A sphere of mass 1.2 kg slides down a tube as shown in Fig. 11.12. At the bottom of
the curved portion, it strikes (horizontally) a stationary block of mass 2.4 kg. If the tube
is assumed frictionless for the curved portion and to have a coefficient of friction of

Fig. 11.12
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0.4 for the horizontal stretch, find the distance travelled by the block before coming
to rest (a) for a perfectly elastic collision, (b) ife = 0.8, (c¢) when the sphere and block
move on together as a single body.

(1.22 m; 0.99 m; 0.306 m)
5. A rr}gtal ball of mass 5 kg attached to a light arm of length 1.2 m falls from the horizontal
position as shown in Fig. 11.13 to strike a stationary block of mass 10 kg. After impact,
the block is observed to move off with a velocity of 3 m/s. Find the coefficient of restitution

and the velocity of the sphere immediately after impact.
(0.86; 1.15 m/s to the right)

1.2 kg

12m 2
I_h ,“g ’ 2m
| / \
I / \ 2m
_ \
N
10 k
el ~_
% 22kg
Fig. 11.13 Fig. 11.14

6. A mass of 1.2 kg is released from the position shown in Fig. 11.14 and swings down
at the end of a string of length 2 m to strike a mass of 2.2 kg suspended similarly at
rest. At impact the masses rebound; the lighter mass swings to a height h and the other
mass swings to the right to a height of 900 mm. Find (a) the velocities of separation
immediately after impact; (b) the coefficient of restitution; (c) the value of h.

(1.2 kg mass, 1.44 m/s to the left; 2.2 kg mass, 4.2 m/s to the right; 0.9;
105 mm)

11.12 Angular momentum and impulse

Consider a shaft rotating with initial angular velocity w, and acted upon by a torque
T for time ¢, and let the final velocity be w. Then the average angular acceleration
o is given by:
W — G
t

o =

and if the shaft has moment of inertia /
T = lu

Iw—wo
t

We define the angular impulse by the product torque X time, i.e.

impulse = T X ¢
=72 "% .,
t
= I(w —wp)

To — Iy
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The product /w is called the angular momentum of the rotating body; the angular
impulse is therefore measured by the change in angular momentum it produces; thus

angular impulse = change of angular momentum

The idea of angular momentum plays a similar part in considerations of changes of
angular motion as does change of linear momentum in linear motion. In particular:
(a) if there is no torque acting, there is no change in angular momentum; (b) if two
shafts are engaged by a clutch, and no external torques are brought into play (by
reactions at the bearings for example), the total angular momentum of the system will
remain unaltered, although kinetic energy may be lost in heat during slipping of the
clutch. (See page 175 for an application of angular momentum.)

The units of angular momentum and angular impulse are kg m%/s and this is the
only recommended SI form. However, it is useful to note that another form of unit
sometimes used for angular impulse indicates more clearly the torque X time meaning,
i.e. Nms.

The units of linear momentum are kg m/s and it is important to realize that these
quantities, linear and angular momentum, cannot be added together.

Example Two masses, each of mass 4 kg, rotate at a radius of 1.2 m attached at opposite
ends of a light arm, Fig. 11.15. The initial speed of rotation is 400 rev/imin. If the two masses
are moved inwards along the arm to a radius of 0.8 m find, (a) the final speed of rotation,
(b) the change in kinetic energy of rotation.

SOLUTION

(a) Since there is no external torque acting on the shaft carrying the rotating masses the
angular momentum remains unchanged by the change in radius of rotation. Let the final
speed of rotation be N rev/min. Then

final angular momentum = initial angular momentum
or L x N =1, x400

where I, and I, are the initial and final moments of inertia, respectively. (Note: It is
unnecessary to convert the speeds of rotation to radians per second since the conversion
factor is common to both sides of the equation and would cancel.)

Assuming each mass to be concentrated at its respective radius of rotation,

I =2 x 4 x 1.2 kg m?
L =2 x4 x 0.8 kg m?

hence (2 X 4 X 0.85) x N = (2 x 4 x 1.2%) x 400
thus N = 900 rev/min

oot

Fig. 11.15
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) Initial kinetic energy = %mkza)2

1 27 2

> X 8 X 1.22x(— X 400

2 60

10 100 J

%x8x0.82x(2—7rx900 ?
60

= 22 8001J

change in kinetic energy = 22 800 — 10 000
= 12700 = 12.7 kJ

final kinetic energy

'_I‘hxs is a gat"n in kinetic energy and arises from the work done in moving the masses
inwards against the radial inertia force due to rotation.

Problems

1. A light bar rotates about a perpendicular axis through its centre. Attached to each arm

of the rotating bar are two similar movable masses. The plane of rotation is horizontal.
If:uwll)len 1:he masses each rotate at a radius of | m, the speed of rotation is 6 rev/s, what
will be their speed at a radius of 1. i ing
o pe 25 m when moved radially outwards during free
If each mass is 3 kg, what is the loss of energy due to the change in radius?
(3.84 rev/s; 1.54 kJ)
2. Ascheme ProPosed to conserve fuel in running a vehicle consists of a flywheel connected
to the ‘e.ngme in such a way that energy gained when running downhill may be stored
and' utilized wl?en running uphill or accelerating. If the flywheel’s mass is 100 kg, its
radius of gyratfon 400 mm and it has a maximum speed of 30 000 rev/min, calculate
the corresponding angular momentum and kinetic energy of rotation.
' (50.3 Mg m%/s; 79 MJ)
3. A rotat;ng table has a moment of inertia about a vertical axis through its centroid of
8 kgm anq turns at 6 rev/s. A servo piston of mass 1.4 kg rotates with the table at
an initial radius of 1.2 m. It then moves towards the centre of rotation a distance of 600 mm
in such a way that no external torque acts on the system. Assuming the piston to be
a concentrated mass, determine the final speed of free rotation of the table.

(7.07 rev/s)

Chapter 12

Aircraft and rockets

12.1 Reaction propulsion

The principle of reaction propulsion whereby a jet of fluid is formed and expelled
from an engine or pushed by a rotating rotor is the basis of working for propeller-
driven ships and planes, jet planes, rockets, helicopters and satellite control. Apart
from the mechanical aspects and body structure, each type of vehicle differs greatly
in regard to the mass of fluid dealt with and the speed and form of the jet.

For any type of jet-propelled machine, the mass fluid flow, jet speed and flight
speed, govern the magnitude of the propelling force or thrust as shown below.

12.2 Jet propulsion aircraft

The simplest form of jet propulsion is the ramjet, used for high-altitude, high-speed
flight. The 'ram effect' is due to the forward speed of the plane or missile forcing
the necessary air for combustion into the engine through a front duct and diffuser
(a diverging chamber) which greatly slows it down, and then ajet of hot, extremely
high-speed gas is ejected from the tail. A ramjet cannot be used on its own but must
be launched at high speed or have an auxiliary power supply to bring it to its operating
speed. In a turbo- or straight-jet, the incoming air has its pressure raised by a
compressor followed by combustion and the issue of ajet through a nozzle in an exit
jet pipe. Jet nozzles are designed according to the speed of flow required and the
exit velocity usually exceeds the speed of sound. Some of the hot gas is utilized to
drive a turbine which in turn drives the compressor. This is called gas-turbine
propulsion and, as described, is the basic form of the jet engine, now superceded
by the turbofan and turboprop (see below). The S/VTOL (Short/Vertical Take-Off
and Landing) machines take off vertically or from short runways but overcome the
drawback of their precursor, the helicopter, with its low forward speed. In some designs
two engines are fitted, one for take-off and one for flight. The Harrier Jump Jet uses
'vectored thrust' whereby only one engine is required and the plane is propelled by
several swivelling nozzles, controlling speed and direction of flight. Ramps with
gradients upwards of 7° are used to assist take-off in situations of short run-up, e.g.
ship's deck.



236 Applied mechanics

12.3 Notes on aircraft speeds

f'\n aircraft has two speeds: (a) its groundspeed, over or relative to the ground, (b)
its indicated airspeed through or relative to the air, equal to the forward speeci In
sFill air,. groundspeed and airspeed are the same and this is the speed of the int.ake
air to.a Jet engine or approaching the blades of a propeller. Airspeed is not affected
by wind but. the groundspeed does alter and has to be calculated from a ‘velocity
diagram’ using vectors for airspeed, windspeed and groundspeed.

T.he speed of sound in air is important in relation to airspeed. Speeds below the
sonic velocity (at sea-level 340 m/s, 661 knots, 1224 km/h) are in general referred
to as subsonic but for speeds approaching and passing through the ‘sound barrier’
the term transonic is used; supersonic covers speeds above sonic velocity and
h)fpersonic (rocket driven) when the speed exceeds about five times the sonic speed.
ngh speeds are denoted by Mach numbers, Mach 1 being the speed of sound at the
altitude where the aircraft is flying. Transonic speeds are usually held only for brief
periods; large airliners tend to cruise at about Mach 0.85 (880—950 km/h) whereas
the exceptional Concorde at an altitude of 15 km maintains flight at Mach 2, the speed
of sound at this altitude being 1065 km/h. ,

12.4 Thrust of a jet

The thrust of a jet depends on the rate of change of momentum given to the jet fluid.

Let v be the air velocity relative to the engine at entry, Fig. 12.1, and v, the velocity

of the gas jet relative to the engine at exit. Then, relative to the engine, and neglecting

t7lz)e effect of the mass of fuel burnt (since the air to fuel ratio (by mass) is of the order
1)

initial momentum of m kg of fluid = mv
and final momentum = my,
therefore change in momentum = m(v, — v)

Ifm i.s the mass of fluid passing through the engine per second, the force exerted
on the jet of fluid equals the change of momentum per second, i.e.

force = m(v, — v)

From Newton’s third law, the active force exerted by the engine expelling the gas
through the exit nozzle at the tail must have an equal and opposite reactive force and
this is the force due to the pressure of the combustion gases on the inside surfaces
of the engine, i.e. there is a force or thrust T on the plane propelling it forward in
reaction to the formation of the jet. When the engine is on a stationary rig, the thrust
is taken by the supports. Thus

v (AIR) Veﬁ v, (gas jet)
—9—@ =— -

THRUST
. ON
airspeed v
PLANE
Fig. 12.1
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engine thrust T = m(v, — v)

The thrust (performance) of a jet engine is therefore directly proportional to the mass
flow rate of air drawn into the engine and to the gain in velocity of the air passing
through the engine. There is also a small thrust due to the burnt fuel leaving in the
Jjet. The fuel is initially at rest relative to the plane and its exit velocity is v, relative
to the plane, hence the additional thrust is

MgV,
where m; is the mass of fuel consumed per second.

The above expression for thrust gives the overall thrust, i.e. the net effect of the
separate thrusts (positive and negative) due to the varying pressures and speeds in
the individual units making up the engine.

Modifications to the turbojet which is inefficient at low speeds, have produced more
efficient engines with higher thrusts for lower jet velocities. In the turboprop, advantage
has been taken of the high efficiency of propellers at low speeds; the core turbine
supplies thrust from the hot gases expanding through a nozzle but also drives a propeller
which deals with a large mass flow of air and contributes the greater part of the total
thrust. Because of the limitations of the propeller, the jet alone with by-pass air is
used in the turbofan (or ducted fan) engine thereby increasing the mass flow of air
with more efficient use of fuel. In one arrangement, a second turbine drives a multi-
bladed fan placed in front of the engine compressor and pushes the air to the rear
in two streams. One stream enters the core engine via the compressor, acting as a
supercharger, while the other, not compressed to the same extent, but several times
greater in volume, by-passes the engine before exhausting. The by-pass ratio (BPR)
is the ratio of the volume of by-pass air to that going through the engine. The two
streams may issue from the same nozzle having been mixed together before reaching
it, or from an annulus formed by the cold air tailpipe surrounding the hot gas pipe;
both streams exhaust at roughly the same speed. A high proportion of the total thrust
is derived from the by-pass air depending on the by-pass ratio; and the proportion
of the thrust can be altered by a flow valve. The BPR is generally Sor 6 to 1, or
even higher. An example of a high by-pass engine is the Rolls-Royce RB211 (5.7:1).

For short bursts of extra power at take-off or for manoeuvres, an aircraft may be
fitted with an afterburner or reheat pipe in the tailpipe into which fuel is injected
directly. For example, the Concorde’s Olympus engine (which is a turbojet) has a
rated thrust of 170 kN with 17 per cent afterburning.

12.5 Incompressible and compressible flow

When air or gas flows through an engine (a ‘control volume’), any change of pressure
alters the density and there is always some degree of turbulence. Such effects increase
with speed of flow but when dealing with aerodynamic forces it makes calculations
easier in many subsonic problems and gives satisfactory results if certain assumptions
are made to simplify the conditions of flow. These are

1. The air is incompressible, thus the density is constant.
2.  The flow is steady, so that it follows from the Law of Conservation of Mass
that the rate at which a mass of air enters an engine must equal the rate at which
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it leaves, and, since the density is constant, the volume rate of flow must also
be constant. This is the equation of continuity which states that the velocity in
steady flow is inversely proportional to the area of cross-section of flow (see
Chapter 20).

3. Bernoulli’s equation applies—derived from the application of the principle of
conservation of energy to steady, frictionless, incompressible flow of fluid along
a streamline. It means, ignoring potential energy, that the pressure energy and
kinetic energy arc interchangeable, i.e. a reduction in pressure is always
accompanied by an increase in velocity and vice versa.

The assumptions are valid at low speeds; at higher speeds the density changes are
more significant but they are still small enough to continue with the assumptions. At
subsonic speed the air in front of the aircraft is pushed forwards and warns the air
ahead of its coming. However, a critical speed is reached, approaching the speed of
sound in air, where the behaviour of the air alters suddenly and it becomes
f:ompressible; the air in front of the aircraft is not ‘alerted’ to its approach and there
is a sharp rise in pressure and density with the oncoming air to the nose of the aircraft
becoming compressed. The abrupt rise in pressure and density is termed a shock and
shock waves occur ahead of the nose. The waves form a cone with its vertex at the
source of disturbance; this is called a Mach cone. Above the critical speed the effect
of density change and Mach number must be taken into account. In the problems set
here the air is assumed to be incompressible.

12.6 Mass flow rate of air

For t'he flow of air into a jet engine, making the assumptions listed above, the volume
passing any section at the intake scoop per second is constant and given by

Q = scoop area (A) X airspeed (v)
= Av

and the mass flow rate of air is

I

m = density X volume passing per second

= pAv

where p is the density of the air at intake. The standard density at any altitude may
be found from tables as explained below. The characteristic gas equation may be
used for the flow at any instant and this gives the relationship between the pressure
p (absolute), temperature T (absolute)* and the mass m of a volume V of air. Thus

pV = mRT
where R = 287 J/kg K is the gas constant for air. Since we are dealing with flow
rate, m may be substituted for m and Q for V and the equation becomes

pQ = mRT
or p = pRT

* Symbol T is being used for both thrust and absolute temperature.
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For example, if 80 m3/s of air is drawn into an engine per second at absolute pressure
90 kN/m? and temperature 268 K, then

90 x 10° X 80 = m X 287 x 268
ie. m = 94 kg/s

or, given the density of the intake air as 1.18 kg/m®, then
m = pQ = 1.18 x 80 = 94 kg/s

When the flow through the engine is a mixture of air and gas the value of R alters,
e.g. at exhaust pipe conditions R will have a higher value, over 300 J/kg K.

12.7 International standard atmosphere (ISA)

In fields of work such as aircraft, space vehicles and ballistics, which involve
atmospheric properties, standard values are required at a range of altitudes to serve
as a basis for engineering design, comparison of performances and calibration of
instruments. Many obvious factors affect atmospheric conditions and assumptions have
to be made, for example, that the air is still and dry, so that average or ‘standard’
figures can be tabulated for different parts of the world, corrections being included
for off-standard conditions. For sea-level in Western Europe the ISA values are—
pressure, 101.3 kN/m?; temperature, 288.2 K; density, 1.225 kg/m3; speed of sound
in air, 340 m/s.

As the altitude increases in the lower atmosphere the temperature drops steadily
at a rate taken to be 6.5 K per km, reaching 216.7 K at 11 km (the limit of the
troposphere), then it remains constant before starting to rise again at a height of 20 km.
The pressure falls irregularly and at a more rapid rate than temperature, the rate of
fall slowing down as the air rarefies; at 11 km the pressure is 22.7 kN/m? and at
20 km, 5.5 kN/m?. Density of the air and the speed of sound in air are important
when dealing with aerodynamic forces; density falls with pressure and temperature,
at a slower rate than pressure, the values being 0.365 kg/m® at 11 km and
0.089 kg/m?> at 20 km. The speed of sound is proportional to the square root of the
absolute temperature and reduces from the standard value to 295 m/s at 11 km, remains
constant at this figure in the lower atmosphere, before rising again to 295 m/s at 20 km.

12.8 Power developed by a turbojet engine

If the thrust T is known for a particular flight speed v, then if the units are newton,
metre and second

thrust x flight speed

S w
1000
Power is only developed by a thrust when the aircraft is moving, in flight or on the
runway. When stationary on the runway or on a test rig the thrust is still exerted but
resisted by friction forces or restraints; since there is no movement, there is no output
power developed although some power is taken by the rotating parts of the engine.

power output
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The thrust of ajet in practice is fairly constant with flight speed and hence the power
output varies directly with the flight speed, unlike the engines of a propeller-driven
plane or motor car where the power output does not depend on the speed of the vehicle
itself; this is called the 'shaft' or 'brake’ power because work is done by a torque
rotating the engine crankshaft. Shaft power may be measured when the engine is
stationary by a brake resisting the crankshaft rotation. There is no shaft work for a
jet engine, so its power output cannot be measured and thrust is used instead to assess
propulsion performance. The 'static' thrust can be measured directly on a stationary
test rig, usually at sea-level standard conditions with maximum power settings. An
engine may be rated to static, sea-level thrust on a test rig at ISA conditions but there
are other methods of rating an aero engine, e.g. at ambient conditions. Ratings may
be classified as normal, cruise or take-off. The thrust of an engine on a rig is usually
greater than when installed in an aircraft. In flight the thrust may be gauged by
monitoring the engine pressure ratio (EPR), i.e. the ratio of turbine discharge pressure
to compressor inlet pressure and this gives an indication of achieved power. A large
airliner, such as a Boeing 747, for example, has a static thrust of 900 kN at full power
settings for take-off registered by a particular EPR and the thrust lever can be set
at this position.

Example A stationary jet engine under test is supplied with air at the rate of 80 m’/s. The
air speed at entry to the engine is 50 m/s, at a pressure of 106 kN/m? (absolute) and
temperature 292 K. If fuel is burned at the rate of 1.2 kg/s and the gases leave the tail at 400 m/s,
find the specific thrust, i.e. the thrust per unit mass of fuel used in unit time. Characteristic
gas constant for air, R = 287 J/kg K.

SOLUTION
Applying the characteristic gas equation to the air at entry,
= P2
RT
_ 106 x 10° x 80
287 x 292
= 101.2 kg/s

The speed of the air changes from 50 to 400 m/s in passing through the stationary engine,
hence the thrust is

m(v, — v)

101.2(400 — 50)
35420 N

The fuel has its speed increased from rest to 400 m/s, hence the additional thrust due to the
fuel is

(v, — 0) = 1.2 x 400
= 480 N

Total thrust = 35 420 + 480 N
= 36 kN

The additional thrust due to the effect of the fuel is only 1.3 per cent of the total thrust.
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Specific thrust = mass ﬂ(,::r:::e of fuel
_T
my
_ 36
1.2
= 30 kN s/kg

Example A jet plane flies at 500 knots, drawing in air at the rate of 80 m’/s and expelling
a jetstream at 600 m/s, relative to the engine. The atmospheric conditions are 750 mbar and
260 K. Estimate the thrust and power output at this speed. Characteristic gas constant for air,
R = 287 J/kg K; 1 mbar = 100 N/m?; 1 knot = 0.514 m/s.

SOLUTION
Applying the gas equation to the air at entry to the engine,
)
RT
(750 x 100) x 80
287 x 260
= 80.4 kg/s
Forward speed, v = 500 knots = 500 x 0.514 m/s

257 m/s

Thrust = m(v, — v)
= 80.4(600 — 257)
= 27600 N
= 27.6 kN

Power output = thrust X speed
27.6 x 257 kW
= 7100 kW

Example A ramjet has a flight speed of Mach 0.7 at an altitude where the density is
0.73 kg/m? and the speed of sound in air is 320 m/s. The jet velocity relative to the ramjet
is 550 km/s. What is the frontal area of the intake scoop required for a thrust of 18 kN? If
the specific fuel consumption is 210 kg/kN of thrust/hour, what is the air to fuel ratio?

SOLUTION
Airspeed v = 0.7 x 320 = 224 m/s
Thrust T = m(v, — v)
ie. 18 x 103 = m(550 — 224)
therefore m = 55.2 kg/s
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If A is the area of cross-section of the intake scoop and Q the volume of air drawn in per second,
then

Q = area of scoop x flight speed
= A x 224 m®/s
and m = pQ
ie. 552 =073 x A x 224
therefore A =034 m?
Fuel used = 210 kg/kN/h
210 x 1
- A0 x 18 kg/s
3600
= 1.05 kg/s
Hence air:fuel = 3.2 = 52.6
1.05

Problems

(Characteristic gas constant for air, R = 287 J/kg K; | knot = 0.514 m/s; 1 mbar =
100 N/m?2.)

1. Anaircraft draws 45 kg of air per second into its engine and ejects it at a speed of 360 m/s
relative to the engine. Find the thrust exerted by the jet, (a) when stationary, (b) at a
forward speed of 800 km/h.

(16.2 kN; 6.2 kN)

2. A jet plane discharges at jet at the rate of 30 kg/s with a velocity of 1000 m/s relative
to the plane. If the forward speed of the plane is 900 km/h, what is the thrust on the
plane and the power developed at the jet?

(22.5 kN; 5.625 MW)

3. A jet aircraft has a forward speed of 200 m/s at a height where the absolute pressure
is 800 mbar and the temperature 280 K. At these conditions the air consumption is
70 m%/s. The jet speed is 500 m/s relative to the plane and the fuel used is 0.65 kg/s.
Neglecting the effect of fuel in the jet, find the thrust.

(20.9 kN\)

4.  The specific fuel consumption of a four-engined jet aircraft is stated as 72 kg/kN of
thrust/hour for each engine. At a speed of 820 knots in level flight, the total thrust for
all engines operating is estimated at 160 kN from static test results, and the jet speed
is 1100 m/s relative to the aircraft. For each engine, find the airflow in kg/s, the air
to fuel ratio and the power output.

(59 kg/s; 74; 16.9 MW)

5. A ramjet has a forward speed of 290 m/s at an altitude where the density of the air is
0.6 kg/m’. The exhaust jet speed is 1.2 km/s relative to the ramjet. If the intake duct
for the air has an area of 0.11 m?, find the mass of air used per second and, neglecting
the mass of fuel, the thrust exerted. If the fuel is consumed at the rate of 0.9 kg/s, what
is the additional thrust?

(19.1 kg/s; 17.4 kN; 1.08 kN)

6. A single-engined jet plane travels at 400 knots at an altitude of 5 km. The ISA figure
for density at this altitude is 0.74 kg/m* and the engine draws in air at the rate of
90 m>/s. The jet issues at 700 m/s, relative to the aircraft. Find the power output.

(6.77 MW)

7. The engine of a jet plane is tested on a stationary rig with air being supplied at 120 m/s,

at normal temperature and pressure (16°C, 101.3 kN/m? abs). The area of cross-section
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of the intake duct is 0.4 m2 the speed of the exhaust jet is 600 m/s and the fuel
consumption, 0.9 kg/so Show that the density of the intake air is 1.22 kg/m? and
allowing for the fuel in the jet, find the thrust, air/fuel ratio and the specific fuel
consumption, i.e. the rate of fuel used per unit of thrust.

(28.7 kN; 65:1; 113 kg/h per kN)
8. A twin-engined turbofan draws in air to each engine at the rate of 45 kg/s and the exhaust
jets are expelled at a mean speed of 1 km/s relative to the aircraft. Find the output power
if the speed of flight is Mach 0.8 and the local speed of sound in air is 1188 km/h.
(175 MW)
9.  Ajet plane travels at 900 km/h at an altitude where the air pressure is 470 mbar (abs.)
and temperature -24 °@. The total intake scoop area of cross-section is 0.28 m? and
the exhaust jet velocity is 950 m/s relative to the aircraft. Find the density of the intake

air, the mass flow rate of air through the scoop and the thrust.
(0.66 kg/ms3; 46 kgf/s; 32 kN)

12.9 Propeller-driven aircraft

Aircraft driven solely by propellers are powered by piston engines, limited in output
to about 3 MW. In a turboprop plane, a gas turbine supplies much greater power
and the thrust is provided mainly by the propeller but also by the reaction to the exhaust
jet. The propeller or ‘airscrew' shaft is driven by the engine, rotating the blades, thereby
drawing in a very large quantity of air and pushing it backwards with a moderate
increase in speed (Fig. 12.2). The reaction to the formation of the propeller slipstream
or race produces a thrust. Besides the speed of rotation, many other variables affect
the performance of propellers, including the shape and diameter of the blades and
the pitch, which may be fixed, adjustable by the pilot or automatically variable and
speed controlled. The pitch is the distance travelled by the propeller through the air
in each revolution, assuming there is no slip. Variable-pitch has several advantages,
one of which is that adjustment of the blades to a negative angle enables the pilot
to obtain a negative or reverse thrust by blowing the air forwards, for braking and
taxying.

Besides the conventional propellers, there are high-speed designs which are ultra-
light and uniquely shaped from composite materials and there are ducted and unducted
fans with many more blades than the usual three to six. The unducted or prop fan has
very large, thin, fan-like blades rotating freely in the air, whereas the ducted fan has
its blades shrouded in a casing, resulting in a different form of airflow. A single
propeller causes a swirling action in the slipstream and to counteract this, a second
propeller may be placed downstream on the same shaft, rotating in the opposite
direction to the first. This contraflow arrangement reduces the loss of energy from
turbulence and also serves to offset the torque reaction caused by a piston engine.
We consider here only the thrust and power aspects of a propeller rotating freely in
air and powered by a piston engine.

Power

The power output for a propeller-driven aircraft (Fig. 12.2) is thrust x forward
speed, as for ajet engine. The power supplied to the engine is the energy in the fuel
consumed per second. Some of this energy is lost due to the inefficiency of the engine
itself and there are further losses between engine brake shaft and propeller shaft as
well as in the propulsive process of the propeller. The overall efficiency of the system
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is the ratio of the power output to the energy available in the fuel consumed. The
propulsive efficiency of the propeller is the ratio of the power output to the power
delivered at the propeller shaft. Thus

power output

overall efficiency -
heat energy supplied per second

power output

and propeller efficiency -
power delivered to propeller shaft

The efficiency of propeliers* may be up to 90 per cent at moderate speeds (below

* The work input per second is the gain in kinetic energy of the mass airflow so that the
theoretical efficiency in the ideal case is given by

useful work done per second
gain in kinetic energy of airflow/second
Tv

1 .
5l — v?)

n =

m(v, — v
1m@? — v?)
2
1+ =
v

i.e. for a high efficiency, for a given value of v, the increase in velocity (v, — v), should be
as small as possible. The actual or conversion efficiency is less than the theoretical value because
of drag force on the blades and turbulence in the jet stream. The same efficiency applies to
a jet-propelled aircraft but in this case the propulsion is inefficient at low speeds (e.g. take-off)
and becomes more efficient as the forward speed approaches the jet speed.
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600 km/h) but at higher speeds, the efficiency falls off rapidly. Propeller-driven
aircraft, even with advanced propeller systems, are limited to about 800 km/h.

Thrust

The flow of air past rotating blades is complex because of the rotation and turbulence
imparted to the air. Several theorems are available to analyse a propeller’s performance
but to find the thrust, the simplest is the momentum theory as used previously for
the jet engine. Simplifying assumptions are that the propelier is a thin disc, the flow
is axial without rotation, the slipstream is a uniform, continuous jet of constant density
in steady flow and there is no change in velocity across the disc, Fig. 12.3. The
approach velocity is v, relative to the aircraft, at a point where the pressure is
atmospheric. A sharp rise in pressure occurs across the faces of the disc and the pressure
returns to atmospheric in the straight and parallel part of the slipstream where the
velocity is v,, relative to the aircraft. From the ‘equation of continuity’, the area of
cross-section of the jet varies inversely with the speed of flow and therefore the diameter
of the jet where the speed is v, reduces to some value d,. If v, is the velocity
across the disc, relative to the aircraft, it can be shown by applying Bernoulli’s theorem
(Chapter 20) that v, is the average of v, and v, i.e.

+
vbzue2 v

The “disc’ area A swept out by the blades may be taken as wd’/4, where d is the
blade diameter. For flow across the disc, the volume of air passing per second is

Q

area of section of jet X speed of flow across disc, relative to aircraft
= AUb

or, for flow at the straight and parallel section,
Q0 = Ay,

where A, = wd%/4.
The mass flow rate of air is

m = pQ

T

atmos.
press.

= Al e o

dia. d,
slipstream
propeller —
‘disc’

Fig. 12.3
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and the thrust is
T=me - V)

as for a jet engine.

Example A single-engined plane flies at 540 kmlh in still air (density 1.15 kgim3). The power
supplied to the propeller shaft is 800 kw, the 'disc’ area swept by the blades is 4 m? and the
conversion efficiency is 85 per cent. Find the thrust and estimate the velocity of the jet well
downstream of the blades.

SOLUTION
v = 540 km/h = 150 mls
Thrust x speed = power output

0.85 x 800 x 103

lLe. thrust = = 4533 N
150
Since Q = Aw
_— (v tv)
2
=2wv. + v) m¥s
and m =pQ = 115 x 2(ve t V)
= 23(ve T v) ka/s
then thrust = m(v, - V)
= 23(v; - vz) N
le. 4533 = 23(v; - 1503
Therefore vV, = 156 mls (relative to the plane)

Example A twin-engined aircraft cruises at 330 knots with the slipstream of each propeller
moving at 180 mis, relative to the aircraft. at a point well downstream where the jet diameter
is 1.8 m. The density of the air is 1.23 kglm3 and the efficiency of each propeller is 85 per
cent. Find the total brake power required. 1 knot = 0.514 mis.

SOLUTION
Flight speed, u = 330 x 0.514 = 170 mfs.

For each engine, Q = area of cross-section of jet x speed of flow relative
to aircraft (ue

1 x 1.8
- x 180
4

= 458 ms
and m = pQ = 123 x 458 = 563 kg/s
therefore T=my - U

= 563(180 - 170)

= 5630 N

5.63 kN, for each engine
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(thrust x flight speed)
propeller efficiency

Total brake power required = 2 Xx

2 x 563 x 170
0.85

2250 kw

Problems
(Take density of air as 1.2 kg/md.

1. A propeller-driven aircraft of mass 12 t has a thrust of 12 kN when the power delivered
to the propeller shaft is 2.2 MW at 500 km/h in steady, level flight. Find the propeller
efficiency. What additional thrust is needed for an acceleration of 0.2 m/s??

(76 per cent; 2.4 kN)

2. Find the power required at the engine brake shaft of an aircraft flying at a steady 60 mis,
if the thrust is 2.5 kN and the propeller efficiency 75 per cent. What is the velocity of
flow in the propeller slipstream relative to the aircraft at a point where the jet diameter
is constant at 1.6 m?

(200 kW; 74 mls)

3. Anaircraft lands at 90 knots and the pitch of the propeller blades is adjusted to completely
reverse the flow of air through the propeller and produce a braking thrust of 7 kN. The
jetstream has a forward velocity of 85 mls relative to the aircraft. Find the cross-sectional
area of the jet.

1.77 m3

4. An aeroplane is stationary on the runway under test and air is drawn into the propeller
at 50 m/s. The slipstream has a velocity of 90 mls and a jet diameter of 1.8 m well
downstream.  Find the thrust developed.

(11 kN)

5. A propeller-driven aircraft flies at 432 km/h in level flight. The engine supplies 800 kW
to the propeller shaft and the conversion efficiency of the 2.8 m diameter propeller is
80 per cent. Find the thrust and estimate the velocity of the air in the downstream well
beyond the blades, relative to the craft.

(5.33 kN; 126 mis)

6.  Anaircraft flies at 324 km/h in still air. The propeller diameter is2.5 m and its propulsive
efficiency is 78 per cent. The velocity of the air across a section at the propeller is 98 mis,
relative to the aircraft. Estimate (a) the mass of air projected per second, (b) the velocity
of the air at a point in the downstream, relative to the aircraft, (c) the power delivered
to the propeller shaft.

(577 kals; 106 m/s; 1.07 MW)

7. An aeroplane flies in still air at 300 km/h. The velocity at a point in the slipstream in
steady flow beyond the propeller is 95 mls relative to the plane, and the propeller sweeps
out an area of 7.06 m2 Find the mass of air per second projected past the blades and
the thrust. If the power delivered to the shaft is 950 kW, find the conversion efficiency
of the propeller.

(755 kgfs; 8.8 kN; 0.77)

12.10 Notes on lift and drag forces on an aircraft

To be airborne and fly, any type of machine must be provided with a lifting force
equal to or greater than its deadweight, and this force is generated by the flow of
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air over the surface of wings or aerofoils when thrust forward. Alternatively it can
be provided by rotating blades or downward-directed jets. When a fixed wing aircraft
flies, the air flows over the wings in streamlines and a resultant force is produced
on the plane because of a slight difference in air pressure at the top and bottom skins
of the wings. * This force has two components (i) a lifting force L, normal to the
direction of airflow, counteracting the weight of the plane, (ii) a drag force D acting
in the same direction as the flow of air, i.e. parallel to the line of flight opposing
the motion of the plane. The drag is due to skin friction, turbulence and shock effects,
and these components vary for different aircraft depending on their shape and speed,
and particularly between subsonic and supersonic types. The forces Land D are shown
in Fig. 12.4(a) for a plane in level flight. The lift depends on the density of the air
and on the shape and angle of attack of the wings into the air. The lift acts at the
centre of pressure C (see page 396) and the weight Wacts through the centre of gravity
G. The positions of C and G may vary because of the loading and also during flight
but are not usually far apart; the centre of gravity must lie within specified limits.
The line of action of the drag force is offset, above or below the line of resultant
thrust which acts along the centre line of the propeller shaft or jet, in the case of a
single engine, or central longitudinal axis of a multi-engined aircraft. The line of thrust
is also affected by the location of the engines relative to the wings. Figure 12.4(a)
shows (not to scale) the lift behind the line of action of the weight, and the drag force
above the thrust. Figure 12.4(b) shows an aircraft climbing; the lift is normal to the
line of flight and its magnitude is critical in regard to the stalling speed of the aircraft
which occurs when there is a sudden loss of lift due to the streamline flow of the
air over the wings becoming turbulent. At this point the angle of attack at which the
airflow strikes the wings has exceeded a critical value and the main wings stall as
the total lift is disrupted, the aircraft shakes and shudders, the drag increases sharply

T 2

‘D

T
(b)

Fig. 12.4

* A full treatment of streamline flow, lift and drag forces, will be found in A.C. Kermode’s
‘Mechanics of Flight’, Longman.
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and the nose pitches downwards. Too lowa speed for the conditions of flight uccm
the onset of stalling.

In practice, the lines of action of the resultant forces are determined largely by
experiments on models, including full-scale rigs, using wind tunnels and other devices.

For a rocket, lift is supplied by downward-directed jets but there are also aerodynamic
forces due to airflow. Helicopters with power-driven rotors obtain their lift from the
blades pushing the air downwards but with propeller-driven autogyros the lift comes
from ‘auto-rotation' due to the upward flow of air through the horizontal rotor blades.
Note that the lift and drag forces on wings may be expressed in terms of the density
of the air, wing area, speed of airflow and coefficients of lift and drag (see page 88
for drag on a vehicle). The aim of a designer is to achieve as high a lift/drag ratio
as possible.

For every airborne vehicle, once the values of the four main forces-thrust, lift,
drag and weight-are  known, the principles of dynamics can be applied to finding
the motion of the vehicle.

12.11 Forces on aircraft in flight

Level flight

For an aircraft to fly in straight and level flight at steady speed, the forces acting
on it must balance and the net moment about any axis must be zero, Fig. 12.5(a).
The aircraft is in equilibrium; this is not the same as being stable, since stability requires
that the aircraft, if displaced slightly from its equilibrium position by wind buffeting
or turbulence, must return to its original position without other controlling forces being
applied. Natural stability in regard to pitching is brought about by maintaining the
centre of gravity in front of the centre of pressure as shown in Fig. 12.4. Although
aircraft are usually designed to be inherently stable, * there is always some degree
of instability, more so in yawing and rolling than in pitching. Thus, for equlibrium

thrust T
and lift L

drag D
weight W

If the centres of gravity and pressure are assumed to coincide there will be no
unbalanced moment. In practice, however, the lines of action of the forces are off-
set, as shown in Fig. 12.4, so that pitching moments are caused by thrust-drag and
lift-  weight couples forcing the aircraft to nose up or down. A correcting moment
is supplied by a small force acting at a large moment-arm due to the airflow on the
tailplane (horizontal stabilizer) and elevators. This force may be neglected in relation
to the main forces (see problem 9, page 18).

When thrust exceeds drag, Fig. 12.5(b), the accelerating force is

F=T-D-ma

where m is the mass of the aircraft and a its acceleration. When drag exceeds thrust,
the plane decelerates. In level flight, the nose of the aircraft is often pitched up slightly

x Ultra-modern fighter aircraft are aerodynamically unstable and are controlled in flight by
computer systems. The limits of manoeuvrability in such aircraft are determined primarily by
the gravity forces (g-forces) pilots can bear. Because of the aircrafts' instability they are able
to make more extreme manoeuvres, such as fighter turns, than aircraft with inherent stability.
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(a) Steady, level flight
Fig. 12.5

(b) Accelerated, level flight

so that the exhaust jetstream is inclined downwards to the horizontal line of flight,
thus affecting the forces on the plane.

Climbing and descending
In straight flight at an angle 6 to the horizontal, the external forces acting along the
longitudinal axis are: thrust 7, drag D and a component of the weight W sin 6. These
are shown in Fig. 12.6.

At constant speed

T=D+ Wsin 6

Considering forces normal to the line of flight,
L = Wcos 8

When accelerating

F=T-D -~ Wsinf = ma
and L = W cos § (as for constant speed)

When descending under power, the weight component assists the thrust. In a gliding
descent with the engine cut out, there are only three forces D, L and W to be considered.

In all cases of climbing and descent, in straight flight, the lift is always less than
the weight and equal to W cos 6.

W sin 0£>$W

Fig. 12.6

Example A twin-turbofan has an all-up weight of 88 kN at altitude of 6 km when climbing
steadily at 25° to the horizontal in straight flight. For each engine, air is drawn in at the rate
of 90 m’/s and the jet leaves the tailpipe at 590 m/s relative to the engine. The ISA value for
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T
25°%% : 250

W sin 255~
Fig. 12.7

the density at altitude 6 km is 0.66 kg/m?. Find the speed of climb in knots if the drag force
is 14 kN. What is the lift force? I knot = 0.514 m/s.

SOLUTION
For each engine, rm = pQ
= 0.66 x 90
= 59.4 kg/s

2 X m(v, — V)
2 x 59.4 (590 — v) X 1073kN
= (70 — 0.12v) kN

For two engines, T

where v m/s is the airspeed.
In a straight climb at steady speed, (Fig. 12.7) we have

T =D + Wsin 25°
ie. 70 — 0.12v = 14 + 88 x 0.42

159 m/s = 159 = 309 knots

0.514

therefore v

Resolving forces normal to the line of flight, the lift is given by

L = Wcos 25° = 88 x 0.91 = 80 kN

Example A jet aeroplane of mass 4200 kg travels in level flight at a speed of 486 k‘nots, drawing
in air to the engine at the rate of 70 kg/s. The jet speed relative to the plane is 600 m/s. If
the lifi/drag ratio is 10, estimate the acceleration of the plane and the p(.)wer output. If the
plane climbs at 20° to the horizontal, what is then its acceleration, assuming the same thrust

and drag as in level flight? 1 knot = 0.514 m/s.

SOLUTION
Forward speed, v = 486 knots = 486 X 0.514 m/s
= 250 m/s
Thrust = m(v, — v)
= 70(600 — 250)
= 24 500 N
Lift = weight
= 4200 x 9.8 N
= 4] 160 N
Drag force = l—;g— = 411})60 = 4116 N
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Accelerating force

F = thrust — drag

=24 500 — 4116
= 20384 N
and F = ma
i.e. 20 384 = 4200 X a
therefore a = 4.9 m/s?

Referring to Fig. 12.6 the weight component opposing the thrust is W sin 6 = 41 160 x
sin 20° = 14 080 N. The accelerating force F is therefore reduced by this amount since the

Power output at 250 m/s = thrust X speed

= 24 500 x 250 x LkW
1000
6125 kW

thrust and drag remain the same, i.e.

F =20384 — 14080 = 6304 N,

and F = ma

i.e. 6304 = 4200q
ie. a = 1.5 m/s?
Problems

(Characteristic gas constant, R = 287 J/kg K; 1 mbar = 100 N/m?; 1 knot = 0.514 m/s)

1.

An aircraft cruises in straight, level flight at 450 km/h where the drag force is 6 kN.
If the power supplied to the propeller shaft is 1 MW, find the propeller efficiency.
. (75 per cent)
An alfcraft of mass 1800 kg flies at a steady speed of 180 km/h in straight, level flight.
The lift to drag ratio is 7 and the propeller efficiency is 80 per cent. Find the power
delivered to the propeller shaft.
‘ ' (157.5 kW)
An 11 taircraft flies at 1180 km/h in steady, level flight with the engine exerting a thrust
of 12 kN. Find the ratio of lift to drag and the power output,
o ' 9; 3.93 MW)
An airliner with an all-up weight of 3 MN climbs at 2° to the horizontal with an
acceleration of 0.1 m/s%. If the thrust is 430 kN, find the lift to drag ratio.
o (10.2)
A supersonic aircraft of mass 175 t is flying steadily in straight, level flight at Mach
1.8 at an altitude where the speed of sound in air is 584 knots. If the thrust is 150 kN,
find the lift to drag ratio and the power output.
. . (11.4; 81 MW)
A sm.gle-engmed turbofan, mass 10 t, flies at a steady 500 knots in straight, level flight.
The jetstream leaves at a mean speed of 800 m/s relative to the engine and the mass
flow rate of air through the engine is 55 kg/s. Find the drag force. If afterburners are
gmployed to increase the thrust by 80 per cent and the flight path is kept level, what
is the time taken to travel 10 km and the speed reached, in knots?
. (29.9 kN; 34 s; 657 knots)
An aircraft makes a steady gliding descent without power. Show that the angle of glide
is independent of the weight of the aircraft and find its value if the lift/drag ratio is 10.
(5.7° to horizontal)

10.

11.

12.

13.

14.
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In a controlled gliding descent under power in a straight path at 10° to the horizontal,
a plane has an acceleration of 2 m/s?. If its mass is 8 Mg and the thrust is 10 kN, find
the drag force. What is the lift to drag ratio?
(7.6 kN; 10.2)
A jet plane of mass 4200 kg climbs at 20° to the horizontal when the propelling and
drag forces are 24 kN and 4 kN respectively, along the line of flight. If the speed at
the beginning of the climb is 250 m/s, find the speed when the plane gains 800 m in
altitude.
(263 m/s)
A propeller-driven aircraft of weight 24.5 kN climbs at a steady speed of 200 km/h at
an angle of 15° to the horizontal. The drag force is 6 kN. Find the thrust along the line
of flight. If the propeller efficiency is 80 per cent and the engine overall efficiency is
30 per cent, what is the energy input to the engine?
(12.34 kN; 2.86 MW)
A jet plane flies in straight, level flight at 900 km/h in still air at an altitude where the
density of the air is 0.66 kg/m3. Air is drawn through the intake scoop at the rate of
50 m*/s. Find its acceleration, given that the mass of the plane is 8 Mg, the exhaust
speed of the jet is 950 m/s relative to the plane and the average drag force opposing
the motion is 8 kN.
(1.89 m/s?)
The engine of a jet plane tested on a stationary rig gave a ‘static’ thrust of 98 kN. The
engine is fitted to a plane of mass 16 000 kg. Assuming the same total thrust as for the
static conditions and a steady resistance of 15 kN in flight, find the angle of climb possible
(a) at constant speed, (b) when accelerating at 3 m/s?.
(31.9°; 12.9°)
A twin-engined VTOL aircraft has a mass of 8500 kg and its swivelling nozzles give
a vectored-thrust vertically downwards for lift-off. The exhaust jet speed is 550 m/s and
the acceleration at lift-off is 2 m/s?. If the mass of fuel burned in each engine is 1.8 kg/s,
find the air/fuel ratio. Neglect drag but allow for the effect of the fuel in the jet.
49.7:1)
A jet aircraft climbs in a straight line at an attitude of 60° to the horizontal. The jet
thrust amounts to 90 kN, the mass of the aircraft is 8 t and the average air resistance
amounts to 11 kN. Calculate the time taken to reach a height of 3 km if the speed at
the start of the climb is 160 km/h, assuming the thrust to be constant. What is the output
power at the start and at the highest point of the climb?
(45.5 s; 4 MW, 9.7 MW)
A turbojet airliner operating in level flight at a constant speed of 540 km/h sucks in air
at the rate of 45 kg/s to each of its three engines and for each engine the jet speed relative
to the plane is 950 m/s. What is the drag force? If the liner then climbs at 4° to the
horizontal and its mass is 110 t find the acceleration assuming that the total thrust is
boosted to 280 kN but with no change in the drag force. What is the airliner’s speed
after one minute?
(108 kN; 0.88 m/s?; 730 km/h)

12.12 Take-off and landing

The all-up weight of an aircraft is its weight at any point in flight. From a standing
start, maximum or graduated power may be used depending on the acceleration and
airspeed required for the best angle of climb. Rolling resistance is small compared
with the thrust and there is the effect of drag (slightly affected by lift) as the run-up
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thrust
—_—
l_
———— | — Engine
Reverse
thrust

Fig. 12.8

proceeds. To be airborne, the angle of attack of the wings, setting of aerodynamic
aids and the airspeed, must be such as to produce sufficient lift. The length of runway
needed depends on the thrust available, the texture, gradient and contamination of
the track, as well as the weight and its distribution, wind forces and clearing height
for obstacles.

The landing run is usually shorter than that for take-off. The pilot has a specified
landing groundspeed for the conditions and, at a reduced speed, the aircraft approaches
on a 'glide’ path with minimum power or the engine idling. Touch-down is made
with the least possible vertical velocity. On the run-down to rest, the retarding forces
include wheel brakes, rolling resistance, wind drag, spoilers and possibly reverse
thrusters or drogue parachutes. Spoilers are hinged plates on the wings to 'spoil' the
lift by disrupting the airflow, creating turbulence and at the same time increasing the
drag. Reverse thrusters are moveable buckets or louvre-type devices which partially
or fully reverse the forward thrust on landing by deflecting the jet backwards to the
direction of motion (Fig. 12.8); such thrusters are a reserve braking force where tarmac
conditions reduce the efficiency of wheel brakes. If the total thrust is T, then the reverse
thrust is T sin (), where ()is the angle made by the exhaust jet to the vertical. The
vertical components of the deflected jet oppose one another. Usually up to 40 per
cent of the total thrust available at landing is employed to assist in normal braking.
In the case of a high BPR engine, only the cold by-pass airstream may be deflected.

Example  An aircraft of mass JO5 t touches down at JOO knots with no vertical component
of velocity. The total forward thrust on approach to landing is 60 kN. Find the minimum distance
required to come to rest and the time taken allowing for a wheel braking force of 50 kN, reverse
thrusters as shown in Fig. 12.8 where ¢ = 25° and track resistance (f{r = 0.04). 1 knot
= 0.514 mis.

SOLUTION
Refer to Fig. 12.8.

Reverse thrust
Track resistance
Total retarding force F

Tsin 6 = 60 X sin 25° = 25.4 kN
uW =0.04 x 105 X 9.8 = 41.2 kN
25.4 + 41.2 + 50 (wheel brake)

= 117 kN
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If a is the deceleration, then

F = ma
i.e. 117 105 X a
therefore a = 1.1 m/s?

From v? = v? — 2as, where v = 0, u = 100 knots = 51.4 m/s and s is the minimum distance
required to come to rest, then

0=514-2x11xs
therefore s = 1200 m

and if ¢ is the time taken, then

v=u —at
ie. 0 =514 —1.1¢
therefore t=47s

Problems
(1 knot = 0.514 m/s)

. A four-engined plane touches down at 120 knots and each engine scoops in air at the
rate of 66 kg/s with the jet issuing at 500 m/s relative to the engine. The jet is deflected
by partially reversing buckets to leave the engine at an angle of 18° to the vertical as
shown in Fig. 12.8. Find the reverse thrust.

(36 kN)

2 A jet aircraft of mass 9t on stationary test takes in air of density 1.18 kg/m® to its
engine scoop which has an area of 0.2 m2 The speed of the air at entry is 65 m/s and
the exhaust jet issues at 600 m/s. Find the thrust.

If the thrust at take-off is 50 per cent greater than the test value when the plane takes
off from dry tarmac at 234 km/h from a standing start in 70 s, find the coefficient of
rolling resistance. Assume the maximum thrust is exerted from the start and remains
constant during the run-up and that no other retarding force is acting besides track
resistance.

(8.2 kN; 0.045)

3. A 180t, four-engined, turbofan transporter reaches a take-off speed of 270 km/h from
a standing start. Each engine on stationary test takes in air at 75 mis, the mass flow
rate is 90 kg/s and the exhaust jet issues at 845 m/s. There are two auxiliary jet engines
which, on stationary test, give a total thrust of 66 kN at the same intake air conditions.
Assumingthe total thrust at take-off to be the thrust from the static tests and that it remains
constant during the run-up, find the initial acceleration and minimum length of runway
required, allowing for track resistance only fr = 0.06).

(\.32 m/sz 2130 m)

4. One engine of a four-engined turbofan is tested on a static rig and uses 1.8 kg/s of fuel
with an air/fuel ratio of 45 and mean jet speed 950 m/s. The air is drawn into the engine
at 80 m/s. Find the total 'static’ thrust for the aircraft allowing for the fuel in the jet
and assuming each engine produces the same test results. If the plane takes off at 288 km/h
when at its maximum allowable load of 240 t with the static thrust boosted by 60 per
cent, what is the minimum length of runway required? Allow for a retarding force of
75 kN due to drag and rolling resistance and assume a constant thrust during the take-

off run.
(288 kN; 1990 m)
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5. An aeroplane, mass 20 t, touches down on adry concrete runway at 240 km/h with the
engine stopped and a parachute opens immediately. Allowing for track resistance
(1, = 0.05) and a wheel braking force of 50 kN, find the force needed from the
parachute to bring the speed down to 54 km/h in a distance of 450 m, at which point
the braking effect of the parachute ceases. What is the full distance required for the plane
to come to rest and the total time taken? Assume the wheel brake force acts until the
plane comes to rest.
(34 kN; 488 m; 16 s)
6. A twin-engined plane, mass 12 t, touches down at 100 knots with each engine exerting
a forward thrust of 20 kN. Reverse thrusters immediately deflect the exhaust jet backwards
at 30° to the vertical (see Fig. 12.8). The reverse thrust ceases when the speed drops
to 37 km/h. Assuming the only other retarding force to be track resistance (JL, = 0.05),
find the minimum ground run required and the total time taken to come to rest.
(695 m; 40 s)
7. An aircraft of mass 45 t lands on rising ground (gradient 2°) at 100 knots without power
and its speed after 25 s on the ground is 30 knots. Assuming no applied braking forces
other than track resistance, find its magnitude per tonne of aircraft, the coefficient of
rolling resistance and the distance travelled before coming to rest.
(1.1 kNIt; 0.11; 917 m)

12. 13 Banking of an aircraft

When an aircraft makes a level turn in a circle, the thrust is equal to the drag as in
straight, level flight; the other forces acting are the weight and lift. However, as
explained in Chapter 6, an active radially inwards force-the centripetal force-is

required to maintain the circular motion and this can only be provided by the increased
lift force when the aircraft banks. The centripetal acceleration of a mass m rotating
in a circle of radius r at constant linear speed visa = v¥r and the centripetal force
is mv¥r. The tilting of the aircraft increases the lift which acts in the plane of
symmetry, normal to the lateral axis, as shown in Fig. 12.9. For correct banking,
the horizontal component of the lift is equal to the centripetal force and its vertical
component is equal to the weight, thus

2
Lsing¢ = hiad
-

and Lcos ¢ = W =mg

<\ lateral axis

7/ W =mg -———
L sin ¢

Components of L
Fig. 12.9
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Therefore
2

tan ¢ = LA
gr
For this correct angle of banking there is no sideslip since there is no aerodynamic
force along the lateral axis. The angle depends on the radius of the turning circle
and the aircraft’s speed but is independent of its mass. If the angle of banking is greater
or less than the correct value, the aircraft sideslips inwards or outwards respectively.
(For “static’ equilibrium of the banked aircraft, the triangle of forces may be drawn
for the three forces: lift, weight and centrifugal (inertia) force mv?/r acting radially
outwards.)

Example An aircraft makes a level turn in a circle of radius 180 m when cruising at a speed
of 100 knots. Find the correct angle of banking. If the aircraft makes a Standard No. 1 turn
(180° in one minute) at the same speed and its mass is 12 t, find the angle of banking required
and the lift force. I knot = 0.514 m/s.

SOLUTION
v = 100 knots = 100 X 0.514 = 51.4 m/s
Refer to Fig. 12.9. The correct angle of banking is given by

v? 51.4°
t =—=—=1.5
an ¢ gr 9.8 x 180
therefore ¢ = 56°

When the plane turns through 180° in one minute, the distance travelled is 7, hence at constant
speed,

#xr = speed X time
=514 x 60
therefore r=982m

For this radius of turning circle,

v? 51.42
=— = —— = 0.27
wne = T 98 x 982

therefore ¢ = 15.4°
Since Lcos ¢ = mg

12 X 9.8

L = ————— =122kN

then cos 15.4°

Problems
(1 knot = 0.514 m/s)

1. An aircraft of mass 300 t makes a steady horizontal turn at 585 km/h. The angle of ban.king
to the horizontal is 35°. Find the centripetal acceleration, the radius of the turning circle

and the lifting force.
(6.86 m/s?; 3850 m; 3.59 MN)
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2. An aircraft makes a turn in a circle of radius 1.3 km at a speed of 450 km/h. Find the
correct angle of banking. If the mass of the plane is 4000 kg, what is the total lift?
(50.8°; 62 kN)
3.  An aircraft makes a Standard Rate No. 2 turn (360° in one minute) at 555 km/h. Find
the radius of the turning circle and the correct angle of banking. If the aircraft weighs
20 kN, what is the lifting force?

(1.47 km; 58.7°; 38.5 kN)
4. An aircraft has a mass of 170 t and cruises in level flight at 500 knots. Find the radius
of the turning circle and the angle of banking when the plane makes a 180° turn in one

minute. Show that the lifting force is 2.8 kN.

(4.91 km; 53.9°)
5. Anaircraft of mass 15 t makes a correctly banked turn at an angle of 20° to the horizontal.
Find the centripetal acceleration and force.

(3.6 m/s?; 53.5 kN)

12. 14 Helicopters

A helicopter (Fig. 12.10) may have more than one engine supplying power to one,
two or three main rotors, and each rotor usually has between two and six blades.
One type of rotor is the articulated version, where each blade is hinged and free to
flap. The rotating blades of large diameter push a great quantity of air downwards
for vertical movement and hovering, producing an upwards thrust in reaction to the
formation of the jet. The ability to fly in all directions is through the tilting of the
shaft and the deflection of the blades, but the speed of rotation of the blades is kept
fairly constant. In forward flight, the thrust is inclined forwards to the vertical thereby
giving a horizontal component to overcome the drag force in the line of flight and
a vertical component to support the weight. A single rotor causes a torque reaction
and the usual method of counteracting this is the provision of a vertical rotor at the
tail. An alternative method is to use a pair of contra-rotating main rotors.

The thrust in vertical flight and hovering may be found in terms of the airflow or
from the shaft power as for propellers. This thrust must be greater than the total
downwards force for lift-off and equal to it for hovering, allowing for the weight of
the machine, any load slung below it and down-gust or up-gust forces. When hovering,
the engines must develop sufficient power to provide the thrust necessary to keep the

Mg. 1810
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machine airborne (see worked example) and when close to the ground or sea, there
is a ‘ground effect’ due to the increased pressure in the cushion of air which affects
the thrust and performance. Note that helicopters use the effect also of ‘autorotation’
when the air flows upwards through the blades as, for example, when the engine cuts
out and the machine is descending. The examples here will be restricted to power-
driven rotors in vertical flight or hovering.

Thrust and power

As for a propeller, the rotor is assumed to be a thin disc equal in diameter to the
rotor blades. Using the same notation as for a propeller slipstream, Fig. 12.10(b),
the volume of air passing across the rotor blades and along the slipstream is

Q = cross-sectional area of jet X velocity

<7rd2> (wd%)
= b = \ 7] Ve
4 4

The mass flow rate is

m = pQ
and thrust T = m(v, — v)

The power required to raise the helicopter at vertical speed v is thrust X vertical
speed, i.e. Tv. . . .

When hovering, v = 0, and the machine may be considered as moving vertically,
relative to the air, at velocity vy, hence

power output when hovering = Tv,
and this is the same as the gain in kinetic energy of the air in the jet, i.e.

power output = %n’lv%

Example A light commercial helicopter has two turboshaft engines each supplying 350 kW
10 the single main rotor when climbing vertically at 7 m/s. The rotor diameter is 1 2..3 m and
the rotor efficiency is 70 per cent. Find the thrust and estimate the downwash velocity of the
jetstream. Density of air = 1.2 kg/m’.

SOLUTION

Thrust X vertical speed = total output power
ie. thrust X 7 = 2 X 350 x 10° x 0.7
therefore thrust 7 = 70 X 10° N

If v, is the velocity of flow across the rotor, then

2
0= (”—"412—3—> v, = 119v, ms

and m=pQ = 1.2 x 119 v, = 143 v, kg/s
Thrust = m(y, — V)
i.e. 70 x 10° = 143v,(v, — v)
=143 (e + V) (ve — v) since vy, is the average of v, and v.

2
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71.5(w? — v?)
71.5(w2 — 73

i.e. downwash velocity v, = 32 m/s (relative to the machine)

Example A 22 t transport helicopter with a single rotor hovers well above the ground in still
air (density 1.2 kg/m?). The rotor disc area A = 255 m? and its efficiency is 80 per cent. What
is the downwash velocity of the jetstream and the power required from the turboshaft engine?

SOLUTION

When the machine is hovering, no effective work is being done but the power is supplied by
the engines to produce a thrust equal to the deadweight. The approach velocity of the air, v = 0,
and therefore the velocity of the air across a section through the rotor is v, = %ve, where v,
is the downwash velocity, Fig. 12.10. Then

I

Q

m = pQ = 1.2 x 127.5v, = 153v, kg/s
and thrust T = mw,
= 153y, X v,
= 1532

Av, = 255 X ”? = 127.50, m¥/s

When hovering, the thrust supports the weight,

ie. 153v2 = W =22 x 9.8 x 10°
therefore v, = 37.54 m/s (absolute velocity)
Power required when hovering = rate of gain in kinetic energy of the jet
1 riw?
= 5 (153v 2

= 76.5v) since v, = v./2

76.5 x 37.54% x —l—kw
10°

= 4047 kW
therefore shaft power = 4(?_487 = 5059 kW

Alternatively, when hovering, the machine may be considered as moving vertically relative
to the air at velocity v, so that the power output is Tu, at the rotor and, since T = W,

shaft power = ———gvg AC

0.8
3
_ 22 x10 X 9.8 x 37.54 x 1 KW
08 x2 10°
= 5059 kW

Example A twin-rotor helicopter hovers in still air (density 1.23 kg/m’) high above the
ground. Each slipstream is a uniform jet of diameter 11 m, issuing at 18 m/s. Estimate the
mass of the machine. If the power delivered to each rotor shaft is 435 kW, find the rotor efficiency.
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SOLUTION
For flow in the slipstream of each rotor,

I

X 2
1.23 x (14—“> x 18

2104 kg/s

m = pQ = pA, V.

Weight of machine = total thrust

2 X (rmwy)

2 X (2104 x 18 x 1073 kN
= 75.7 kN

75.7

therefore mass of machine = —— = 7.73 tonne

9.8

If v, is the velocity of flow across the rotor blades, then v, = %uc, since v = 0. Hence
v, = 9 m/s and

power output = thrust X velocity across rotor
75.73 x 9
682 kW

power output

Rotor efficiency =
power at rotor shaft

=_682__.x100
2 X 435

78 per cent

Problems
(Take density of air as 1.2 kg/m?)

1.

A helicopter is stationary in still air, clear of the ground and its rotor sweeps an area
of 200 m?. Estimate the diameter of the slipstream.
(Hint: Q is constant; 11.3 m)
A helicopter hovers clear of the ground with its slipstream issuing as a jet of diameter
13 m at a speed of 20 m/s. Estimate the mass flow rate of air passing the rotor and the
mass of the machine.
(3.19t/s; 6.5¢)
A single-rotor helicopter hovers well above ground level in still air when the rotor shaft
is supplied with 270 kW power. The rotor is 14.7 m diameter and its efficiency is 70
per cent. Estimate the downwash velocity and the mass of machine being supported.
(15.5 m/s; 2.5 1)
A twin-rotor helicopter of mass 20 t hovers clear of the ground and the downwash from
each rotor is a uniform jet of diameter 12.7 m. Estimate the downwash velocity. If the
power supplied to each rotor shaft is 1.6 MW, what is the rotor efficiency?
(25.4 m/s; 77.8 per cent)
A single-rotor helicopter is at its maximum allowable load of 25 t at vertical take-off.
The blades are 23 m diameter and the speed of the air in the downwash below the rotor
is 32 m/s. Estimate the thrust at lift-off, assuming the air initially to be at rest above
the rotor. What is the vertical speed of the machine and the shaft power provided by
the engines at 20 s from the start, assuming a rotor efficiency of 75 per cent?
(255.3 kN; 29.7 km/h; 2805 kW)
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6. A helicopter has an all-up mass of 42.5 t at vertical take-off. It has a main rotor, and
auxiliaryrotors. Assumingall the power to be suppliedby the main rotor, findthe minimum
diameter of the rotor blades required if the initial thrust is to exceed the dead weight
by 20 per cent and the slipstreamvelocity at take-off is to be 27 mls relativeto the machine.

Power is supplied by a shaft turbine engine. If the rotor efflciency is 70 per cent what
is the minimum power required from the engine at the rotor shaft?
(38.1 m; 9.64 MW)

7. A 12t helicopter has a single rotor and when airborne it climbs vertically at a steady
speedof 18 km/h againsta down-gustof 6 kN. What is the thrust and shaft power required,
assuming a rotor efflciency of 70 per cent?

(123.6 kN; 883 kW)

8. A helicopter of mass 15 t accelerates vertically upwards in still air. Find the acceleration
at a point where its velocity is 4 m/s and the slipstream of the single rotor is a uniform
jet of cross-sectional area 180 m2 in steady flow at 30 mis, relative to the machine.

(1.43 misy

9. A helicopter of mass 22 t makes a level turn at a steady speed of 160 km/h. The angle
of banking is 50° (Le. the lateral axis of the rotor is at 50° to the horizontal). Find the
radius of the turning circle, the total lifting force and the centripetal force.

(169 m; 335.4 kN; 257 kN)

12.15 Rocket propulsion: thrust

Rockets do not depend on surrounding atmospheric air for the combustion process,
making them the ideal vehicles for high altitude and space travel. A chemical rocket
carries its own oxidizing agent which together with solid or liquid fuel is called the
propellant. The principle of operation is simple - the propellant is burned in a
combustion chamber open at one end and a continuous high-speed jet issues through
the opening via an exit nozzle, Fig. 12.11(a). A rocket firing, therefore, is similar
to an inflated balloon suddenly released with the air exhausting from the open neck.
The burning of the propellant takes a finite time and this distinguishes the combustion
process from an explosion. The propellant is initially at rest relative to the rocket
before being ignited, and if the exhaust jet speed relative to the rocket is ve, then the
thrust is given by

T = rate of change of momentum of propellant
= mass/s x change in speed of propellant

= mVe

Launch rockets require large thrusts for 'long' periods measured in minutes and seconds
and are chemically propelled using solid or liquid propellants but for other purposes
connected with spacecraft a variety of propulsion systems are employed. Enormous
thrusts can be generated by giving large quantities of propellant, for a few minutes
only, ahigh speed relative to the rocket. The initial thrust of a Saturn V rocket system,
for example, is about 35 MN for a burning time of 160 s. Again on a different scale,
small gas jets with tiny thrusts are capable of sensitive control and attitude correction
of satellites. These micro-reaction thrusters use a number of methods for producing
thrusts, including vaporizing liquids and cold gases such as nitrogen and argon stored
at high pressure; the requirement is to fire frequently for periods measured in seconds
and milliseconds.
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Fig. 12.11 (b) Lift-oft

Staging increases the performance of rockets, whereby a series of rockets are placed
end-on, the main booster being at the base. On a multi-stage vehicle, as each stage
bums out, redundant rocket casings and equipment are discarded, the mass of propellant
decreases rapidly and since the thrust remains approximately constant, a greater
acceleration is achieved. An alternative to staging is clustering whereby a number
of rockets are clustered around a central core 'sustainer' rocket which is the final
vehicle. Without staging or clustering a space vehicle could not attain a final forward
speed equal to that needed to escape from the earth's gravitational field (about 11 km/s,
see page 173) because of the limitation to the exhaust jet speed (about 6 km/s) of
a single rocket. At the moment of launching a rocket may consist only of a casing,
propellant and a cargo of instruments carried in a satellite but for a spaceship there
will also be booster and stage rockets, a payload of passengers, several satellites and
lunar modules. The propellant accounts for the greater part of the total mass. A Saturn
V rocket, for example, had a mass at launching of over 3000 tonnes, of which nearly
80 per cent was kerosene and liquid oxygen, and this huge quantity was needed to
deliver a payload of a 50 tonne Apollo spacecraft to orbit the moon.

The following description of the launch and flight of the Space Shuttle ‘ferry’ system,
using a typical set of figures, gives an indication of the aero- and thermodynamic
problems involved when dealing with the great masses and forces associated with such
a project. Only the combination of modern telecommunications and the power and
speed of extraordinary lightweight, compact computers, has allowed space flights to
be controlled, both from ground stations and on-board terminals. The Shuttle is
modified continually, in the light of experience, to improve the efficiencies of its
elements but particularly to reduce the weights of its various parts.

Space Shuttle
This spacecraft, designed to place a vehicle in orbit and then enable it to return to
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earth under its own power, has a total mass of 2040 t and an overall length of 56 m
on the launch pad. It consists of (i) a re-usable Orbiter, a triple-engined, delta-winged
‘aircraft’, (i) an expendable external tank (36 t) holding over 700 t ofliquid hydrogen
and oxygen in separate compartments to be burned in the Orbiter's engines with an
02/H2 ratio by weight of 6 to 1, (iii) two recoverable 'strap-on' booster rockets, each
of mass 65 tand holding over 500 t of solid propellant. The external tank and booster
rockets are designed to absorb the thrust loads on launching.

The Orbiter and booster rockets are carried 'piggy-back’ on the tank. At lift-off,
which is vertical, the Orbiter's three main engines fire at intervals, measured in
milliseconds with a combined thrust of 5 MN, achieved in less than 5 s. The boosters
fire a few seconds later, bringing the total rated thrust to 34.5 MN; the five rockets,
computer controlled with variable thrust, guide as well as propel the craft over the
first stage of 120 s to an altitude of 44 km at Mach 5. The temperature in the
combustion chambers of the main engines can reach 2700 0C. After the 35 s point
with the speed at Mach 1 the thrust is reduced by 35 per cent to avoid overstressing
the structure, then after 65 s it rises to as much as 109 per cent of the rated thrust
before being throttled down as the boosters reach burn-out. After 120 s the booster
casings are blown off by 8 rockets each exerting an impulse of 50 kN s while the
craft travels at Mach 4.5. The Orbiter's engines continue to fire for a further 400 s
to an altitude of 130 km, bringing the speed to Mach 15, then the craft glides to a
lower altitude of 105 km where the engines cut out and the tank is jettisoned in
'tumbling' fashion, to deter it from skipping along the atmosphere. The Orbiter then
flies on as an ‘aircraft’ powered by its two manoeuvring engines, each exerting 27 kN
maximum thrust. The Orbiter is first impelled into an elliptical orbit of 149 X 244 km,
then to a circular orbit of 246 km and finally to its station orbit of 276 km. Small
thrusters, set around the nose and tail, control the rotation and translation of the craft
to give it the correct orientation. The Orbiter's ceiling is 1100 km but its mission
orbit varies with the size of the payload, e.g. 185 km for 30 t.

The acceleration is kept below 3g throughout the flight by manoeuvres and control
of thrust in relation to mass and gravity force. The ascent profile is adjusted to achieve
required dynamic conditions and is only vertical at initial lift-off before it soon alters
to a roll manoeuvre to align its curved flight path towards a horizontal attitude and
its first orbital stage. The craft is completely free of its launch pad within 7 s of first
ignition and its rises with low acceleration but shortly attains 1.5g as the mass decreases
and the thrust builds up. The acceleration then drops below 1.5g after 35 s when the
thrust is throttled down and approaches 3g when full power is exerted just before
the end of the first stage. After the boosters burn out and the casings fall away, the
acceleration falls initially but finally reaches 3g again within 10 s ofthe main engines
cutting out.

To return, the Orbiter slows down by raising its nose and for a short period turning
backwards to use its engines as retro-rockets, before gliding down to altitude 120 km
for a steep re-entry, facing forwards once again and meeting with extreme conditions
of heat and stress. When making re-entry the Shuttle has a lift/drag ratio of about
1:1 and the re-entry forces are less than 1.5¢.

Finally, with aid of drogue parachutes, the Orbiter lands without power, at 335 km/h
on a 5 km runway. Its mass on landing is 104 t, much greater than in earlier flights
because of required abort precautions.
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12.16 Forces on a rocket in flight

When a rocket of mass m is fired vertically from its launch pad, two forces act on
it immediately, the thrust Tand its weight W, Fig. 12.11(b). The rocket lifts off with
acceleration a when the thrust just exceeds the deadweight. The thrust may be assumed
to be constant during a stage. Reducing the burning period means a faster burn-up
of propellant, a higher initial thrust and hence a faster lift-off. The mass of the rocket
decreases rapidly as the propellant burns up and casings and parts are jettisoned. Thus
the weight decreases continuously for two reasons - the loss of mass and the reduction
in the acceleration due to gravity as the altitude increases. The drag forces are subject
to two conflicting effects, decreasing with altitude but increasing with speed. A
spacecraft must be supplied with sufficient energy resources to reach the required
altitude and some of this energy is dissipated by drag when passing through the
atmosphere. For high altitude attainment such as geostationary orbit, the amount lost
is insignificant in proportion to the total energy expended. The actual lift-off
acceleration of a multi-stage manned rocket is determined taking into account many
other factors besides those mentioned. In practice, the lift-off is relatively slow with
increasing acceleration as the rocket gains altitude and finally leaves the atmosphere.

Acceleration

To find the acceleration of a rocket at any instant, it is necessary to derive complex
equations based on the equation F = ma, allowing for the continuous change in mass
and forces as well as the variation in g with altitude. However, the simple form of
the equation is directly applicable at an instant when the mass and forces are known,
i.e. at lift-off and at the end of a stage. Thus at lift-off the forces acting on the rocket
are the thrust T, deadweight Wand the mass m of the rocket is known, hence

T- W
= ma

accelerating force F

which gives the acceleration a at lift-off. A typical ratio of thrust to initial weight
at lift-off is 1.2 and only about 75 per cent of the total thrust available is normally used.

At the instant of burn-out for a single-stage rocket the thrust may be assumed to
be the same as at lift-off, the mass m. at burn-out can be estimated from the rate
of consumption of propellant and mass of equipment discarded and hence the weight
W' = m.g, assuming g to be unchanged from its value at sea-level; thus the acceleration
a. at burn-out can be found. In the case of a multi-stage rocket the variation in g
at higher altitudes cannot be ignored and for manned spacecraft the acceleration has
to be kept below a particular figure and the thrust, total mass and ascent profile have
to be carefully predetermined (see Space Shuttle above).

The same calculations apply when a rocket is fired from the moon, except that the
acceleration due to gravity at its surface, 1.62 m/sz, must be used. There is no
atmosphere on the moon and therefore no resistance to motion.

Velocity and altitude achieved

As for acceleration, complex equations are required when calculating the velocity and
altitude achieved by a rocket but, as an exercise, some assumptions may be made
to simplify the problem for a single-stage. If the time of flight t is assumed to be
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very short so that the loss of mass may be ignored then the value of the acceleration
at lift-off as calculated above may be assumed to apply throughout the flight, hence
the velocity V achieved is

V =at
and the height achieved above the earth’s surface is
VZ
s = or s =21ar
2a

A closer approximation may be made by taking the acceleration as the mean of the
values calculated for several points.

In practice, extremely accurate data is formulated by computer programs for any
projected spacecraft flight including the all-up mass on the pad and the ascent profile
with corresponding mass flow rate of propellant, thrusts, masses, value of g and other
aerodynamic factors, for all points on the profile. Thus the velocity, acceleration and
altitude are predetermined as accurately as possible.

Specific impulse

Whereas aircraft are restricted to varieties of kerosene as fuel, rockets have a number
of different chemical propellants available — solid and liquid, as well as non-chemical
means of propulsion. A key factor in the choice of chemical propellant is its
performance as judged by the specific impulse (I,) which is the impulse per unit mass
of propellant per second.* The impulse is thrust X time, therefore

thrust X time
mass flow rate of propellant

T

m

I, =

i.e. the specific impulse is the thrust per unit mass of propellant burned per second.
If T is in kN and m in kg/s, the units are written kN s/kg, although they reduce to
km/s. Since T = rw,, then
nmvy,
Isp = Te = v,

I, is the effective exhaust jet velocity as calculated from the thrust and the mass
flow rate. Thus it is only another way of expressing the jet velocity. A typical value
for I, is 2 kN s/kg corresponding to a jet speed of 2 km/s.

* Specific impulse was formerly defined in terms of weight-flow of propellant so that it was
equal to the ratio of the exhaust jet velocity to the acceleration due to gravity (taken as at sea-
level). The units in use were the pound-mass and pound-force giving I, units as seconds. The
equivalent of 2 kN s/kg in weight-flow terms is 200 s approximately since g = 9.8 m/s’.

L, is also referred to for turbofans and ramjets on occasion using fuel or air flow. For a
large turbofan, cruising at just under the speed of sound, I, is about 35 kN s/kg of fuel, 3500 s
of fuel or 0.6 kN s/kg of air flow. The reason for this large value compared to that for a rocket
is the ‘free’ oxygen an aircraft derives from the surrounding air whereas a rocket has to carry
both oxidizer and fuel.
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In rocket design the aim is to keep the mass of propellant carried as small as possible
so I, i.e. the jet velocity, should be as high as possible for a given thrust. The higher
the value of I, the greater the efficiency with which a rocket converts the energy

of the propellant to useful thrust.

Example A 35 t spacecraft is launched vertically using ‘strap-on’ rockets which ‘burn’ for
8 s and expel exhaust gases at the rate of 300 kg/s with a speed of 2 km/s relative to the craft.
Find the acceleration at lift-off. If 4 t of equipment is jettisoned at the end of the 8 s stage,
find the acceleration at the point of burn-out, assuming the thrust to be constant and resistance
negligible during the stage. Estimate the velocity and altitude achieved at the end of the stage,
assuming the acceleration to be the average of the values found for lifi-off and burn-out.

SOLUTION
Thrust T = rw, = 300 x 2 x 10° = 600 x 10°N
Weight W = 35 x 10° x 9.8 = 343 X 10 N

The accelerating force at lift-off is

F=T-W
= (600 — 343) x 10° N
=257 x 10®° N
and F = ma
ie. 257 x 10° = 35 x 10%a
ie. a = 7.34 m/s?

Propellant used in 8 s = 300 x 8 = 2400 kg
Mass of spacecraft at burn-out,

m' =35 x 10 - 2.4 x 10° — 4 x 103

= 28.6 X 10° kg
If a’ is the acceleration at burn-out, then accelerating force
F' =T —-m'g

ie. F' =600 x 10° — 28.6 x 10° x 9.8

=320 x 10°N
and F' =m'a’
ie. 320 x 10° = 28.6 x 10%’
ie. a’ =112 m/s?

, , 11.2 + 7.34 R
Average acceleration over 8 s period, a,, = — = 9.27 m/s

Velocity achieved, V = q,, t
9.27 x 8
74 m/s or 267 km/h

1l

If 5 is the altitude achieved,

V2 = 2as
ie. 742 =2 x 927 X s
i.e. s =295 m
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iEf't‘f";Ple A lgunc.h ‘;ZZI:de with strap-on rockets is fired at 40° to the horizontal. The total Example A rocket of mass 250 kg is carried ‘piggy-back’ by a launch vehicle of mass 5 t.
'}l l;a mass lsgo;kmc ing 2.7t of pro;{ellant burned up at a steady rate in 90 s. At the point When the rocket is fired for 4.5 s in the horizontal position from the vehicle stationed on level
to th“"”'oz” K of equipment is Jettisoned. If the exhaust jet speed is 1.4 km/s, relative ground, the vehicle recoils backwards a distance s metres on the level against a resistance
r(;sj; rocket, ;Z‘;r/nate tillle acceleraztton at b.urn-out, assuming constant thrust and a constant of 10 kN before coming to rest. The rocket discharges 12 kg of exhaust gases per second at
ance of parallel to the line of flight. a speed of 400 m/s relative to the rocket. Find the initial velocity of the rocket and the distance
SOLUTION s, neglecting the loss of mass of propellant.
Figure 12.12 shows the vehicle with the forces acting on it, along the line of flight. SOLUTION
. 2700 Figure 12.13 shows the rocket and vehicle at the instant of firing.
m=g9 = 30kels Thrust T = rw, = 12 x 400 = 4800 N
Thrust T = rw, Let u; = initial velocity of rocket
=30 X 1.4 x 10® N u, = initial velocity of vehicle
= 42000 N The impulse on the rocket and vehicle is the same and is given by
Accelerating force impulse = thrust X time
F = thrust — resistance — component of weight = 4800 x 4.5
= 42000 — 8000 — 1400 x 9.8 x sin 40° = 21600Ns
=25180N Equating the impulse on the rocket to its change in momentum,
Mass of vehicle at burn-out, m’ = 5000 — 2700 — 900 impulse = mass of rocket X change in speed
= 1400 kg ie. 21 600 = 250(x, — 0)
hence F=m'a’ i.e. u, = 86.4 m/s or 311 km/h
L€ 25 180 = 1400a’ Similarly for the vehicle
ie. a’ = 18 m/s?
i.e. acceleration at point of burn-out is 18 m/s? 21600 =5 x 103, — 0)
ie. u, = 4.32 m/s

The vehicle moves off with initial speed 4.32 m/s against a resistance of 10 kN. If it comes
to rest in time ¢ in a distance s, then

retarding impulse = resistance X time
=10 x 10° x ¢

The retarding impulse is equal to the change in momentum of the vehicle,

Uy

|

Fig. 12.13



270 Applied mechanics

ie. —10 x 10% =5 x 10%0 - 4.32)
i.e. t=216s
and s = average speed X time
=420, 516
2
=47m

The student should rework this example using the equation of motion F = ma throughout.

Example A lunar module of mass 6000 kg approaches the moon at 40 m/s and has its speed
reduced to 2 m/s by means of a retro-rocket. The rocket consumes propellant at the rate of
7.5 kg/s with the exhaust jet leaving at 2 km/s relative to the rocket. Find the time of combustion
of the propellant. The acceleration due to gravity at the moon’s surface is 1.6 m/s?. The
approach is normal to the moon’s surface.

SOLUTION
Thrust = s,
=75 %2 x 103
= 15000 N

Retarding force F = thrust — weight of module
15000 — 6000 x 1.6

= 5400 N
from F = ma

5400 = 6000 X a
therefore retardation, a = 0.9 m/s?

Let 7 = time of combustion. Initial velocity u = 40 m/s, final velocity v = 2 m/s, hence from

v=u— at
2=40-09 xt
therefore r = 42 s

Note that the mass of the module on the moon is 6000 kg as on earth, but its weight is only
9.6 kN as against 58.8 kN on earth.

Problems

1. The engine of a missile ejects 100 kg of exhaust gases per second at a speed of 800 m/s

relative to the engine. Calculate the thrust of the engine at a forward speed of 200 m/s:

(@) when the missile is rocket-propelled; (b) when jet propelled. What is the power

developed when jet propelled?

(80 kN; 60 kN; 12 MW)

2. Arocket engine has a thrust of 1.2 MN at lift-off. If its specific impulse is 2.5 kN s/kg,
what is the rate of consumption of propellant?

(480 kg/s)

3. A rocket of total mass 100 tonnes is to leave its launching pad vertically with an

acceleration of 2 m/s2. If the velocity of the burnt gases leaving the rocket is limited

10.

12.
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to a speed of 3 km/s relative to the rocket, find the mass flow rate of gas to give the
initial acceleration.

(393 kg/s)
A rocket of mass 12 tis fired at an angle of 45° to the ground. The acceleration along
the line of flight is to be 10 m/s? and the mass flow rate of propellant is 180 kg/so What
is the rocket's specific impulse?

(1.13 KN s/kg)

A communications satellite of mass 220 kg is orbiting at 10 500 m/s when its retro-rockets
are fired for 8 sto reduce its speed to 10 475 m/s. Find the rate of discharge of exhaust
gases required from the rocket to produce the necessary thrust if the speed of the exhaust
jet relative to the satellite is to be 550 m/s. Assume the only force acting on the satellite
to be the thrust of the rockets.

0.25 Kkgls)
A single-stage rocket has a total initial mass of 4000 kg, including 2800 kg of propellant
which is used up in 70 s in vertical flight. The exhaust jet velocity is 1.4 km/s relative
to the rocket. Allowing for the loss of mass of propellant, estimate the acceleration at
the instant of burn-out. What is the specific impulse of the rocket? If the total mass is
actually | per cent greater than the given value, what is the percentage error in calculating

the acceleration at burn-out?
(36.9 m/sz, 1.4 kN s/kg; -4.1 per cent)

A rocket of mass 250 t is launched vertically and hovers just above the pad. The mass
flow rate of propellant is 845 kg/so Find the specific impulse at this instant.
(2.9 kN s/kg)
A rocket has a lift-off weight of 8.8 kN and the propellant accounts for 60 per cent of
this weight. Verticallift -off with negligible resistance occurs when the initial thrust exceeds
the dead weight by 18 per cent. The exhaust jet velocity relative to the rocket is limited
to 1.1 km/s. Find the burning time and the acceleration at lift-off.
(57.1 s; 1.76 m/sh
An 80 kg satellite is in orbit in steady flight when its control rockets burn for 3 s, issuing
ajet at 200 m/s relative to the satellite, backwards in the line of flight. The satellite's
speed increases by 6 m/s. Find the additional distance travelled during the burn and the
mass flow rate of propellant.
(9 m; 0.8 kg/s)
A lunar module of mass 5t is approaching the moon's surface vertically downwards
at 17 mls at altitude 177 m, when its two retro-rockets fire, each exhausting propellant
at the rate of 3 kg/s for 20 s with a speed of 2 km/s relative to the module. Find the
deceleration of the module at the start and finish of firing. Show that the module is almost
at rest at the moment the rockets cease firing and that it falls freely for about 2 m. What
is its velocity on impact with the surface? For the moon's surface g = 1.6 m/s*
(0.8 m/sz 0.86 m/s% 2.56 mis)
An Ariane rocket has an all-up mass of 208 t. The first-stage thrust is required to be
2.5 MN. If the exhaust jet speed is limited to 2 km/s relative to the rocket, at what rate
must the propellants be ejected? At a given instant in the first stage, 23 t of propellant
has been used up and the rocket is moving vertically upwards against a resistance of
40 kN. Find the acceleration at this point.
(1.25 tis; 3.5 m/s?
A spacecraft of mass 5.5 t fires its rockets to lift it vertically a distance of 10 km off
the surface of the moon. If the thrust developed is 12 kN, for how long do the rockets

operate? For the moon's surface, g = 1.6 m/s2
(185 s)
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13.

14.

15.

16.

17.

When a rocket of mass 850 kg is launched vertically from a stationary position on its
pad, 9 kg/s of exhaust gases are emitted at a speed of 2 km/s relative to the rocket for
a period of 5.8 s. Find the acceleration at lift-off and at the end of the 5.8 s period.
Estimate the velocity achieved, using the average of these two accelerations.
(11.4 m/s%, 12,75 m/s% 252 km/h)
A missile of mass 800 kg is carried in the horizontal position by a plane in level flight
and released when the plane's speed is 400 m/s. The missile's rocket motor fires for
11 sand ejects 110 kg of propellants before burn-out. The exhaust jet velocity is 1.8 km/s
relative to the rocket and the air resistance is 2 kN. Find the acceleration of the missile
at release and assuming this to be constant during firing, estimate the speed of the missile
and the distance travelled at burn-out. Allowing for the decrease in mass and taking the
average of the accelerations at release and burn-out as the constant acceleration, find
the speed and distance travelled.
(20 m/sz, 620 m/s; 5.61 km; 638 m/s; 5.71 km)
The line of flight of a 2.2 t spacecraft is 50° to the vertical at an altitude where g =
9.4 m/s2 At an instant when its speed is 1.5 km/s, without power, its rockets fire for
20 s using propellant at the rate of 30 kg/s and issuing a jet at 800 m/s relative to the
craft. Find, for the instant of firing, the accelerations along the line of flight and normal
to the line of flight. Find the acceleration along the line of flight at the end of firing
and using the mean acceleration, estimate the distance travelled in 20 s and the speed
reached.
(4.9 m/s2, 7.2 m/s%; 8.96 m/sz 31.4 km; 1.64 km/s)
A Space Shuttle is launched vertically with a total weight of 2040g kN including 130 t
of booster casings. Lift-off is achieved by two booster rockets and three main engines
firing together for 120 s, at which point the boosters burn out and at the same instant
the casings are jettisoned. Each main engine has a mass flow rate of propellant of 0.5 tls
and each booster 4.3 tis, with exhaust jet velocities of3 km/s and 3.5 km/s respectively,
relative to the Shuttle. Find the total thrust exerted at lift-off and assuming this remains
constant, estimate the acceleration after 15s. What is the acceleration at burn-out,
assuming the Shuttle's flight path to be at 40° to the vertical and the thrust to be throttled
down by 30 per cent from its lift-off value? What is the overall specific impulse of the
rocket system at lift-off?
(34.6 MN; 852 m/s%; 27.2 m/s%, 3.4 kN s/kg)
A three-stage launching vehicle and spacecraft has a total mass of 3000 t and its five
first-stage boosters use 2040 t of propellant at a steady rate for 150 s when taking off
vertically. The exhaust gases eject at 2.4 km/s relative to the vehicle and 180 t of
equipment is jettisoned at the end of the first stage. Find the acceleration at lift-off, after
80 s, and at the end of the first stage. Estimate the velocity of the vehicle at the end
of the first stage and the height to which it is lifted, taking the average of the three
accelerations as the constant acceleration for the stage.
(1.08 m/s%, 7.27 m/sz, 32 m/s%, 7260 km/h, 151 km)

Chapter 13

Direct stress and strain

The strength and stiffness of materials deals with the effects of loading on machine
parts and structures, particularly the nature of the internal forces and deformation
produced. When a body is pulled by a tensile force or crushed by a compressive force,
the loading is said to be direct. Such direct forces will be found to arise also when
bodies are heated or cooled under constraint and in vessels under pressure.

13.1 Stress

The ability of a member to withstand load or transmit force depends upon its
dimensions. The cross-sectional area over which the load is distributed determines
the intensity of loading or average stress in the member. If the intensity of loading
is uniform the direct stress, o, is defined as the ratio of load, F, to cross-sectional
area A, normal to the load, Fig. 13.1. Thus

load
stress = ——
area
F
or o= —
A

The direct stress may be tensile (a pull) or compressive (a push). The strength of a
member is measured by the force or stress needed to fracture it.

The SI units of force and length are the newton and the metre respectively so that
the derived SI unit of stress is newtons per square metre (N/m?). Other multiples of
this unit used are:

1 kilonewton per square metre (kN/m?) = 10 N/m?
1 meganewton per square metre (MN/m?) = 10°® N/m?
1 giganewton per square metre (GN/m?) = 10° N/m?

A further form now commonly used takes the area of section as (millimetre)?. Note
that

10° N/m? = 1 MN/m?
10° N/m? = 1 GN/m?

1 N/mm?
1 kN/mm?
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The name pascal (Pa) is also in use for the unit N/m?. In this text, as far as stress
calculations are concerned, we shall restrict ourselves to the unit forms N/mz, N/mm?
and their multiples. The above units of stress are also used for pressure (see page 390).

13.2 Strain

A member under any loading experiences a change in shape or size. In the case of
a bar loaded in tension the extension of the bar depends upon its total length. The
bar is said to be strained and the strain is defined as the extension per unit of original
length of the bar. Strain may be produced in two ways:

1. By application of a load.
2. By a change in temperature, unaccompanied by load or stress.

If [ is the original length of bar, x the extension or contraction in length under load
or temperature change and e the strain, then

change in length
original length

strain =

x
or € = —
l
Strain is a ratio and has therefore no units.
Strain due to an extension is considered positive, that associated with a contraction
is negative.

13.3 Relation between stress and strain: Young's modulus of elasticity

If the extension or compression in a member due to a load disappears on removal
of the load, then the material is said to be elastic. Most metals are elastic over a limited
range of stress known as the elastic range. Elastic materials, with some exceptions,
obey Hooke’s law, which states that: the strain is directly proportional to the applied
stress. Thus
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stress
——— = constant, E
strain
. o o
i.e. — =FE or ¢ = —
€ E

where E is the constant of proportionality, known as the modulus of elasticity or Young’s
modulus.

Since strain is a ratio of two lengths, the units of E are those of stress. Values of
E may be given in the basic form N/m?, or more conveniently, since large numbers
are involved, the forms GN/m? or kN/mm?.

E relates to the stiffness or rigidity of a material since the higher its value, the greater
the load required to produce a given extension. E for steels ranges from 196 to
210 GN/m? but for the softer, more ductile materials such as aluminium and copper,
the range is lower, 70—120 GN/m?. Many materials do not obey Hooke’s law, i.e.
the load—extension diagram is not a straight line, or only a very small portion of
it is straight. For those materials, E is an approximation only. Thus for cast iron,
E is in the range 100—125 GN/m?, and for concrete 16—22 GN/m?. For rubber, the
modulus is very low and variable, ranging from 1 MN/m? when soft to about
40 MN/m? for the harder varieties. Similarly for plastics and polymers, E has a low
value and can be markedly affected by the method of manufacture and type of
reinforcement. For these materials, the direct modulus E is not particularly applicable
(see page 324).

For further work on the modulus of elasticity see Section 14.4 and Table 14.1.

Example A rubber pad for a machine mounting is to carry a load of 5 kN and to compress
5 mm under this load. If the stress in the rubber is not to exceed 280 kN/m?, determine the
diameter and thickness of a pad of circular cross-section. Take E for rubber as 1 MN/m?.

SOLUTION
Stress = load

area
ie. o= F/A

5 x 10°
ie. 280 x 100 = ———
- xd¥/4
hence d? =0.0227m?* and d = 0.1508 m

i.e. diameter of pad = 151 mm
The increase in area due to compression has been neglected. Also

reduction in length

strain —
original length

X
E I

280 x 10° _ 0.005
1 x 10° I
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Therefore thickness of pad is given by:
!/ =0.018m = 18 mm

Example Fig. 13.2 shows a steel strut with two grooves cut out along part of its length. Calculate
the total compression of the strut due to a load of 240 kN. E = 200 GN/m?.

SOLUTION

Subscripts 1 and 2 denote solid and grooved portions, respectively. The load at every section
is the same, 240 kN.

For the solid length of 360 mm,

compression, x; = ¢,/ = ¢, X 0.36

F 240 x 10°

Stress, 0y = — = —————— — = 0.15 x 10° N/m?
A, 0.04 x 0.04
9
Strain, ¢, = 21 = LB X 100 60075
E 200 x 10°
For the grooved length of 240 mm,
compression, x, = ¢, X 0.24
4 3
Stress, 0y = 240 x 10 = 0.2 x 10° N/m?

(0.0016 — 0.02 x 0.02)

9
Strain, ¢, = % = % = 0.001

The total compression of the strut is equal to the sum of the compressions of the solid and
grooved portions. Therefore

240 kN

240 mm 20 mm
IL‘ \ ‘
10 mm h
‘r
40 mm
360 mm L
10 mm _\L

Fig. 13.2
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x1 + X2

@ X 0.36) + g X 0.24)
0.00075 x 0.36 + 0.001 x 0.24
0.00051 m

0.51 mm

Note: It has been assumed here that the stress distribution is uniform over all sections, but
at the change in cross-section the stress distribution is actually very complex. The assumption
produces little error in the calculated compression.

Problems
1. Abar of 25 mm diameter is subjected to a tensile load of 50 kN. Calculate the extension
on a 300 mm length. E = 200 GN/m?
(0.153 mm)
2. Asteel strut, 40 mm diameter, is turned down to 20 mm diameter for one-half its length.
Calculate the ratio of the extensions in the two parts due to axial loading.
(4:1)
3. When a bolt is in tension, the load on the nut is transmitted through the root area of
the bolt which is smaller than the shank area. A bolt 24 mm in diameter (root area =
353 mm?) carries a tensile load. Find the percentage error in the calculated value of the
stress if the shank area is used instead of the root area.
(21.7 per cent)
4. A light alloy bar is observed to increase in length by 0.35 per cent when subjected to
a tensile stress of 280 MN1m2 Calculate Young's modulus for the material.
(80 GN/m?
5. Aduralumin tie, 600 mm long, 40 mm diameter, has a hole drilled out along its length.
The hole is 30 mm diameter and 100 mm long. Calculate the total extension of the tie
due to a load of 180kN. E = 84 GN/m*
(2.24 mm)
6. A steel strut of rectangular section is made up of two lengths. The first, 150 mm long,
has breadth 40 mm and depth 50 mm; the second, 100 mm long, is 25 mm square. If
E = 220 GN/m2, calculate the compression of the strut under a load of 100 kN.
(0.107 mm)
7. A solid cylindrical bar, of 20 mm diameter and 180 mm long, is welded to a hollow
tube of 20 mm internal diameter, 120 mm long, to make a bar of total length 300 mm.
Determine the external diameter of the tube if, when loaded axially by a 40 kN load,
the stress in the solid bar and that in the tube are to be the same. Hence calculate the
total change in length of the bar. E = 210 kN/mm?2
(28.3 mm; 0.184 mm)

13.4 Compound bars

When two or more members are rigidly fixed together so that they share the same
load and extend or compress the same amount, the two members form a compound
bar. The stresses in each member are calculated using the following:

1. The total load is the sum of the loads taken by each member.
2. The load taken by each member is given by the product of its stress and its area.
3. The extension or contraction is the same for each member.

Consider a concrete column reinforced by two steel bars (Fig. 13.3) subjected to a
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compressive load F. Let A, be the area of steel, A, the area of concrete, o, the stress
in the steel and o, the stress in the concrete. Thus:

]

total load = load taken by steel + load taken by concrete
i.e. F =o0,A + 0. A, mn

Since the column is a compound bar, both steel and concrete compress the same amount
and since the original lengths are the same, the strains are equal. Therefore

€ = €
or & =% 2]
E, E

The stresses in the two materials are then obtained from equations [1] and [2].

Example A column is made up of a steel tube, 70 mm inside diameter, filled with concrete.
If the maximum stress in the concrete is not to exceed 21 N/mm? and the column is to carry
a compressive load of 195 kN, calculate the minimum outside diameter of the tube. For concrete,
E = 20 kN/mm?. For steel E = 200 kN/mn?’.

SOLUTION
Let subscripts ‘c’ and ‘s’ denote the concrete and steel, respectively.
4 = T2 7% 3850 mm?
4
2
A, = ”_(‘1_4_222_). mm?

where d mm = outside diameter of tube. Since the steel and concrete are of equal length and
the compression of both is the same, the strains are equal, then working throughout in kN and mm,

€ T €

or

| Q
mn’ le

[
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thus o, = LA X 6, = 200 x 21 = 210 N/mm?
E, 20
= 0.21 kN/mm?
Total load F = g, A, + 0, A,

2 A2
ie. 195 = 21 x 10-%) x 3850 + 021 x 4~ =79
hence d? = 5592 mm?

i.e. d = 76.8 mm

In practice, a radial or lateral strain exists in addition to the axial strain due to the load. Unless
the concrete shrinks on setting, to allow a small radial clearance, additional stresses, may be
set up due to interference between the steel and concrete.

Example A steel bar of 20 mm diameter and 400 mm long, is placed concentrically inside
a gun-metal tube, Fig. 13.4. The tube has inside diameter 22 mm and thickness 4 mm. The
length of the tube exceeds the length of the steel bar by 0.12 mm. Rigid plates are placed on
the ends of the tube and an axial compressive load applied to the compound assembly. Find
(a) the load which will just make tube and bar the same length; (b) the stresses in the steel
and gun-metal when a load of 50 kN is applied. E for steel = 210 GN/m?; E for gun-metal
= 100 GN/m’.

SOLUTION

% (0.032 — 0.0222) = 0.000327 m?

Area of gun-metal tube

and area of steel bar % x 0.022 = 0.0003142 m?

0.12 mm

L/
g
2
%

AAANATLURRIRRRRNRRNRNRNNRNRY
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®

For tube to compress 0.12 mm:

strain = O—E = (.0003
400
[+2
Thus — = 0.0003
E
i.e. ¢ = 0.0003 x 100 = 0.03 GN/m? = 30 000 kN/m?

Hence load = 30 000 x 0.000327 = 9.81 kN
Load available to compress bar and tube as a compound bar is given by
F =50 - 9.81 = 40.19 kN

Let g, be the additional stress produced in the gun-metal tube due to this load and o,
the corresponding stress in the steel bar, then

F=o0,4,+ 0,4,

ie. 40.19 = g, X 0.000327 + o, x 0.0003142

Since the lengths of tube and bar are initially the same when the load of 40.19 kN is
applied, the strains are equal, then

strain = % 9%
E, E,
100
and Oy = —— X 0
210

From these two equations,

o, = 40 600 kN/m?
o, = 85 300 kN/m?

Therefore  final stress in the steel = 85.3 MN/m?
and final stress in gun-metal = 40 600 + 30 000 = 70 600 kN/m?
= 70.6 MN/m?

Problems

1.

A rectangular timber tie, 180 mm by 80 mm, is reinforced by a bar of aluminium of
25 mm diameter. Calculate the stresses in the timber and reinforcement when the tie
carries an axial load of 300 kN. E for timber = 15 GN/m?; E for aluminium =
90 GN/m?.
(17.8 MN/m?; 106.8 MN/m?)
A concrete column having modulus of elasticity 20 GN/m? is reinforced by two steel
bars of 25 mm diameter having a modulus of 200 GN/m?. Calculate the dimensions of
a square section strut if the stress in the concrete is not to exceed 7 MN/m? and the load
is to be 400 kN.
(220 mm square)
A cast-ion pipe is filled with concrete and used as a column to support a load W. If the
outside diameter of the pipe is 200 mm and the inside diameter 150 mm, what is the
maximum permissible value for W if the compressive stress in the concrete is limited
to 5 MN/m?. Take E for concrete as one-tenth that of cast iron.
@99
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4. A concrete column is reinforced with steel bars and carries a load of 20 t. The overall
cross-sectional area of the column is 0.1 m? and the steel reinforcement accounts for
3 per cent of this area. Find the stress taken by the concrete. If the length of the column
is 4 m, how much does it shorten? Take E for steel as 200 GN/m? and for concrete,
20 GN/m?.
(1.54 MN/m?; 0.31 mm)
5. A cylindrical mild steel bar of 40 mm diameter and 150 mm long, is enclosed by a bronze
tube of the same length having an outside diameter of 60 mm and inside diameter of
40 mm. This compound strut is subjected to an axial compressive load of 200 kN. Find:
(a) the stress in the steel rod; (b) the stress in the bronze tube; (¢) the shortening of
the strut. For steel E = 200 kN/mm?. For bronze E = 100 kN/mm?.
(Steel 98 MN/m?; bronze 49 MN/m?; 0.0735 mm)
6. A compound assembly is formed by brazing a brass sleeve on to a solid steel bar of
50 mm diameter. The assembly is to carry a tensile axial load of 250 kN. Find the cross-
sectional area of the brass sleeve so that the sleeve carries 30 per cent of the load. Find,
for this composite bar, the stresses in the brass and steel. E for brass = 84 GN/m?;
E for steel = 210 GN/m?.
(2110 mm?; steel 89.1 MN/m?; brass 35.6 MN/m?)

13.5 Thermal strain

Change in temperature of a material gives rise to a thermal strain. For example, a
rise in temperature ¢ in a bar of length / will cause it to extend by an amount

x = atl

where « is the coefficient of linear thermal expansion of the material. The thermal
strain is given by:

X
l

= ot

There is no stress associated with this strain unless the bar is prevented from
extending. In this case, the load produced in the bar would be the same as the load
required to compress the bar a distance equal to the free expansion of the bar. A
temperature difference t will be the same on both the Celsius and Kelvin scales. The
coefficient may be therefore written o/K or a/°C. Typical values of the coefficients
of linear expansion are as follows:

carbon steel 12 x 107%°C

austenitic stainless steel 18 x 107%°C

aluminium 24 x 107%°C

copper 17 x 107%°C

cast iron 10 x 107%/°C

brass 16 x 107%°C
For example, carbon steel expands 0.000012 m per m length per °C rise in
temperature.

The magnitude of the temperature strain is of the same order as the elastic strain
in a metal due to stress and is therefore of importance. For example, the elastic strain
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at a tensile stress of 200 MN/m? for a carbon steel having an elastic modulus E of
200 GN/m” is:

6
_o 200 x 10° _ o

E 200 x 10°
A temperature rise of 83 °C in the same steel gives a thermal strain
e=af =12 x 107% x 83 ~ 0.001

If the extension of a bar due to this temperature rise were completely prevented, a
compressive stress of 200 MN/m? would be set up in the bar, since it would require
this stress to return the bar to its original length.

For large temperature changes, « and E vary with temperature; however, it will
be assumed here that the temperature changes are sufficiently small for « and E to
be taken as constants.

Both the thermal strain of and the elastic strain o/E may exist together. The total
strain € is the sum of the two, thus:

€ ozt+i
E

€ X [
(at+i>l
E

13.6 Sign convention

and extension

It

In tension, strain € and stress o are positive, in compression they are negative and
1 is positive for a rise in temperature. When a stress is unknown ¢ is assumed positive;
a negative answer therefore implies that it is compressive.

Figure 13.5 shows a clamped bar restrained against extension or contraction. If
the bar is subjected to a change in temperature the total strain is zero, i.e. the elastic
strain must be equal and opposite to the thermal strain.

Thus total strain e = 0

Therefore or + _I;"‘— =0

g
or — = —«at

E

The stress in the clamped bar is therefore compressive for a rise in temperature
(¢ positive).

Fig. 13.5
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13.7 Effects of thermal strain

Thermal strain may be of engineering importance because of the deformation it
produces or because, if the deformation is resisted, thermal stresses result.

Thermal expansion of a metal is utilized when a collar is shrunk on to a shaft. The
collar is bored out to a diameter slightly smaller than that of the shaft and it is then
heated so that when expanded it may be slipped into position on the shaft. When cooled,
the collar grips the shaft firmly and the collar and shaft remain stressed after cooling.
Again, athermostat switch may be actuated by a rise in temperature deforming a bimetal
strip. For example, when strips of copper and steel are riveted together, a rise in
temperature causes the copper to expand more than the steel; the strip bends and the
resulting deflection can be used to operate the switch.

The expansion of a metal must be allowed for in high-temperature piping. A straight
pipe will produce high loads at the pipe end connectons if not allowed to expand freely
along its length. In order to overcome this a loop is inserted in the pipeline. The
flexibility of the loop permits the expansion to be taken up. Similarly special
arrangements are made to allow free expansion of long exposed pipelines in hot
climates; the pipes may be looped or the lines staggered. Gaps are often left in rail
tracks to permit free expansion in hot weather without buckling of the tracks. Present-
day practice, however, is to weld the joints for considerable lengths and to rely on
the clamping effect of sleepers and ballast to prevent buckling.

When dissimilar metals are bonded together, each tends to resist the change in length
of the other and high stresses may be induced. If two parts of the same structure are
at different temperatures, or if a body of non-uniform thickness is subject to a sudden
change in temperature, again high stresses or excessive deformation may result. Many
examples of these effects will come to mind: cold water poured into a hot cylinder
block may crack it: foundry castings of complex shapes allowed to cool too quickly
may shatter; tools may be cracked by the process of quench-hardening.

Finally it may be remarked that when the change of temperature is large, the
properties of metals change also and this may have to be taken into account. A rise
in temperature is usually accompanied by a drop in the values of the modulus of
elasticity, the ultimate tensile stress and the yield stress. The ductility of the metal
may increase (see Chapter 14). The reverse is true for a drop in temperature; in
particular, at low temperatures mild steel may become relatively brittle.

Example A steel bar 300 mm long, 24 mm diameter, is turned down to 18 mm diameter for
one-third of its length. It is heated 30°C above room temperature, clamped at both ends and
then allowed to cool to room temperature. If the distance between the clamps is unchanged,
find the maximum stress in the bar. e&x = 12.5 X 10-6/°C, E = 200 GN/m2.

SOLUTION
If allowed to contract freely without constraint, the contraction of the whole length is given by:

& x t x | =125 x 106 x 30 x 0.3
= 1125 x 106 m

Contraction is prevented by a tensile force F exerted by the clamps.
Each portion of the bar carries the total load F but the extension of each portion is different
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| 200 mm \ 100 mm I

since the lengths and section areas are different. The load is the same throughout and the
maximum stress will therefore occur in the portion of smaller diameter. Since

Fig. 13.6

z - ¢ and € = 2
E ]
then, for the longer portion, using subscript 1

x =gl = —UlEl‘

and for the shorter portion

0 b

Xy, = E

As the load on each portion is the same, then

F=0 A =o0,4,

ie. o =—"*o0

= 056202
As the total length remains unchanged, then

total extension due to load = contraction due to temperature drop

thus X+ xp =125 X 107°m
a l n b _ 112.5 x 10~%m
E E

Therefore ¢, X 0.2 + 0, X 0.1 = 112.5 x 107% x 200 x 10°
20, + 0, = 225 x 10¢

and o, = 0.5620,

hence o, = 106 x 10° N/m?

Hence maximum stress in the bar = 106 MN/m?

Example A narrow steel strip, 12 mm thick, is clad by two magnesium plates of the same
width, each 3 mm thick. Calculate the change in stress in the steel and magnesium for each
Centigrade degree rise in temperature of the compound strip. Assume perfect bonding of the
nrips along their length, Fig. 13.7.
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3 mm N 12 mm ; \ _ 3mm

Fig. 13.7

For steel, o = 12 x 107%/°C; E = 200 GN/m?. For magnesium, o = 27 X 107%/°C;
E = 45 GN/n?.

SOLUTION
The criteria for solving this problem are:

1. Since the magnesium cladding tends to extend more than the steel it will be restrained
by the latter and will therefore be in compression. The steel is correspondingly stretched
by the magnesium and is in tension.

2. Since there is perfect bonding the final extension of each strip is the same and, since
the original lengths are equal, the total strains are equal.
3. There is no external load on the compound strip.

For a temperature rise of # °C, taking tensile strains as positive:

total strain in steel = total strain in magnesium

g g,
th at + — = apt + =
us | E, ) E,
E
or o,—or2><—'=(ozz—oz,)t><El
E,
ie. al—ozx%%g=(27—12)x10—°x200x109Xt
therefore o, — 4.4d40, = 3 X 10%
Also
total load on compound strip = 0
thus g A +0,4 =20
. . A
€. 0, = —0; —
ie ) 4,
12
= —g; X
2x3
= —20,

From these two equations connecting ¢, and o,, we find
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01 = 304 x 10% N/m!
= 304 kN/m2 per °C (tension)
and o1 = -608 kN/m! per °C (compression)

Note: These results are not accurate at the end of the strip. Further, they apply strictly only
to narrow strips where restriction of expansion across the width may be neglected. The various
temperature changes to which a clad strip such as this may be subjected during manufacture
will often leave it in a state of stress at room temperature. Such a state of stress is termed residual
stress. In this case it can be removed only by over-stretching beyond the yield point and cannot
be removed by annealing.

Problems

1. A brittle steel rod is heated to 150°C and then suddenly clamped at both ends. It is
then allowed to cool and breaks at a temperature of 90 °C. Calculate the breaking stress
of the steel. E = 210 GN/m% o = 12 X 10-6rC.

(151 MN/m3

2. A steel bar of 100 mm diameter is rigidly clamped at both ends so that all axial extension
is prevented. A hole of 40 mm diameter is drilled out for one-third of the length. If the
bar is raised in temperature by 30°C above that of the clamps, calculate the maximum
axial stress in the bar. E = 210 GN/m% ci = 0.0000l2/°C.

(84.7 MN/m%

3. A metal sleeve is to be a shrink fit on a shaft of 250 mm diameter. The sleeve is bored
to a diameter of 249.5 mm at 16°C and is then heated until the bore exceeds the shaft
diameter by 0.625 mm, to allow it to pass over the shaft. It is then placed on the shaft
and allowed to cool. Calculate the temperature to which the sleeve must be raised. Take
¢ = 12 x 10-6/°C.

(391°C)

4. A tie-bar connects two supports in a machine assembly. The supports may be considered
rigid and are 400 mm apart. A brass alloy tube is used as a spacer and sleeved over
the tie-bar so that there is 4 mm clearance between the ends of the spacer and the supports
at 16°C. The spacer is 30 mm outside diameter and 20 mm inside diameter. Find the
compressive force in the spacer at the working temperature of 600 °C. For the alloy
take E = 85 GN/m! and ¢ = 18 X 10-6/°C.

(17.1 kN)

5. A phosphor-bronze spacer is a close fit in a 300 mm gap between two faces of a steel
machine frame when assembled at 16°C. Find the maximum permissible working
temperature  if the maximum permissible stress in the spacer is 25 MN/m! and the
increase in the gap must not exceed 0.15 mm. For the bronze take c¢i = 16.5 X 10-6/°C
and E = 85 GN/m.

(64 Oc)

6. A steel bar of 50 mm diameter is placed between two stops with an end clearance of
0.05 mm. The temperature of the bar is raised 60°C and the stops are found to have
been forced apart a distance of 0.05 mm. Calculate the maximum stress in the bar if
its total length is 250 mm and there is a hole of 25 mm diameter drilled along its length
for a distance of 100 mm. E = 200 kN/mm2; o = 12 X 10-8rC.

(75.3 MN/m%

7. A compound tube is formed by a stainless steel outer tube of 50 mm outside diameter
and 47 mm inside diameter, together with a concentric mild steel inner tube of wall
thickness 6 mm. The radial clearance between inner and outer tubes is 2 mm. The two

Direct stress and strain 287

tubes are welded together at their ends, the compound tube being free to expand when
heated. Calculate the stress in each tube due to a temperature rise of 50 °C. For stainless
steel, E = 175 GN/m?; o = 18 x 107%/°C. For mild steel, E = 200 GN/m?; a =
12 x 10-9/°C. .
(Mild steel, 13.4 MN/m? tensile; stainless steel, 41 MN/m? compressive)
8 A stainless steel rod of 25 mm diameter is placed inside, and concentric with, a mild
steel tube of 30 mm inside diameter and 50 mm outside diameter. The tube and bar are
welded together at the ends but are otherwise free to expand. Calculate the stress in each
part of the compound bar so formed due to a temperature rise of 25 °C. If the length
of the compound bar is 250 mm, what is the extension? For stainless steel £ =
170 GN/m2;, a = 18 X 10-6/°C. For mild steel E = 196 GN/m?; o = 12 X 10-5/°C.
(Rod, —19.05 MN/m?; tube, 7.42 MN/m?; 0.0845 mm)

13.8 Poisson’s ratio: lateral strain

When a bar is loaded axially in tension by a force F it extends in length but at the
same time the lateral dimensions contract, Fig. 13.8. The extension in the direction
of the force is given by Hooke’s law within the limit of proportionality. The ratio
of the strain in the lateral direction to that in the longitudinal direction is found to
be constant for a particular material and is called Poisson’s ratio, denoted by ». Thus:

lateral strain

longitudinal strain

If the longitudinal strain is e then the lateral strain is —ve. '
In materials with high elasticity (elastomers) such as rubber, silicone and certa%n
plastics, a large longitudinal extension is accompanied by appreciable reduct'ion in
cross-sectional area. In soft metals, the reduction within the elastic region is also
significant but in stiff metals the lateral changes are very small. .
Poisson’s ratio applies in the same way to a bar loaded in compression.

Change in volume: volumetric strain

When a bar is pulled, its length increases and its transverse dimensions decrease, a}nd
there is an increase in volume. Let the length of the bar be L and the cross-section
to be square of side B; then if o is the stress produced,

. . o
longitudinal strain e = =

The lateral strain in the other two directions is —ve. If V; and V, are the initial and
final volumes respectively, then
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V] = LB2
and V, = (final length) X (final thickness)?
= (L + eL)(B — veB)*
=(1 -2 + ¢+ ...)LB?
= (1 — 2ve + &)V

neglecting the terms involving ¢2. Therefore

change in volume = V, — V|,
(1 - 2ve + &)V, — V;

= ¢(1 — 2wV,
The volumetric strain is the change in volume per unit volume, i.e.
volumetric strain = oW
Vi
_ e = 2nl
4
= el — 2v)

Since a bar in tension has an increase in volume, the change in volume must be
positive, therefore (1 — 2») must be positive. Thus Poisson’s ratio for any material
is less than 0.5. For some rubbers » = 0.5, and for most metals » lies between that
for tungsten and chromium, 0.21, and that for gold, 0.44.

Note: The formula in terms of linear strain and Poisson’s ratio should always be used

to find the difference of the two volumes. Calculation of V, directly is impracticable
because of the minute changes in length involved.

Example A bar of titanium alloy of length 120 mm and square cross-section, 7.5 mm X

7.5 mm, is pulled axially by a force of 15 kN. Find the percentage decrease in thickness if
E = 106 GN/m? and v = 0.33.

SoLUTION
15 000
Stress ¢ = = 267 x 10° 2
75 x 7.5 x 10-5 0" N/m
o 267 x 10°
Longitudinal strain ¢ = L_=20x0 0.0025
€ E 106 x 10°
Lateral strain = ve¢ = 0.33 x 0.0025 = 0.001
e change in thickness — 0.001

original thickness
i.e. percentage change in thickness = 0.001 x 100 = 0.1

Example A bar of aluminium alloy of rectangular section 75 mm X 20 mm and 800 mm long
is stretched by an axial force of 150 kN. Find the volumetric strain, the actual change in volume
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and the percentage reduction in cross-sectional area of the bar. Take E = 70 GN/m* and
v =034

SOLUTION
3
Stress o = —0 X1 _ 100 x 100 N/m?
75 x 20 x 10-°
100 x 108
Longitudinal strain € = — = —————— = 0.00143

E 70 x 10°

Change in volume = volumetric strain X original volume

= ¢l — 2») X (75 x 20 x 800)
0.00143(1 — 2 x 0.34) x 12 x 10°
= 550 mm?

If B and b are the initial lengths of the sides of the section then the original area is Bb. The
new lengths are (B — veB) and (b — veb), hence

reduction in area = Bb — (B — veB)(b — veb)
2veBb, neglecting small quantities
2ye per unit area

It

therefore percentage reduction in area = 2ve X 100
=2 x 0.34 x 0.00143 x 100
= 0.1

Problems
1. Anaxial load of 14 kN is applied to a bar of cold-drawn copper and produces an extension
of 0.25 mm on a gauge length of 250 mm. If the bar is of square section 10 mm side
and the decrease in thickness is measured as 0.0034 mm, find Young’s modulus and
Poisson’s ratio for the copper.
(140 GN/m?; 0.34)
2. A piece of gold wire of cross-sectional area 0.125 mm? is stretched by a force of 100 N.
Find the volumetric strain and the percentage reduction in area. Take E = 80 GN/m?
and » = 0.44.
(0.0012; 0.88 per cent)
3. In an experiment a brass bar of 30 mm diameter and 800 mm long is subject to an axial
tensile load of 60.4 kN. By optical means, the contraction in diameter is measured as
0.008 mm and the extension as 0.76 mm. Find Poisson’s ratio, Young’s modulus and
the change in volume of the bar.
(0.28; 90 GN/m?; 236 mm?)
4. A bar of steel for which Poisson’s ratio is 0.26 is strained in simple tension. The linear
strain is 0.0015. Find the percentage change in volume of the bar.
(0.072 per cent)
5. A bar of aluminium 400 mm long is of rectangular section 50 mm by 30 mm and extends
0.8 mm when loaded in tension. Find the final volume of the bar. Take » = 0.3,
(600 480 mm?)

13.9 Strain energy: resilience

Work is done in stretching or compressing a bar of material. If the bar is elastic this

|
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o
Fig. 13.9

Extension x

work is stored as strain energy or energy of deformation, and is recoverable on removal
of the load. The bar behaves exactly like a spring.* The energy stored per unit volume
in a strained bar is also called the resilience.

If a force F stretches a bar a small distance dx, then the work done is Fdx. When
the force F varies with the extension x the total work done in stretching the bar a
distance x is

s

and this is the area enclosed by the load—extension graph and the x-axis. It is also
the total strain energy U in the elastic bar. If the bar obeys Hooke’s law the load—
extension graph is a straight line, Fig. 13.9. Hence

U = work done

area OAB

1l

therefore U = 1 Fx

where F is the maximum force. The factor %represents the fact that the force
increases uniformly from zero to a maximum value F during the extension of the bar.
Alternatively

U

work done
average force X extension
%Fx

I

It

It is convenient to write the strain energy in terms of the maximum stress o produced
by the force F. If A is the cross-sectional area of the bar and ! its length, then

F =04
and x = ol/E
thus U = +Fx
ol
=1x (UA)XE
2
=0_xAl
2E

* The strain energy of springs is dealt with on . 191.
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. o’
ie. U= —— X volume of bar
2E

The units of strain energy are those of work, i.e. joules (J).

Example A steel strut is of square section, 100 mm by 100 mm over the middle portion, which
is 150 mm long, and 70 mm by 70 mm over the remainder of its length. If the total length is
250 mm and the load 800 kN, calculate the total strain energy in the bar. E = 200 GN/m’.

SOLUTION

Since the cross-sectional areas of the two portions of the bar are different, the stresses produced

in these portions differ and the strain energy for each portion must be calculated separately.
Middle portion:

3
U=M= 8 X 107N/m2
0.1 x 0.1

volume = 0.1 x 0.1 x 0.15 = 0.0015 m?
2

strain energy = X volume
72
2 x 200 x 10°
=24
End portions:
3
o= WX _ 14533 x 107 N/m2
0.07 x 0.07

volume = 0.07 x 0.07 x 0.1 = 0.00049 m®

_(16.33 x 107)?
2 x 200 x 10°

=371

Total strain energy = 24 + 32.7 = 56.7 J

strain energy x 0.00049

Problems
1. A steel bar 1.5 m long is of 50 mm diameter for 900 mm of its length and 25 mm diameter
for the remainder. What is the strain energy stored in the bar under a load of 45 kN?
E = 200 kN/mm?,

8.5
2. Compare the strain energy stored in a loaded bar, 250 mm long and 50 mm diameter,
with that stored in a similar bar which is turned down to 40 mm diameter for one-half

its length. The maximum direct stress in each bar is to be the same.
1.9:1)
3. A bar of steel is 900 mm long and of 12 mm diameter. Calculate the strain energy stored
in the bar when a tensile load of 27 kN is applied. Find also the additional strain energy
that can be stored before the material exceeds its elastic limit stress of 325 MN/m?.

E = 200 GN/m?.
(14.5J.12.4 N
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13.10 Application of strain energy to impact and suddenly applied loads

Impact loads

If a load is suddenly applied to a bar, as in an impact, the bar stretches and behaves
as a spring, oscillating about a mean position. The strain energy stored in the bar
is greatest when the bar and load are instantaneously at rest at the position of maximum
displacement. At this point, the total energy of the load has been absorbed as strain
energy. For example, assume that a load of weight W falls through a height & on to
a collar at the end of a vertical bar of length /, Fig. 13.10. Let x be the maximum
instantaneous extension of the bar and o the corresponding maximum stress. Then

ol
E

X =

At the point of maximum extension

initial potential energy of load = strain energy in bar

0,2

i.e. Wh + x) = X Al
2E
o o?

or W<h+——l) = —— X Al
E 2E

This gives a quadratic in o.

There are two answers therefore for the stress o; the negative answer is the
compressive stress produced in the bar on rebound if the load were to lock to the
collar after impact. The assumptions involved are as follows:

1. All connections except the bar are completely rigid.
2. The limit of proportionality of stress is not exceeded.
3. There is no loss of energy at impact (mass of bar negligible).

‘-
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4.  The modulus of elasticity, E, is the same for impulsive loading as for steadily
applied loads.

Suddenly applied loads
If the load is placed in contact with the collar without impact and suddenly let go,
h = 0 and equating potential energy to strain energy, gives

2
Wx = 2 x Al

2E
2

ie WOEI= ;’E x Al
o=2K
A

Hence the maximum stress produced by the suddenly applied load is twice that due
to the same load gradually applied. The maximum instantaneous extension will also
be twice that for the gradually applied load.

Example A load of mass 50 kg falls 4 mm on to a collar at the end of a bar of 2 mm diameter
and 50 mm long. The rod is made of an alloy having a modulus of elasticity of 100 kN/mm?,
Calculate the maximum tensile force in the rod.

SOLUTION

Area of section = % (2)? = 3.142 mm?

If F kN is the maximum tensile force produced and ¢ the corresponding stress, then, working
throughout in kN and mm,

= 0.318 F kN/mm?

g =
3.142

and maximum extension is given by:
x =€ X1

lxl
E

0.318 F x 50
100

0.159 F mm

I

Loss of potential energy of load equals gain of strain energy of rod.
Wh +x) = +Fx

Therefore, since W = Mg = 50 X 9.8 = 490 N = 0.49 kN,
0.49(4 + 0.159F) = + F X 0.159F
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thus F?2 — 0.98F — 24.7 = 0
and F=04 £ 5
= 5.49 or —4.51 kN

The negative answer may be disregarded if the falling weight does not become fixed to the collar.

Maximum force in the rod = 5.49 kN

Example A rapidly moving free piston having a kinetic energy of 40 J suddenly seizes in the
cylinder shown, Fig. 13.11. Calculate the maximum tensile and compressive stresses in the
cylinder due to impact. Effective length of cylinder to point of seizure, 300 mm; inside diameter,
75 mm; outside diameter, 90 mm; modulus of elasticity, 200 kN/mm?.

.

]._

L

ANRRRRRRRRRRRRRRRRNNNSNN

300 mm
Fig. 13.11
SOLUTION
Kinetic energy lost = strain energy gained
o2
= —— X volume
2E

Volume of material stressed = % (0.092 — 0.075%) x 0.3
=583 x 107*m?
Kinetic energy lost = 40 J

o?

— -4
therefore 40 2 % 200 X 10° X 5.83 x 10
therefore 2 =275 x 10'
i.e. g = + 166 x 10° N/m?

= + 166 MN/m?

The positive answer represents the maximum tensile stress and the negative answer the maximum
compressive stress on elastic rebound, provided that the piston remains firmly fixed to the
cylinder.

Problems
1. Aload of mass 20 kg falls through a height of 50 mm and then starts to stretch a steel
bar of 12 mm diameter and 600 mm long. If E = 200 x 10° N/m?, calculate the
maximum stress induced.
(242 MN/m?)
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2. Aload of I tonne is placed on a collar at the end of a vertical tie rod of 10 mm diameter.
Calculate the static stress induced.
If the load is dropped from a height of 80 mm, calculate the maximum instantaneous
stress induced in the rod. Length of rod = 1150 mm, E = 230 GN/m2
What is the maximum instantaneousstress if the load is not dropped but applied suddenly
without impact?
(124.5 MN/m?%  2.125 GN/m?% 249 MN/m?
3. Acollar is turned at the end of a bar, 6 mm diameter, 600 mm long. The bar is hung
vertically with the collar at the lower end. A load of mass 500 kg is placed just above
the collar so as to be in contact but leave the bar unloaded. Calculate the maximum
instantaneous stress and extension of the bar if the load is suddenly released. E =
200 kN/mm2
(347 MN/m2, 1.04 mm)
4. A mass of 50 kg falls 150 mm on to a collar attached to the end of a vertical rod of
50 mm diameter and 2 m long. Calculate the maximum instantaneous extension of the
bar. E = 200 GN/m2
(0.86 mm)
5. A massof 200 kg falls 20 mm on to a vertical cylindrical column, thereby compressing
it. The column is 800 mm long and 50 mm diameter. Find the maximum instantaneous
stress produced by the impact and the total strain energy stored by the column at the
instant of maximum compression. E = 200 GN/m?2.
(100 MN/m2; 39.3 J)
6. A massof 5 Mg isto be dropped a height of 50 mm on to a cast-iron column of 80 mm
diameter. What is the minimum length of column if the energy of impact is to be absorbed
without raising the maximum instantaneous stress above 220 MN/m2? E for cast iron
= 110 GN/m2
(2.42 m)
7. A mass of 9 kg falls through a height of 150 mm and then starts to stretch a steel bar
of 12 mm diameter and 900 mm long. If the bar is turned down to 9 mm diameter for
300 mm of its length, calculate the maximum stress induced in the bar. E =
210 GN/m2,
(371 MN/m?
8. What is the maximum height a mass of 1000 kg can be dropped on to ¢ steel column
of 25 mm diameter and 300 mm long, if the maximum instantaneous stress is not to
exceed 0.28 kN/mm?? E = 210 kN/mm?2
(2.41 mm)

13.11 Hoop stress in a cylinder

A cylinder containing fluid under pressure is subjected to a uniform radial pressure
normal to the walls, Fig. 13.12. Since the cylinder tends to expand radially, there
will be a tensile or hoop stress un set up in the circumferential direction, i.e.
tangential to the shell wall. This stress may be found by considering the equilibrium
of forces acting on one-half of the shell. Imailne the cylinder to be cut across a
diameter, Fig. 13.13. Then there is a uniform downward pressure p acting on the
diametral surface section ABCD shown; this Is balanced by the upward force due
to the hoop stress un along the two edges.

Force due to radial pressure on area ABCD - P X area ABCD
=pxABxBC
=P X 2r X|I
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Fig. 13.12

t ‘-—/IVI
Fig. 13.13
where r is the cylinder internal radius and !/ the length. If the thickness # of the shell

wall is small compared to the internal radius r (e.g. if ¢ is less than r/10), then the
hoop stress may be taken as uniform across the wall section. Then

upward force on the two edges due to o, = 2 X o0, X area of one edge

20h><txl

Equating these two forces

200l = 2 prl
Therefore
pr
Oph = —
h t

This is the only stress due to pressure in a long open-ended seamless cylinder (e.g.
a pipeline) provided that the section considered is distant from an end connection or
flange.

13.12 Axial stress in a cylinder

In a closed pipe or cylinder, such as a pressure vessel there is, in addition to the hoop
stress, a longitudinal or axial stress arising from the force due to pressure on the closed
ends. Imagine the cylinder to be cut by a plane normal to the axis, Fig. 13.14. Then
the pressure p acts on a cross-sectional area 7r? and the corresponding axial force is:

p x wr?

This force is balanced by the force due to the axial stress o, acting on the area of
the shell rim, which is approximately:
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o,

\-— | 7

Fig. 13.14

circumference X thickness = 27r X ¢

hence g, X 27rt = p X 7r?
. r
ie. g, = or
2t
r
and o =2
t
hence Gy, = %oh

i.e. the axial stress is one-half the hoop stress.

13.13 Tangential stress in a spherical shell

If a thin spherical shell is subject to internal pressure p, a tensile stress is set up in
the shell wall due to the tendency of the shell to expand under pressure. Imagine the
spherical shell to be cut across a diameter and consider the forces acting on one-half
of the shell, Fig. 13.15. These are:

1.  The diametral force due to the pressure = p X wr2,

The resisting force due to the tangential stress o, acting on the section of the
rim. If 7 is small compared with the internal radius r, the area of the rim section
is approximately 27rt and o, is nearly uniform,

ie. resisting force = g, X 2xrt

N2

%

Fig. 13.15
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Equating these two forces

o, X 27rt = p X 7r?

i.e. 6, = %
t

This applies to any diametral section of the sphere and hence at any point there is
a tangential stress o, acting in all directions tangential to the wall.

13.14 Effect of joints on stresses in thin shells

In many cases cylindrical shells are not seamless but are jointed, the joints being along
a circumferential or longitudinal seam. The distribution of stress in a riveted joint
is complex and the strength of such joints cannot be calculated with any great accuracy.
The design of riveted joints is largely empirical and cannot be dealt with properly
here. It is possible, however, to arrive at more accurate values for the stresses by
making allowances for the efficiencies of the joints. The efficiency of a joint may
be defined as the ratio:

strength of joint of given width

strength of solid plate of same width

For example, if the efficiency of a joint is 70 per cent it means in effect that the effective
area of the perforated plate is 0.7 of that of the solid plate. The average stresses
calculated using the thin cylinder formulae would therefore have to be increased in
the ratio 1:0.7.

A circumferential joint has to resist the axial tension whereas the longitudinal joint
has to resist the hoop tension. The axial tension is one-half the hoop tension so that
the longitudinal joint is potentially the weakest part of the cylinder. Circumferential
joints, therefore, do not have to be of the same efficiency as the longitudinal joint
and are often permitted to have a much lower efficiency.

Example Calculate the required thickness of the shell of an experimental pressure vessel of
spherical shape and 450 mm diameter, which has to withstand an internal fluid pressure of
7 MN/m? without the stress in the material of the shell exceeding 70 MN/m?. If the shell is
to be made by bolting together two flanged halves using sixteen bolts what should be the root
area of each bolt? The tensile stress in the bolts must not exceed 150 MN/n?.

SOLUTION
Hoop stress = 48
2
thus t = w = 0.01125 m
2 X 70 x 105
= 11.25 mm

Diametral bursting force = p X 7r?
7 x 10° X 7 x 0.225%
1.114 x 110°N
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1.114 x 10°
Force per bolt = —————
16
= 69600 N
Therefore 69 600 = stress in bolt X root area
=150 x 10® x A
Thus A = 464 x 1075 m? = 464 mm?

(24 mm diameter bolts would be required.)

Example A thin tube contains oil at a pressure of 6 MN/m?. Each end is closed by a piston,
the two pistons being free to move in the tube but rigidly connected by a rod as shown, Fig.
13.16. (a) Calculate the stresses in the tube if it has an inside diameter of 50 mm and a wall
thickness 2.5 mm. (b) Calculate the tensile stress in the rod joining the pistons if it is of 25 mm
diameter.

I111IHHTII1 11 TH 11T THLT 111 TLLLLL LR RN LA R R R

ATTHIT1IT11 1 1 I i1 I THITHITLTHLLTLLA LA LR R VLR R
Fig. 13.16

SOLUTION
(@) The axial force due to oil pressure is taken by the connecting rod. There is therefore
no axial force or stress in the tube. The hoop stress in the tube is given by:

r
hoop stress = Ll
t

6 x 105 x 0.025

0.0025
= 60 x 10° N/m? = 60 MN/m?

(b)  Inside area of piston = 7:— x 0.052 —~ % x 0.025?
= 1.47 x 1073 m?
axial force on piston = 6 x 10% x 1.47 x 1073
= 8820 N
area of rod = % x 0.0252 = 492 X 10~ m?
tensile stress in rod = ——8129——
492 x 10°°

18 x 10° N/m? = 18 MN/m?

Example A cylindrical boiler shell is 2 m internal diameter and is made of plate 20 mm thick.
If the working pressure is 1.75 MN/m? and the efficiency of the longitudinal joint is 75 per
cent, find the average hoop stress in the plate at the joint.
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SoLuTION
For the riveted plate, since the joint efficiency is 0.75,

average hoop stress = Ll X 1
0.75
175 x 105 x 1 » 1
0.02 0.75
= 116.7 x 10° N/m?
= 117 MN/m?

Example A cylindrical pressure vessel has an internal diameter of 1600 mm and is subject
to an internal fluid pressure of 30 bar. The plate is 15 mm thick with an ultimate tensile stress
of 600 N/mm?®. The efficiencies of the circumferential and longitudinal joints are 50 and 80
per cent respectively. Determine the factor of safety. 1 bar = 10° N/m>.

SOLUTION
p = 30 bar = 30 X 10° N/m? = 3 N/mm?

For the solid plate (working throughout in N and mm),

hoop stress = pr
t
_ 3 x 800
15
= 160 N/mm?
T 160
At the longitudinal joint, hoop stress = —6?
= 200 N/mm?
For the solid plate, axial stress = l—gq
= 80 N/mm?
. - . 80
At the circumference joint, axial stress = F
= 160 N/mm?

Factors of safety are dealt with on page 308. In this case, it is the ratio of the ultimate tensile
stress to the maximum stress, which is the hoop stress at the longitudinal joint.
600

200
3

Thus factor of safety =

Problems

1. Calculate the maximum allowable pressure in a boiler shell of 3 m diameter, 25 mm
thick if the tensile stress is not to exceed 60 MN/m?. Assume a joint efficiency of 60
per cent.

(600 kN/m?)
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2. What is the minimum shell thickness required for a Lancashire boiler of 2500 mm inside
diameter for a pressure of 14 bar if the allowable stress is not to exceed 50 N/mm??
Allow for a joint efficiency of 65 per cent.

(54 mm)

3. Calculate the maximum allowable diameter for a spherical pressure vessel for a nuclear
reactor if it is to contain carbon dioxide at a pressure of 1 MN/m?. The tensile stress
in the shell wall is to be 75 MN/m? and the maximum thickness of vessel shell that can
be manufactured is 75 mm.

(22.5 m)

4. A spherical copper shell is 600 mm in internal diameter and is to withstand an internal
pressure of 20 bar without the stress in the copper exceeding 60 MN/m?. Find the
thickness of shell required, assuming a joint efficiency of 80 per cent.

(6.25 mm)

5. A cylindrical air receiver for a compressor is 2 m in internal diameter and made of plate
15 mm thick. If the hoop stress is not to exceed 90 MN/m? and the axial stress is not
to exceed 60 MN/m?, find the maximum safe air pressure.

(1.35 MN/m? or 13.5 bar)

6. A bronze sleeve of 80 mm internal diameter and 6 mm thick is force fitted on to a solid
steel shaft. The force fitting of the sleeve on to the shaft subjects it to an internal radial
pressure. A measurement of hoop strain in the sleeve shows that the corresponding hoop
stress is 96 MN/m?. Find the radial pressure between sleeve and shaft.

(14.4 MN/m?)

7. A thin spherical vessel is to contain 88 m® of gas at a pressure of 14 bar. The stress
in the material must not exceed 120 N/mm?. Find the internal diameter of the vessel
and the thickness of plate required.

(5.52 m; 16.1 mm)

8. A metal tube of 40 mm mean diameter and 2 mm thick is tested in tension and fails at
a load of 7 kN. A similar tube is used to contain fluid under pressure. Find the safe
internal pressure allowing a factor of safety of 4.

(696 kN/m? or 6.96 bar)

9. A dumb-bell piston forming part of a hydraulic control valve slides freely in the cylinder
shown, Fig. 13.17. The pressure in the cylinder at A is 4.2 MN/m? and that in B is
700 kN/m?. Calculate the largest hoop and axial stresses in the cylinder. Internal
diameter of cylinder is 50 mm, wall thickness 1.5 mm.

(70 MN/m?; 5.83 MN/m?)
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13.15 Rotating ring

A circular thin ring rotating about an axis through its centre O with angular velocity
w rad/s is subject to inertia force acting radially outwards on every element. For any
small arc AB (Fig. 13.18) subtending an angle 0 rad at the centre, the inertia
(centrifugal) force is

F = mo*r
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Fig. 13.18

where m is the mass of the element AB.
If p is the density of the material and A the cross-sectional area of ring section, then

m=p X AB x A4
=pXrl XA4
Hence
F = prfA X w’r
= pfAw?r?
The element is maintained in equilibrium by the inertia force F and by the tangential
forces T at A and B exerted by the material of the ring at these points. Thus a tensile
force is set up in the ring, as in a thin cylinder under internal pressure. From the
force diagram, since 8 is small:
T6 = F = pbAw’r?
Thus T = pAw?r?

If o is the stress set up due to 7, then

o X A=T
= pAw’r?
Thus o = pw’r? = pv?

where v is the linear speed of the rim and r the mean radius.

The tensile stress in the ring is therefore independent of the area of section of the
ring. The effect of radial spokes or a disc connecting the ring to its axis of rotation
has been neglected.

Example A thin cylindrical spring steel tube of 3 mm mean radius is required to rotate at
500 000 rev/min when used in a machine for spinning nylon. Calculate the maximum tensile
stress in the tube. Density of steel, 7.8 Mg/m>.

SOLUTION
r = 3 mm
p = 7.8 Mg/m® = 7800 kg/m?
2% X 500
w =X X 000 _ 5 400 rads

60
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thus maximum tensile stress = pw?r?
7800 x 52 4002 x (0.003)?
= 193 x 10® N/m? = 193 MN/m?

1l

Example A flywheel may be taken as a thin ring having a rim section 50 mm by 50 mm. The
flywheel is to rotate at 420 rev/min. Find the least value of the mean diameter to satisfy the
following conditions: (a) the tensile stress in the material must not exceed 15 MN/m?; (b) the
total mass of the flywheel must be less than 110 kg. Density of material = 7 Mg/m’.

SOLUTION

_ 2m x 420
60

= 44 rad/s

If the tensile stress is limited to 15 MN/m? then since

p = 7000 kg/m?
and maximum tensile stress = pw?r?
thus rt = 1S X 107 10°
442 x 7000
= 1.105
therefore r=105m

and mean diameter < 2.1 m.
If total mass is limited to 110 kg, then

mass = area of section X mean circumference X density
i.e. 110 = (0.05 x 0.05) X wd x 7000

Hence, mean diameter is given by
d=<2m

Hence the least diameter to satisfy both conditions = 2 m

Problems
1.  Calculate the tensile stress in a thin rim of mean diameter 900 mm rotating at 10 rev/s,
if the material used has a density of 7.2 Mg/m®.
(5.73 MN/m?)
2. Calculate the maximum allowable speed of rotation of a cast-iron ring 1.2 m diameter
if the design stress is 24 MN/m? and the density of cast iron is 7 Mg/m®.
(933 rev/min)
3. What is the required mean diameter of a flywheel which has to rotate at a maximum
speed of 2165 rev/min with a maximum permissible stress of 75 MN/m*? Density of
material = 7.5 Mg/m’.
(883 mm)
4. A cast-steel flywheel has a rim of square cross-section 75 mm X 75 mm. The wheel
has to rotate at 900 rev/min. Find the value of the least mean diameter to satisfy the
following conditions: (a) the total mass of the wheel must be less than 225 kg; (b) the
stress in the steel must not exceed 30 MN/m?. Density of steel = 7.8 Mg/m>.
(1.31 m)
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5.

A thin steel tube of 12 mm mean diameter and 0.5 mm thick rotates at 19000 rev/min
and carries an internal pressure of 700 kN/m3. Calculate the maximum hoop stress in
the tube wall if its density is 7400 kg/ms.

(9.105 MN/m?
A thin steel drum is required to rotate at 4200 rev/min while the pressure inside the
drum is 1.4 MN/m? If the drum is to be made from 6 mm plate find the maximum
diameter for a limiting tensile stress of 75 MN/mz. Density of steel = 7.8 Mg/m3.

(320 mm)

Chapter 14

Mechanical properties of materials

The general properties of any material forming an engineering component depend
on its chemical make-up, how it is built up from atoms and molecules into crystals,
grains and solid material, and on the manufacturing processes and treatments used
to produce its final form and condition. When a material is selected for a particular
engineering situation, a variety of these properties have to be considered including
strength, machinability, corrosion resistance, electrical characteristics, thermal
conductivity, melting point, etc. Often, however, these requirements have to be
balanced, one against the other and the choice of a material therefore usually involves
compromise.

In this chapter the emphasis is specifically on the mechanical properties of materials
and their behaviour under load. The treatment is of necessity restricted because of
the proliferation of metals and plastics now in use in modern industry and the range
of testing machines and techniques available. For fuller information students should
refer to more specialist texts, British Standards and manufacturers' publications.

14.1 Metals and alloys

Engineering metals can be divided into two groups based on their iron content; those
consisting mainly of iron are called ferrous metals and all others non-ferrous. The
'light' metals include aluminium, magnesium and titanium, and the 'refractory’ metals
with heat-resisting properties include tungsten and molybdenum. Alloys are formed
by adding quantities of various elements to a basic metal, in some cases very small
quantities, and the resulting materials usually have markedly different properties from
those of the individual constituents. The most commonly used alloys are those of iron
with a small amount of carbon to produce steel or cast iron. The non-metallic content,
less than 4 per cent by weight, is the primary factor in determining the nature and
properties of the ferrous metal produced. Steels contain less than 1.5 per cent carbon;
the 'plain’ carbon steels, composed almost entirely of iron and carbon are termed
low- (or mild), medium- or high-carbon steels depending on the proportion of carbon
present. When a carbon steel is alloyed with other elements besides carbon, it is called
an ‘alloy steel' and is designated according to the predominant element added, e.g.
manganese steel. Each alloying element is used to produce specific effects on the
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properties of the steel produced or on the manufacturing process involved, e.g. to
give a tough, machinable material, to resist the effects of high temperatures, or to
enable a steel to be hardened. A particular example is the use of cobalt, nickel and
titanium, which together with ageing processes result in high-strength, very ductile
'maraging’ steels, greatly used in rocket work. Cast irons have a higher carbon content
than steels together with amounts of silicon, magnesium, sulphur and phosphorus.
There is a great variety of modern cast irons but the most common is the traditional
grey iron, very brittle, easily machinable, a good conductor of heat and useful in
massive parts for damping down vibrations. Adding a small amount of magnesium
in the production stages produces nodular or spheroidal iron, a strong, tough, ductile
material.

Non-ferrous metals and their alloys are equally as important as the ferrous.
Aluminium, a soft metal with a low melting point, is noted for its high-electrical and
thermal conductivity as well as resistance to corrosion. It is the foremost metal in
use after steel because of its excellent strength to weight ratio, giving light, stiff
materials. Copper, alloyed with up to 40 per cent zinc and small quantities of other
elements such as tin, is the basis of the various straight brasses, but when alloyed
without zinc to tin, phosphorus, silicon or aluminium, it gives a range of bronzes.
Phosphor-bronze,  for example, is a tin bronze with added phosphorus and like
manganese bronze is particularly resistant to sea water. Further examples of non-ferrous
alloys are those based on nickel, magnesium and titanium, each of which has special
properties. Nickel is noted for hardness and strength, titanium for lightness and rigidity
as well as strength at high temperatures, and magnesium is the lightest of all the metals.

It is useful to define the mechanical properties of materials in general, plastics as
well as metals, by considering in particular the behaviour of black mild steel when
loaded in tension and compression.

14.2 Black mild steel in tension

Black mild steel is a low-carbon steel in a hot-rolled or annealed condition. A tension
test on a typical specimen would give the graph of load against extension shown in
Fig. 14.1.

Elastic stage

In the initial stage of the test the steel is elastic, i.e. when unloaded the test-piece
returns to its original unstretched length. This is represented by the line OP, Fig.
14.1. Over the major portion of this stage the material obeys Hooke's law, i.e. the
extension is proportional to the load and the strain is proportional to the stress.

Limit of proportionality
The point P represents the limit of proportionality. Beyond P the metal no longer obeys
Hooke's law.

Elastic limit

The stress at which a permanent extension occurs is the elastic limit stress and the
metal is no longer elastic. In black mild steel, the limit of proportionality and elastic
limit are very close together and often cannot be distinguished. Elastic limit stress
and limit of proportionality values have limited use today.
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Permanent set
If the metal is loaded beyond the point P representing the elastic limit, and then
unloaded, a permanent extension remains, called the permanent set.

Yield stress

At Y the metal stretches without further increase in load. Y is termed the yield point
and the corresponding stress is the yield stress. This sharp yield is typical of mild
carbon steel, wrought iron and some plastics, but occurs with few other materials.
The graph shows a very slight dip at the yield point. For a medium carbon steel and
for some other metals, depending on their heat treatment and mechanical working,
the dip at point Y is sufficient to indicate an upper and lower yield stress, i.e. the
yield point is reached at a certain load and the material continues to yield at a slightly
lower load.

Plastic stage

Beyond Y, the steel is partly elastic and partly plastic. Ifthe test piece is unloaded
from any point C beyond Y the permanent extension would be aD, approximately,
where CD represents the unloading line (approximately parallel with PO). If the
specimen is reloaded immediately the load-extension graph would tend to traverse
first the line DC and then continue from near C as before.

Work hardening
At the point Z, further extension requires an increase in load and the steel is said
to work harden or increase in strength. If unloaded from any point E between Z and
M, the unloading graph would be approximately the line EF. If reloaded, the graph
would trace out approximately the same elastic line from F to E, after which it continues
from E to M, as it would have done if not unloaded. The process of cold working,
i.e. cold drawing or rolling, represents a work hardening or strengthening.

During the stage Z to M, the mill scale on an unmachined specimen of black steel
is seen to flake off from the stretched metal. Furthermore, the extension is now no
longer small but could be measured roughly with a simple rule.
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Waisting
M represents the maximum load which the test-piece can carry. At this point the exten-
sion is no longer uniform along the length of the specimen but is localized at one
portion. The test-piece begins to neck down or waist, the area at the waist decreasing
rapidly. Local extension continues with a decrease of load until fracture occurs at
point X.

Ultimate tensile stress
The ultimate tensile stress (UTS) is defined as:

maximum load
original area

Black mild steel has an UTS of about 400 MN/m? There are very few steels with
a strength above 1500 MN/m? and only a limited number with a specified UTS above
1200 MN/m?. One of the strongest is the wire used in musical instruments, a very
hard-drawn, high-carbon steel, the highest grade of spring wire, with a strength in
the range 1800-3000 MN/m?

Breaking stress
The nominal fracture or breaking stress is:

load at fracture
original area

and this is less than the UTS in a metal which necks down before fracture. This stress
is seldom quoted today.

True fracture stress
The true or actual fracture stress is:

load at fracture
final area at fracture

and this is greater than either the nominal fracture stress or the UTS in a metal which
necks down, due to the reduced area at fracture. The true stress may be as much as
100 per cent higher than the UTS for mild steel. Also, it may be noted that the true
stress is found to be roughly constant for a given material whereas the UTS varies
with the treatment of the specimen before testing.

Fracture
The appearance of the fracture is shown in Fig. 14.2. It is described as a cup-and-
cone fracture and is typical of a ductile material such as mild steel.

Failure: factor of safety

The term ‘failure’ applied to a material or element in a machine can mean fracture
as we have discussed here, or it can mean that the member has deformed past the
elastic limit, buckled or collapsed. Fracture can also be brought about by bending
or cyclic stresses as well as by direct tension or compression. In practice, engineering
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Fig. 14.2

parts are designed with a margin of safety, e.g. by assuming a working or allowable
stress which is a fraction of the UTS or in some cases, the yield stress. A factor of
safety based on the UTS is given by
UTS
allowable or working stress

factor of safety =

The kind of loading is important in arriving at a factor of safety. The loading may
be dynamic, static, fluctuating, suddenly applied or due to wind. Many other aspects
must also be considered besides elasticity, as explained below in Section 18.3.

Ductility

Black mild steel is a ductile material since it can be drawn out into a fine wire and
undergo considerable plastic deformation before fracture. Ductility in a member of
a structure permits it to ‘give’ slightly under load, which is useful where errors in
workmanship or non-uniform stresses occur. Ductility is of importance in manufacture
where material is to be bent or formed to shape. Ductility is measured in two ways:

1. By the percentage reduction in area, which is

reduction in area

— X 100 per cent
original area
where the reduction in area is the difference between the original area and the
least area at the point of fracture.
2. By the percentage elongation in length. If a gauge length [/ is marked on the
test-piece before testing and the extension of this length after fracture found
to be x, then, provided fracture occurred between the gauge points,

percentage elongation = —';— x 100

The percentage elongation depends on the dimensions of the test-piece so that, for
the purposes of comparison, the dimensions have been standardized. It is found that
for cylindrical test-pieces, if the ratio of gauge length to diameter is kept constant,
the percentage elongation is constant for a given material. By international agreement,
the gauge length is five diameters, i.e. / = 5D. The standard test piece for a round
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Fig. 14.3

bar in tension (BSS 18) is shown in Fig. 14.3. The dimensions for a 10 mm diameter
test-piece are shown below.

Gauge length, / (mm) 50
Diameter, D (mm) 10
Radius, R, minimum (mm) 9
Area (mm?) 78.5
P, minimum (mm) 55

There appears to be no simple relation between percentage elongation and percentage
reduction in area for steels. To estimate ductility both ratios should be found as some
steels show a high percentage elongation with a low percentage reduction in area.

14.3 Stress—strain curve
So far we have considered the load—extension diagram. However, since

load
original area

nominal stress

extension

It

and strain
original gauge length
the curve of (nominal) stress against strain will be of the same shape as the load—
extension graph up to the maximum load. At the point of maximum load, the test-
piece begins to neck down and the cross-sectional area diminishes rapidly. Beyond
this point the extension to gauge length no longer measures the true strain at any point.
Similarly, the ratio of load to original area is an inaccurate measure of the true stress
at the waist. Nevertheless it is convenient to sketch a stress—strain curve which
illustrates some of the properties of the material independent of the size of the specimen.

14.4 Modulus of elasticity

The modulus of elasticity E is the ratio of stress to strain at a point on the initial straight-
line portion of the load—extension diagram obtained from a tensile test on a standard

test-piece.
Figure 14.4 represents, for a metal obeying Hooke’s law, the best straight-line
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Fig. 14.4

connecting load W and extension x obtained from the plotted experimental points.
The modulus of elasticity E is determined directly from the slope of the graph as
follows: If A is the cross-sectional area of the test-piece and I the gauge length, then

. X
strain, € = 7

w
and stress, ¢ = —
A

and E=—0—

W/A
x/l

l w
= — X —
A X

But W/x is the slope of the load—extension graph, i.e. bc/ac. Therefore

A ac
The load—extension graph does not usually pass through the point of zero load for
two reasons:

1. The specimen is lightly loaded on first gripping in the testing machine.
2. Initial extensometer readings are slightly inaccurate at light loads.

However, since only the slope of the graph is required the zero error is unimportant
when calculating the elastic modulus.

The modulus gives a very quick and accurate indication of the stiffess of a material.
When E is large, the slope of the elastic line is steep, i.e. a large load is required
for a given extension. Stiffness is a measure of the amount of spring in a metal and
must be distinguished from strength which is the force needed for fracture. Typical
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Table 14.1
Material Young'’s Relative Approximate
modulus density specific
(GN/m? or modulus
kN/mm?) (GN/m?)
Steel 196-210 7.8 25
Wrought iron 175 7.8 23
Cast iron: grey 105—-125 7.2 16
spheroidal 180 7.2 25
Titanium alloys 110 45 25
Magnesium alloys 45 1.8 25
Tungsten 360 19.2 19
Aluminium alloy 70 2.7 25
Copper 80—140 8.9 9-16
Brass 84 8.4 10
Bronze 85—-120 8.6 10-14
Gun-metal 80-100 8.7 9-12
Timber 7-20 0.5-0.8 14—-30
Lead 16 11.3 —
Concrete 15—-40 — —
Rubber <0.04 — —
Unreinforced plastics 1.4 1.4 1
Glass fibre 50-85 2.5 20-34
Carbon fibre, high modulus 420 2 210
Reinforced plastic: glass fibre 7-60 1.9 5-30
carbon fibre 130-200 1.5 90—-130

figures for E are given in Table 14.1. In practice, there is a wide spread of values
around those given because of the effects of impurities, the different processes of
manufacture, mechanical working and heat treatment. The stiffest of materials is the
diamond, with an extremely high modulus, 1200 GN/m?. The modulus for steel is
in a fairly narrow range, 196—210 GN/m?. For most metals, however, E lies
between that of lead, 16 GN/m? and that of tungsten 360 GN/m?. Where a material
such as cast iron does not obey Hooke’s law, the figures given in the table are very
approximate. Plastics and rubbers have little rigidity and E for such materials may
be as low as 1 GN/m?, and even when reinforced with high-strength fibres, the
modulus for reinforced plastic is only exceptionally more than 60 GN/m?. The
characteristics of rubber vary with time and temperature and this material does not
have a properly defined value for E.

14.5 Specific modulus of elasticity

The denser a material, the heavier it will be for a given strength and rigidity. Where
the strength-to-weight ratio is critical as in aircraft and transport vehicles, it is not
the absolute value of E that is important but the specific value which takes into account
the relative density or specific gravity of the material. Thus

E

specific modulus of elasticity = ————
relative density

Relative density is the density of the material relative to that of water and since

Mechanical properties of materials 313

it is a ratio, the basic units of the specific modulus are the same as those of E, i.e.
N/m?.

Table 14.1 shows typical values of the specific modulus and it can be seen that
for a surprising number of materials, the specific modulus is roughly the same as
that of steel, about 25 GN/m?.

14.6 Black mild steel in compression: malleability

Up to the limit of proportionality, tension and compression tests on black'n.lild stf:el
give roughly similar stress—strain graphs, the value of the modulus of elastlcflty being
approximately the same in compression as in tension. A well-defined yield point occurs
after which the stress continues to rise with increasing strain, no maximum load or
stress being reached before destruction. Owing to friction at the surfaces of contact
between specimen and compression plattens the metal does not deform uniformly but
develops a barrel shape, Fig. 14.5. To avoid buckling under load, the length of a
cylindrical test-piece is usually less than twice the diameter.

Malleability is a very similar property to ductility and is the capacity of a metal
to be forced, rolled or beaten into plates, i.e. to be shaped or deformed to a great
extent when compressed. Of the common engineering metals, aluminium is the most

malleable.

14.7 Bright drawn mild steel

Bright drawn mild steel is again low carbon steel but has been previously w9rked
by cold drawing. The material is stronger but less ductile than the same steel in the
form of black mild steel. A typical stress—strain curve in tension would follow the
curve OPMX, Fig. 14.6(a). The sharp yield point has disappeared but a limit of
proportionality may be determined. If sufficiently cold-worked, fractu.re may occur
without necking. In compression, the stress rises continuously and there is no fracture,

l Load

Friction
force

Stress

Strain

Fig. 14.5
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Fig. 14.§(b). Bright drawn mild steel when annealed shows the same properties as
black mild steel. The curve of Fig. 14.6(a) is typical of a number of other metals
such as hard brass and most alloys of copper and aluminium. Hard alloy steels also

have the same shape but with fracture occurring between P and M without prior
necking.

14.8 Ductile metals

A ductile_ metal has a large percentage elongation and shows considerable deformation
and necking before fracture. Black mild steel is a ductile metal but various non-ferrous
metal§ such as soft aluminium or copper have even greater ductility. A tensile test
of a highly ductile metal would give a stress—strain curve of the form shown in Fig.
14.7. Thfe limit of proportionality and yield point are not defined. Work hardening
of a ductile metal reduces its ductility. Gold is the most ductile and malleable metal
'buF following on the noble metals, the order of ductility of the engineering metals
1s 1ron, copper, aluminium, zinc, tin, lead.

14.9 Proof stress

For er.lgineering purposes it is desirable to know the stress to which a highly ductile
material such as aluminium can be loaded safely before a large permanent extension

!/
0.1% /[
Proof | . __ [ __ 4~
stress / /
/ /
/
/
5/
? /
o /
0.001 Strain
Fig. 14.7
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takes place. This stress is known as the proof or offset stress and is defined as the
stress at which a specified permanent extension has taken place in the tensile test.
The extension specified may be 0.1, 0.2 or 0.5 per cent of gauge length, but the 0.2
per cent figure is becoming more common.

The proof stress is found from the stress-strain  curve, Fig. 14.7, as follows. From
the point on the strain axis representing 0.1 per cent strain draw a line parallel to
the initial slope of the stress-strain  diagram at O. The stress at the point where this
line cuts the curve is the 0.1 per cent proof stress. The 0.2 per cent proof stress is
found in a similar manner by starting from the point on the strain axis representing
0.2 per cent extension.

14.10 Brittle materials

A material which has little ductility and does not neck down before fracture is termed
brittle. The most obviously brittle materials are the ceramic, glasses and concrete,
together with some cast irons and cold-rolled steel. Also, non-ferrous metals and alloys,
when suitably worked, are brittle, as well as thermosetting plastics and some of the
thermoplastics.

Figure 14.8 shows the stress-strain  curve for grey cast iron in tension. The metal
is elastic almost up to fracture but does not obey Hooke's law. Yielding is continuous
and the total strain and elongation before fracture occurs is very small, less than 0.7
per cent elongation. Cast iron fractures straight across the specimen as distinct from
the cup-and-cone fracture of a ductile material. The modulus of elasticity for cast iron
is not a constant since there is no straight-line portion of the graph, but varies according
to the point or small portion of the curve at which it is calculated.

A method of estimating the value of E used in rubber and plastics technology,
employs the slope of the secant line OB; this gives a ratio of stress to strain at X per
cent strain for the whole portion of the curve up to point B. This is called the secant
modulus, and is given by BC/OC.

The stress-strain  curve for cast iron in compression is similar to that for a tension
test. The metal fractures across planes making 55° with the axis of the specimen,
indicating failure by shearing, except when the specimen is very short when fracture
occurs across several planes.

Fracture

Stress

10

Strain
Fig. 14.8
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The brittleness of a material is often best measured by the energy which it will absorb
before fracture in an impact test (see below); the lower the energy absorbed by a
standard specimen of a given material, the greater the brittleness.

14.11 Resilience and toughness

When a bar is loaded within its elastic limit, the work expended is stored as strain
energy in the bar and is called the resilience of the bar. The energy is recoverable
on removal of the load, i.e. the bar behaves like a spring. Resilience is a measure
of the ability of the material to store energy and to withstand a blow without permanent
distortion. For calculations on resilience see Section 13.9.

Toughness is the converse of brittleness, and describes the ability of a material to
resist the propagation of cracks and to withstand shock loads without rupturing. Both
resilience and toughness are important characteristics of metals, plastics and fibres.
Toughness is usually measured by the amount of energy, injoules, required to fracture
a notched test-piece held gripped in a vice and struck a single transverse blow by
a heavy pendulum. The pendulum head strikes at a fixed height above the notch, and
the 'notch-toughness'  of the metal is measured by the loss of energy of the pendulum
on impact and the machines are calibrated accordingly. The lzod and Charpy impact
testing machines use this method. Results obtained from impact tests require care in
interpretation and precise information is essential regarding the type of test, notch
dimensions (which are critical) and the test conditions.

14.12 Mechanical properties of metals

Table 14.2 gives typical values of percentage elongation, vyield or 0.1 per cent proof
stress, and ultimate tensile strength. These values vary widely, however, not only

Table 14.2
Percentage Yield 0.1% Ultimate
elongation stress proof tensile
(total) (MN/m2) stress stress
(MN/m2) (MN/m2)
Copper, annealed 60 - 60 220
Copper, hard 4 - 320 400
Aluminium, soft 35 30 90
Aluminium, hard 5 - 140 150
Brass, soft (30% zinc)' 70 - 80 320
Brass, high tensile 15 - 280 540
Phosphor bronze (cast) 10 150 310
Black mild steel 25-26 230-280 - 350-400
Bright mild steel 14-17 - - 430
Structural steel 20 220-250 - 430-500
Stainless steel (cutlery) 8 1400 - 1560
Stainless steel (tool) 3 1870 1950
Maraging steel (high alloy) 12 1870 - 1800- 3000
Cast iron, grey - 120-240 280-340
Spheroidal graphite cast
iron (annealed) 10-25 300-380 420-540
Cast iron, malleable 20 - - 310-500
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for alloys where the precise mix of elements is crucial, but also because of the many
factors already discussed.

Example In a tensile test on a specimen of black mild steel of 12 mm diameter, the following
results were obtained for a gauge length of 60 mm.

15 20 25 30 35 40
Load W (kN) 5 10
Extension X (10-% mm) 14 27.2 41 54 67.6 81.2 96 112

When tested to destruction, maximum load = 65 kN; load at fracture = 50 kN, diameter at
fracture = 7.5 mm, total extension on gauge length = 17 mm. Find Young's modulus, specific
modulus, ultimate tensile stress, breaking stress, true stress atfracture, limit of proportionality,

percentage elongation, percentage reduction in area. The relative density of the steel is 7.8.

SOLUTION ) ) ]
The load-extension  graph is plotted in Fig. 14.9and the slope of the straight line portion

Load W (kN)
8

TV

4

]

I

|

|

!

|

|

20 |

|

{

|

|

}

!

|

f
|

b

0 20 40 60 80 10 120
Extension x 10~3 mm



318 Applied mechanics

determined from the best straight line drawn through the experimental points. The gradient

of the straight line portion is found to be 366 x 106 N/m.*

R
€ A X A X
w
; = 366 x 10° N/m
{ = 60 mm
and A = %(12 X 1073 = 113 x 1076 m?
0.06
Then £ = ——M— 6
113 x 10-5 X 366 x 10
= 195 x 10° N/m?
= 195 GN/m?
Specific modulus = E =195 25 GN/m?
relative density 7.8

Ultimate tensile stress = w

area

65
113 x 10-¢
0.575 x 10° kN/m? = §75 MN/m?
50

113 x 10-6
0.442 x 10° kN/m? = 442 MN/m?

Breaking stress

Area at fracture

T

— (7.5 x 10732
1 ( )
442 x 1075 m?

I

True stress at fracture = load at fracture = 30

area at fracture 442 x 106
1.13 x 10% kN/m? = 1.13 GN/m?

Percentage elongation = _extension _ 17 x 100
gauge length 60 per cent
= 28.3 per cent
-6 _
Percentage reduction in area = 113 x 107° — 44.2 x 107
113 x 10-¢
= 61 per cent
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The load at the limit of proportionality = 30 kN approximately, hence

30
113 x 10°¢
0.266 x 10° kN/m?
= 266 MN/m?

stress at limit of proportionality ¢ =

ab 3875 — 2.5
bc (106 —7) x 10-3
3625
T 99 x 1073

. w
* Gradient — =
x

= 366 kN/mm = 366 x 105 N/m

Problems

1.

The following results were recorded from a tensile test on a mild steel specimen: diameter
12 mm, gauge length 60 mm, maximum load 65 kN, diameter of neck after fracture
7.45 mm, length of broken specimen between gauge marks 77.2 mm.

Readings of load and extension were recorded as follows:

Load (kN) 5 75 10 125 15 20 25 30 325
Extension (103 mm) 14 20 269 36 40 54 681 82 88

Calculate the modulus of elasticity, the ultimate tensile strength, the percentage reduction
in area and the percentage elongation.

(197 GN/m?; 575 MN/m?; 61.5 per cent; 28.62 per cent)
In a tensile test on an alloy specimen, of gauge length 70 mm, and original cross-sectional
area 154 mm?, the following readings of load and extension were obtained:

Load (kN) 10 20 30 40 50 60 70 80
Extension (10> mm) 28 58 88 118 148 178 210 247

Deduce the values of Young’s modulus and specific modulus for the alloy.

In a test to destruction, the maximum load recorded was 96 kN, the diameter of the
neck was 10.4 mm and the length between the gauge marks was 92.8 mm. Deduce
the ultimate tensile strength, percentage elongation and percentage reduction of area.
The relative density of the alloy is 6.

(152 GN/m?; 25.3 GN/m?; 623 MN/m?; 32.5 per cent; 44.7 per cent)
In a tensile test on a black mild steel specimen of gauge length 60 mm and original cross-
sectional area 120 mm?, the load at the elastic limit was measured as 30 kN and the
extension 0.075 mm. Find the stress and strain at the elastic limit, Young’s Modulus,
and the specific modulus for the steel. What is the work done on the specimen up to
the elastic limit, stated as kJ/m? of material between the gauge points? Relative density
of the steel is 7.8.
(250 MN/m?; 0.125 per cent; 200 GN/m?; 25.6 GN/m?; 156 kJ/m?)

14.13 Fatigue

A metal subjected to loading producing fluctuating, repeated or reversed stresses, fails
at a stress level below the ultimate tensile stress. The term fatigue failure is applied
to such a fracture. The fatigue strength is measured by the number of repetitions of
stress before fracture occurs and depends upon the level of both the mean stress and
the range of stress. Fatigue is particularly important when the stress is tensile and
in the presence of impurities and stress-concentration areas such as changes in section,
voids, joints, sharp corners or notches. The greatest number of fatigue failures are
probably due to reversed bending stresses and this is the basis of the fatigue test most
in use. A rotating test bar is held in bearings at each end and loaded at its midpoint
so as to produce cyclic bending stresses. Alternatively, the bar is held as a cantilever
beam and loaded at its free end.
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Fig. 14.10

Fatigue failure in a metal causes a slow spreading fracture which has an appearance
not unlike that of the fine granulated texture of cast iron. There is usually no sign
of plastic deformation so that a fatigue failure may be mistaken for the fracture of
a brittle material. On the other hand a brittle-type fracture does not necessarily mean
fatigue failure has occurred. A fatigue fracture may show two areas of quite different
appearance, Fig. 14.10. The first is crescent-shaped, smooth textured and may have
'beach’ type markings. This represents the spreading of the fatigue crack. The
remaining area is rough and jagged and represents the final tensile fracture after the
metal has been greatly weakened with the spread of the fatigue crack.

Most ferrous metals have a 'safe’ range of stress and a certain stress known as the
fatigue limit, based on reversed bending, below which fracture does not occur even
after a very large number of cycles of repetition of stress. Non-ferrous metals do not
appear to have either a 'safe’ range or a 'fatigue limit'. For these metals an endurance
limit is used which is the maximum stress that can be endured for a specific frequency
of loading.

There is a rough correlation between UTS and the fatigue limit for many metals.
For example, for a range of steels the fatigue limit is approximately one-half the UTS;
for copper the ratio is much lower, about one-third.

Fatigue in polymers is of a similar nature to that in metals but because of the structure
of the material some variables have an important effect on the cyclic stresses, e.g.
the degree of crystallinity, the working temperature and the frequency of loading.

14.14 Creep

Any material when loaded constantly in tension for a long period of time will creep,
i.e. extend slowly and steadily in a slightly plastic or viscous way. This phenomenon
takes place even under the self-weight of material, and within the elastic limit. Creep
can be defined as the total 'time-and-temperature’  dependent strain occurring under
constant load. For metals, a slow steady strain takes place at any load and temperature
providing the time-period is long enough, but the strain increases rapidly with
increasing temperature and load; at normal temperatures it is negligible for steel and
other stiff materials but significant for soft metals. Rigid plastics and polymers at normal
temperatures when lightly loaded show little tendency to creep but the rate of strain
increases most rapidly with increase in temperature. A creep test is similar to a tensile
test except that the load and temperature are maintained constant and the test may
last for years. An alternative to a long running test is a stress-rupture  test which
gives the stress that will produce a specified rate of strain in a relatively short period,
e.g. a | per cent extension on the gauge length, say, in 5000 hours. A typical
specification for Admiralty gun-metal shows a 0.1 per cent plastic strain at a
temperature  of 300 °C with a low stress of 20 MN/m*
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14. 15 Hardness

Hardness is the term used to describe the resistance the surface of a metal offers to
indentation, wear or abrasion. Tests for wear and indentation are quite different. A
scratch test is the oldest method of determining hardness, a fairly rough method using
Moh's scale of ten minerals, each of which can be scratched by the mineral above
it on the scale. The softest mineral is talc (No.1l), which can be scratched by any
of the others, and the hardest is diamond (No. 10) which can scratch all the others.
Thus, if a tool steel can be scratched by topaz (No.8) but not by corundum (No.
9), then its Moh number is 8.

There are several indentation testing machines which in general act by applying
a load to an indenter for a given time. The tests each have their own hardness number
and can be used for metals and plastics. They vary in the types of indenter used, the
manner in which the load is applied and the methods of measurement.

The Brinell hardness test

This test is performed by pressing a hardened steel ball into the metal for 1.5 seconds
with a load great enough to form a permanent indentation. The average diameter of
the impression is measured and used to calculate the curved surfa'ce area of the
impression. The Brinell hardness number is defined by the expression:

load in kilograms

Brinell hardness number = 3
curved surface area (mm”)

Let P be the load (kg), D the diameter of ball (mm), d the diameter of impression
(mm), h the depth of impression (mm). Then from Fig. 14.11:
h=4D-x
where
x? = D¥4 — d*/4
ie. x=1ivD?-d)
hence h = LD — LV(D? — d%
The curved surface area of a spherical cap is given by:
A = wDh
LaD[D — V(D* - d%)]
= LaD1 — V(A - d*D?)]

P

hd

>

Fig. 14.11
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Hence Brinell hardness number = P _ 2P
A wD[D — V(D? - d?)]

The standard load used for steel is a mass 3000 kg, with a 10 mm ball. For soft
metals this load is usually too large and a smaller load and ball are used. In order
that the Brinnel hardness number for a given metal shall be independent of the load
and diameter of ball used, it has been shown that the load P should be varied with
the diameter D according to the relation:

P
—Dz— = constant

This constant takes the following values:

Steel and cast iron 30
Copper alloys 10
Aluminium alloys 10
Copper and aluminium 5
Tin and lead 1

For example, if a 2 mm ball is to be used on steel the load P is given by

P
2
ie. P=120kg

= 30

Similarly if a load of 3000 kg produces an indentation of 4 mm diameter with a 10 mm
diameter ball, the indentation diameter d produced by a 120 kg load and a 2 mm ball
"is found from the principle of geometric similarity to be given by

d 4

2 10
Thus d = 0.8 mm
The following points should be noted:

1.  Ordinary steel balls are used up to a Brinell number of about 400; tungsten-
carbide balls being used for harder metals up to 700.

2. The Brinell test compares the hardness of the same metal in different conditions
of cold work and can be used to compare different materials of a similar hardness
number. But the relative hardness of different materials of very different Brinell
numbers cannot be ascertained by comparison of the numbers.

3.  The test is most useful for metals having a Brinell number of up to about 400
but is generally inadequate for harder metals.

4.  The test cannot be used for very thin specimens nor for surface-hardened
specimens.

5.  There is a useful relation between the Brinell hardness number and the ultimate
tensile strength of steel. For most carbon and alloy steels

UTS = 0.23 X Brinell number, roughly
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6. When carrying out the test the following precautions should be taken.

(@) The thickness of the test specimen should be at least ten times the depth
of the impression.

(o) The surface should be ground flat and polished.

(c)  The centre of the impression should be at least two and a half times the
indentation diameter from the edge of the specimen.

Note: Besides the Brinell test there are other testing machines available. Two of the
most common are: (i) the Vickers test, which employs a diamond indenter, and is
particularly useful for very thin, hard materials; (ii) the Rockwell test, used with a
ball or diamond cone, and advantageous for rapid testing on production work because
of a direct dial-reading arrangement. There is also the Firth Hardometer which gives
the same hardness number as the Brinell, and the Shore Scleroscope, a dynamic test
utilizing the property of resilience and measuring hardness by the rebound of a small
tup from the test surface.

14.16 Polymers and plastics

A 'polymer' is a substance based mainly on the carbon atom and created by linking
small molecules (monomers) to form large molecules (polymers). Depending on the
method of linking, the polymer formed may be crystalline (hard), or amorphous (soft),
or a mixture of both types. A diamond is a natural hard polymer; rubber and cellulose
are natural soft polymers and there are synthetic polymers with special properties.
The term 'plastic’ usually refers to the product manufactured when a polymer (also
called 'resin’) is mixed with various additives. Unreinforced plastics are not used for
load-bearing since they have poor elastic properties, notably low rigidity, low creep
resistance and relative weakness in tension and compression. The low density of
plastics, however, combined with modest strength gives them a fairly good strength-
to-weight ratio and this feature together with their advantageous properties, has led
to their widespread use. The values of elastic modulus, tensile strength and percentage
elongation, for plastic materials are affected greatly by temperature conditions, and
the rate and duration of loading.
Plastics fall into three main categories.

1. Thermoplastics, usually based on ethylene; once formed they can be softened
and remoulded repeatedly by the application of heat. In general, a thermoplastic
is ductile, showing large elongations under load, with low tensile strength, good
impact strength but very sensitive to heat. A common engineering thermoplastic
is nylon, in special grades, tough and hard, with self-lubricating properties and
advantages in relation to wear, corrosion, moulding and impact strength. The
critical properties for thermoplastics are the melting point and the glass transition
temperature* at which physical changes take place.

2. Thermosetting plastics, formed from soft polymers by being made to set hard,

* |f a soft plastic is cooled sufficiently, a temperature is reached where the plastic becomes
hard and glassy. This temperature is called the glass transition temperature.
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through chemical change when heated to specific temperatures, depending on
the polymer. They are hard and brittle, but fairly strong, and cannot be softened
or moulded in any way under heat or pressure without damage. Examples are
'bakelite’ and 'epoxies’ (adhesives).

3. Elastomers is the name given to natural and synthetic rubbers, and to those
plastics which have properties similar to rubber. When an elastomer is loaded
in tension at room temperature, its length increases enormously with
corresponding  reduction in cross-sectional area. Such materials do not obey
Hooke's law since there is a large reduction in cross-sectional area as the load
increases in the elastic range. Elastomers have many uses in engineering, e.g.
rubber bushes, springs in anti-vibration mountings and resilient couplings.

14. 17 Fibres

The original yarn and cloth organic fibres have been overtaken by inorganic fibres,
mainly of glass, carbon and steel, and these modern fibres have great strength. The
elastic modulus E for a steel fibre does not alter much from that of mild steel but
its tensile strength, at about 1200 MN/m? is three times greater, although still lower
than the strength of the toughest alloy steels. High-modulus or high-strength fibres
can be produced; for example, a high-modulus carbon fibre has an elastic modulus
of 410 GN/m? and tensile strength up to 2000 MN/m2 The difference between the
properties of a material and the fibres produced from it is shown by the most commonly
used and commercially successful glass fibres. Ordinary bulk glass has a very variable
tensile strength, less than 170 MN/m? but in fibre form, the strength may be raised
to as much as 3000 MN/m? after processing and being woven into strands, the
strength is much lower.

14.18 Fibre-reinforcement; composite materials

Fibres are used to reinforce plastics and other materials for various purposes, e.g.
to increase the strength-to-weight ratio or to enable a material weak in tension to carry
a tensile load. The reinforcement may be in the form of beads, long lengths of fibre
made into strands or yarns, specially prepared fine fibres called 'rovings' woven into
mats or cloths, but more usually as chopped up short pieces of yarn in mat form.
Fibre-reinforced plastics are low-density composite materials using fibres of glass,
steel or carbon, bonded into a plastic resin. The low-strength plastic protects the fibres
from rubbing or chemical attack, and the tensile loads are taken by the fibres. Carbon
and boron have high strength along the fibres. The alignment of the fibres and the
juxtaposition of composite elements is most important and special joining and fastening
techniques are required.

The mechanical properties of composite materials depend not only on those of the
fibre and the host material but also on the length and weight content of the fibres,
and on the nature of the bonding. The values obtained for the elastic modulus and
ultimate strength for reinforced material are usually lower than those of the fibre
reinforcement. A typical unreinforced thermoplastic polyester has a very low value
of E, about 500 MN/m? a low tensile strength of less than 70 MN/m2 but a high
elongation, 60-110 per cent. Reinforcing with fibre can as much as triple the value
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of E depending on the kind of fibre used, and increase the tensile strength by an even
greater factor, although there will be a loss of ductility and impact strength. Because
of the ease with which plastic can be shaped and complex bodies built up, its corrosion
resistance and other unique properties, the improvement in strength when reinforced
with fibre has led to the greatly increased use of these composite materials in many
mechanical and structural engineering situations. Extreme examples of their use are
the glass and resin nose unit of the Concorde aircraft, carbon-composite cockpits of
Formula | cars, spacecraft antennae reflectors made from aluminium honeycomb faced
with a thin layer of carbon fibre, and glass-reinforced resin coil and leaf springs. Again,
in some modern aircraft, composite carbon and glass-fibre reinforced plastics, together
with other advanced composite materials, may account for up to one-quarter by weight
of the airframe, in competition with titanium and aluminium-lithium alloys. The most
advanced propeller developed through turboprop technology consists of six narrow
ultra-light blades made of solid aluminium spar encased in glass fibre. A recent example
is the construction of a two-bladed rotor for a wind energy turbine; the rotor has a
span of about 60 m and the tip blades are fabricated from steel box spar with an aerofoil
section consisting of a sandwich of balsa wood and plastic foam as the core, and a
glass fibre reinforced plastic skin. A limitation, however, in the use of plastics and
fibre composites is the final disposal of the material, and this is particularly so for
volume products. Also the student should remember that besides strength and stiffness,
other mechanical properties are of great importance in engineering, particularly creep
fatigue resistance and toughness, qualities often lacking in materials chosen for strength
at high temperatures. Also, in special situations the engineer may look for properties
such as low thermal expansion, resistance to oxidation, low density and particularly
for automotive bearings-compatability and embeddability.

14.19 Non-destructive tests

The student should be aware that besides the methods of testing already mentioned,
which in the main ‘test to destruction’, there are in use a great variety of non-destructive
tests. These tests do not destroy or impair the part undergoing test and can be employed
to ascertain the soundness, quality, dimensions or tolerance of products and their
coatings in all kinds of situations, e.g. coming off a production line, after heat treatment
or mechanical working, where pipes or welds have to be inspected in situ, or for
checking on the consistency of items under different operating conditions. Broadly,
the tests divide into those for surface inspection and internal inspection or measurement.
Each type of test tends to have its own field of application and its limitations. Some
are portable, others are adaptable to being automated, designed for special situations
or restricted to ferrous materials, and so on. The range is very wide, varying from
simple visual examination to the high-technology of laser beams. The following notes
relate to the more common methods and indicate some of the advantages and limitations.

Surface inspection

Simple visual examination has its obvious limitations, relying on excellent vision and
illumination but is useful in the early stages of inspection; optical instruments, image-
recognition and automatic scanning systems greatly increase testing power, with some
limitations caused by the wavelength of visible light. As an aid to visual examination,
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there are various associated techniques including surface liquid dye penetrants, acid
pickling and etching and the use of magnetic particles. Eddy current methods use the
principle of electromagnetic induction to measure electrical changes caused by surface
cracks and voids. These methods are mainly for defects on or close to the surface.

Internal inspection

Apart from the more obvious tests for pressure holding and leaks, there are
sophisticated techniques such as radiography and ultrasonics. Radiographic methods
using X-ray or gamma-rays have their associated hazards but are essential in many
cases to show up internal discontinuities or variations in thickness. Ultrasonics, a testing
method useful for thick material, employs sound waves with frequencies above
20 000 Hz and is one part only of a field of tests based on the transmission or reflection
of sound waves.

The division between the tests for surface and internal inspection is arbitrary as
many of them can be used for both purposes. Some areas of work, such as weld testing,
employ a whole range of techniques. New tests are constantly being devised,
particularly in ultrasonics, acoustic and optical holography and automatic in-line
systems. Most of the procedures require skill and experience in application and
interpretation  of results.

Chapter 18

Shear and torsion

15.1 Shear stress

If two equal and opposite parallel forces F, not in the same straight line, act on parallel
faces of a member (Fig. 15.1) then it is said to be loaded in shear. If the shaded cross-
section parallel to the applied load is A, the average shear stress* on the section is:

F
7T = —
A

Fig. 15.1

The shear stress, or intensity of shear force, is tangential to the area over which it
acts. For example in cutting plate by a guillotine (Fig. 15.2), F is the total force exerted
by the blade and is balanced by an equal and opposite force provided at the edge of
the table. The area resisting shear is measured by the plate thickness multiplied by
the length of the blade. In a punching operation (Fig. 15.3), the area resisting shear
would be the plate thickness multiplied by the perimeter of the hole punched. The
ultimate strength in shear of a metal is measured in practice by a punching operation
of this type. The ultimate shear stress or strength is defined as

maximum punch load

area resisting shear

* Analysis shows that the distribution of shear stress is far from uniform; the stress varies
parabolically from zero at the edges to a maximum at the centre. In the case of a square section
the maximum stress is 50 per cent greater than the mean, and for a circular section it is over
30 greater.
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2

Fig. 15.2 Fig. 15.3

15.2 Riveted joints

A structural member commonly loaded in shear, but seldom in tension, is the rivet.
Figure 15.4 shows a riveted joint loaded in single-shear; Fig. 15.5 shows a joint in
double-shear. In single-shear, the area resisting shear is the cross-sectional area of
the rivet, 7d%/4, where d is the diameter of the rivet. In double-shear the resisting
area is twice the area of section of the rivet, and the load which can be carried is
theoretically twice that in single-shear.

AR

22>

» <= R2XXXXN\INN\N
%

Fig. 15.4 Fig. 15.5

Example Aload F of 5 kN is applied to the tensile member shown in Fig. 15.6 and is carried
at the joint by a single rivet. The angle of the joint is 60° to the axis of the load. Calculate
the tensile and shear stresses in a 20 mm diameter rivet.

SOLUTION
The axis of the rivet is at 30° to the line of action of the load F.
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Area of rivet = — x 202 = 314.2 mm?

Direct pull on rivet = component of F along axis of rivet
=5 X cos 30°

5 x 0.866

= 4.33 kN

4.33

3142 x 10°°
13.8 MN/m? tensile

Therefore direct stress = 13 800 kN/m?

Shear force on rivet equals component of F transverse to rivet, i.e. along joint face.

Shear force = 5 X sin 30°
= 2.5 kN
2.5

h h tress on rivet = ————————— = 7950 kN/m?
thus shear stress 3147 % 10°

7.95 MN/m?

Note: In this case, where the stress is predominantly tensile rather than shear, the rivet would
be replaced by a bolt.

Example A solid coupling transmits 100 kW at 2 rev/s through eight equally spaced bolts (Fig.
15.7). If the bolts are 12 mm diameter and are on a pitch circle of 150 mm diameter, calculate
the average shear stress in each bolt.

HNE

N
//f

Fig. 15.7
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SOLUTION
Power = 2anT kW, where n is in rev/s and T in N m
1000
x 1
thus torque T = _power X 1000
27n
_ 100 x 1000
27 X 2
= 7950 N m
. 7950
Total shear load at radius of 75 mm = 0.075 = 106 000 N

Since bolts are ductile, it may be assumed that this load is equally distributed among the eight
bolts. Therefore

thus

106 000
8

I

load per bolt 13250 N

T

Area of bolt 7 X 122 = 113 mm?

13 250

113 x 10-¢
118 x 10° N/m? = 118 MN/m?

I

shear stress

Problems

1.

Calculate the maximum thickness of plate which can be sheared on a guillotine if the
ultimate shearing strength of the plate is 250 MN/m? and the maximum force the
guillotine can exert is 200 kN. The width of the plate is 1 m.
(0.8 mm)
A rectangular hole 50 mm by 65 mm is punched in a steel plate 6 mm thick. The ultimate
shearing stress of the plate is 200 N/mm?. Calculate the load on the punch.
(276 kN)
Calculate the maximum diameter of hole which can be punched in 1.5 mm plate if the
punching force is limited to 40 kN. The plate is aluminium having an ultimate shear
strength of 90 MN/m?.
(94.5 mm)
A boiler is to be made of a 2 m diameter cylinder having a riveted single-lap seam.
Calculate the minimum number of 14 mm diameter rivets required per metre length of
longitudinal seam if the boiler pressure is 140 kN/m?. The ultimate shear stress of each
rivet is 320 MN/m? and a factor of safety of 7 is to be used.
(20)
A bar is cut at 45° to its axis and joined by two 12 mm diameter bolts, Fig. 15.8. If
the pull in the bar is 80 kN, calculate the direct and shear stresses in each bolt.
(250 MN/m?; 250 MN/m?)
A solid coupling is to transmit 225 kW at 10 rev/s. The coupling is fastened with six
bolts on a pitch circle diameter of 200 mm. If the ultimate shear stress is 300 MN/m?,
calculate the bolt diameter required. The factor of safety is to be 4.
(10.1 mm)

XU
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Fig. 15.8

10.

A shaft is to transmit 180 kW at 600 rev/min through solid coupling flanges. There are
four coupling bolts, each of 15 mm diameter. If the shear stress in each bolt is to be
limited to 40 MN/mz2, calculate the minimum diameter of the circle at which the bolts

are to be placed.
(203 mm)

A gear wheel 25 mm wide is shrunk on to a 50 mm diameter shaft so that the radial
pressure at the circle of contact is 7 MN/m2  The coefficient of friction between gear
wheel and shaft is 0.2 and they are also prevented from relative rotation by a key 6 mm
wide, 25 mm long. If the shaft transmits 15 kW at 2 revis, calculate the shear stress

in the key.
(282 MN/m?

In a flexible coupling transmitting 30 kWat 1200rev/min, the pins transmitting the drive
are setat a radius of 100 mm. If there are four pins and all pins transmit the drive equally,
calculate the pin diameter. Allow a safe shear stress of 30 MN/m®
If, due to faulty machining one pin is ahead of its correct position and may be assumed
to take the whole drive, what should be the pin diameter?
(5 mm; 10 mm)
A shaft is to be fitted with a flanged coupling having 8 bolts on a circle of diameter
150 mm. The shaftmay be subjecteither to a directtensile load of 400 kN or to a twisting-
moment of 18 kN m. If the maximum direct and shearing stresses permissible in the
bolt material are 125 MN/m2 and 55 MN/m2 respectively, find the minimum diameter
of bolt required. Assume each bolt takes an equal share of the load or torque. Using
this bolt diameter and assuming only one bolt to carry the full torque, what would then

be the shearing stress in the bolt?
(26.3 mm, using torque data; 442 MN/m?

15.3 Shear strain

Figure 15.9 shows an element of material rigidly fixed at one face DC and subject
to a shearing stress T on the parallel face AB. The element will deform, and the
deformation may be taken as similar to that which would take place if the element
were made up of a number of thin independent layers, each layer slipping relative
to its neighbour below. In effect, the element will deform to the rhombus DA' B' C.
The shear strain is defined as the angle of deformation ADA' (or BCB') in radians.
Since shear strain is small,

o> = LADA'



332 Applied mechanics

T
D ——

A A B B
1 ] -
L 7 ] |
l[ { ¢ ®
— !
= ] - ™
[ ]
L |
- D c

Fig. 15.9

15.4 Relation between shear stress and shear strain: modulus of rigidity

By analogy with the tensile stress—strain relation for an elastic material, we write
for shear:

shear stress

— = constant, G
shear strain
ie. T -c
[

where the constant G is known as the modulus of rigidity of the material. The units
of G are those of stress, i.e. newtons per square metre (N/m?) or one of the other
forms GN/m?, MN/m?.

For most carbon steels the value of G is about 82 x 10° N/m? or 82 GN/m?. For
cast iron and ductile materials such as copper, aluminium, bronze, G lies between
28 and 42 GN/m”.

15.5 Torsion of a thin tube

Consider the thin tube shown in Fig. 15.10. The mean radius is r and the thickness
of wall, ¢, is very small compared with r. If a torque T is applied to both ends of
the tube, one end will twist relative to the other. A strip AB parallel to the tube axis
will distort to AB’. If it is assumed that the displacement BB’ is small compared
with the length of tube AB, then AB’ will be approximately straight. Then angle
<«BOB’ is the angle of twist 6 of the length AB. The shear strain is
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oo BB _10,

AB l

since BB’ = rf, and AB = length of tube [.
The shear force on the cross-section of the tube is

I
p

ad

torque
F o= torque _
radius

This force acts on area 2wrt, since the tube is thin. Therefore

shear force F
shear stress 7 = =
area 27rt
_ T
27rt
_ T
2mrlt

Also since 7/¢ = G, the modulus of rigidity, and ¢ = rd/l, then

T __T -

1) 9/l
hence

TG

r l

Notes: 1. For a given torque the angle of twist varies directly with the length.
2 In these formulae, the twist § must be in radians.

Example A thin cylindrical tube, 25 mm diameter, 1.5 mm thick, 300 mm long, is subjected
to a torque T. Calculate the maximum value of T if the allowable shear stress is not to exceed
35 N/mm?. If the modulus of rigidity of the material is 80 kN/mm?, what is the angle of twist

for maximum torque?

SOLUTION
Allowable shear force, F = area of section X shear stress
=2art X 7 =27 X 125 x 1.5 x 35

= 4125 N
Maximum torque, 7 = F X r = 4125 x 12.5
= 51 600 N mm
=51.6Nm
. T
Since =—
l r
then 0= =2 300 _ 0.0105 rad = 0.6°

X
rG 12.5 80 x 10°

(Note that the working throughout is in N and mm.)
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Problems

1. A thin steel tube 90 mm inside diameter is subject to a torque of 500 N m. (a) If the
shear stress is not to exceed 28 MN/m?, calculate the tube thickness. (b) If the twist
is not to exceed 2.5 mm of arc on a 600 mm length, what would be the thickness required?
G = 84 GN/m?.

(1.4 mm; 0.113 mm)
2. A thin tube 1.5 mm thick, 80 mm mean diameter is subjected to a torque of 350 N m.

Calculate (@) the shear stress in the tube, (b) the twist on a 1 m length. G = 84 GN/m?.
(23.2 MN/m?; 0.0069 rad or 0.39°)

15.6 Twisting of solid shafts

To derive the relation between torque, angle of twist and shear stress for a solid shaft
of diameter d, we make the following assumptions:

1.  The shaft is composed of a succession of thin concentric tubes.

Each thin tube carries shear force independent of, and without interfering with,
its neighbours.

3. Lines which are radial before twisting are assumed to remain radial after twisting.
4.  The shaft is not stressed beyond the elastic limit.

For any elementary thin tube of thickness dr at radius r (Fig. 15.11),
area of section = 2xr X dr
If 7 is the shear stress at radius r, then

shear force on tube = 2#xrdr X 7
thus torque carried by tube = 27rr dr X r
= 2wrir dr

If 6 is the angle of twist of the tube in a length /, then from the results of Section 15.5,

GO
T = r
/
Therefore
torque carried by tube = 277’7 dr
= 27r’ X r X dr

Fig. 15.11
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= 21[‘ % r 3 dr

The whole torque T carried by the solid shaft is the sum of all the elementary torques, i.e.

dn
T = S ZWﬂP dr
0 l

Since radial lines before twisting remain radial after twisting, 6 is therefore the same
for all the thin tubes making up the shaft. Also G and [ are constant, therefore

dr
T = _G_O_ S 2xr3 dr
I 0
- G,
l
where

dirR2
J = S 2xr3 dr
0

wd*

32

which is the polar second moment of area of a shaft of circular section.. The units
of J are (metres)* or (millimetres)“. Then, rearranging the above equation:

Ir_ G0
J )
and, since L= GIO from Section 15.5,
r
r_Go _
J 1 r
Another useful arrangement of this formula is as follows:
g = T
GJ

Some important points should be noted:

1. The angle of twist 8 varies directly with length /. .

2. Since 7 = Tr/J for a given torque T, the shear stress 7 is proportional to the
radius 7. Thus the maximum shear stress occurs at the outside surface where
r = d/2, and the shear stress at the centre of the shaft is zero. Figure 15.12
shows the variation of 7 across a diameter.

15.7 Twisting of hollow shafts

If d,, d, are the outside and inside diameters of a hollow shaft subject to a torque
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7 max l
————

Fig. 15.12

T then the basic equation for the torque becomes
dy2
r=Y S Tamtdr = 9y
l 2 l

as before, where now

d,2
J = S 27r? dr
dy2
_ mdi—d}
32
. T T
since — = —
J r

the maximum shear stress for a given torque is again at the outside fibres of the shaft
where r = d,/2.

Note: For a very thin tube of thickness ¢, radius

J = area of section X r?

= 27rt X r?
= 27r’t

15.8 Stiffness and strength

The stiffness or torsional rigidity of a shaft is the torque to produce unit angle of twist.
Thus if a torque T produces a twist 8 then

stiffness = ?T = G

l
The strength of a shaft is measured by the torque it can transmit for a given
permissible value of the maximum shear stress. For a given shear stress therefore,
the strengths of two shafts are in the ratio of the corresponding torques. Alternatively,
for a given torque, the strengths are in the ratio of the maximum allowable shear stress
produced.
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15.9 Power and torque
If a shaft transmits power at n rev/s, the torque T in newton metres (N m) carried
by the shaft is given by

power = work done by torque per second

_ torque (N m) X speed (rad/s) KW
1000

2anT

1000
since speed = 2wn rad/s.

kW

Example Compare the torsional stiffness of a solid shaft 50 mm diameter, 300 mm long, with
that of a hollow shaft of the same material having diameters 75 mm, 50 mm and length 200 mm.

SOLUTION

Torsional stiffness = % G

l
which is proportional to J/I since G is constant.

For the solid shafi: J = 312 X 50% = 613 x 10° mm*

3
thus g 813 x 107 _ 2.043 x 10* mm®
) 300
4 _ sy
For the hollow shaft: J = W = 2.5 x 10® mm*
6
therefore Lo 25 X 107 12.5 x 10° mm’
) 200

hollow shaft  12.5 x 10°

solid shaft ~ 2.043 x 10°
= 6.1:1

thus ratio of stiffness:

i.e. the hollow shaft is 6.1 times as stiff in torsion as the solid shaft.

Example A shaft used in an aircraft engine is of 50 mm diameter. The maximum allowable
shear stress is 84 MN/m?. Find the torsional strength of the shaft. If the shaft now has a hole
bored in it, find the percentage reductions in strength and mass, (a) if the hole is 40 mm diameter,
(b) if the hole is 25 mm diameter. The hole is concentric with the shaft axis.

SOLUTION
The strength of the shaft is the torque it can transmit for the given shear stress:
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J =2 x50 =613 x 10° mm*
32

T T
J danr

and since 7 = 84 MN/m? = 84 N/mm?

84 x 613 x 10°

25
= 2.06 x 10N mm = 2.06 kN m

T =

(@) When a hole 40 mm diameter is bored:

= 60— 409 _ a6s « 10 mm?
32
T = lT.l
7%
_ 84 x 363 x 10°
3 % 50

=122 X 108Nmm = 1.22kNm
Thus percentage reduction in strength is given by:

2.06 — 1.22

x 100 = 40.7 per cent
2.06 pe

For a given length the mass of shaft varies with the cross-sectional area. Therefore
percentage reduction in mass equals percentage reduction in area, i.e.
(w/4) x 502 — (w/4)(50* — 407)
(w/4) x 507

X 100 = 64 per cent

(b) When a hole of 25 mm diameter is bored:

J =576 x 10° mm*
ie. T=194kNm

therefore percentage reduction in strength = 5.83 per cent
and percentage reduction in mass = 25 per cent

Example A solid shaft is to transmit 750 kW at 200 rev/min. If the shaft is not to twist more
than 1° on a length of twelve diameters and the shear stress is not to exceed 45 MN/m?,
calculate the minimum shaft diameter required. G = 84 GN/m’.

SOLUTION
in kW 1000
Torque T = power in kW X
27n
_ 750 x 1000
27 X 200/60
= 35800 Nm
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There are two independent conditions to be satisfied in this problem. The torque is limited
by both the twist and the shear stress.

For condition of twist:

1° = % rad
180
l=12d
and Ir_G
J !
35 800 84 x 10° x /180
thus =
wd?/32 12 d
and d?> =298 x 10-3
i.e. d =0.144 m = 144 mm

For condition of maximum shear stress:

45 x 10° N/m?

T

l _ T
J id
Therefore
35800 45 x 106
wd*/32 +d
and d®> =4.04 x 1073
i.e. d=0.159m = 159 mm

The least diameter to satisfy both conditions is therefore ¢ = 159 mm.

Problems

1. A hollow shaft, of 50 mm internal diameter and 12 mm thick, twists through an angle
of 1° in a length of 2 m when subjected to a torque of 1 kN m. Calculate the modulus
of rigidity for the material.

(49.2 GN/m?)

2. The propeller shaft of an aircraft engine is steel tubing of 75 mm external and 60 mm
internal diameter. The shaft is to transmit 150 kW at 1650 rev/min. The failing stress
in shear for this shaft is 140 MN/m?. What is the factor of safety?

(7.87)

3. Analuminium alloy bar was tested in tension and torsion. The tension test on one portion
of 20 mm diameter showed an extension of 0.34 mm with a load of 40 kN measured
on a gauge length of 200 mm. The torsion test on a second portion of 14 mm diameter
showed an angle of twist of 0.125 rad on a gauge length of 250 mm when the torque
was 35 N m. Find E and G for the material.

(74.7 GN/m?; 18.6 GN/m?)

4. For phosphor-bronze, the relation between the moduli of elasticity and rigidity may be
taken as

E=26G

A tensile specimen of this material, of diameter 20 mm, extended by 0.075 mm on a
gauge length of 50 mm when the load applied was 50 kN. What would be the angle of
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10.

twist per metre length on a shaft of the same material (20 mm diameter) due to a torque
of 15 N m?
(0.0234 rad or 1.34°)
Calculate the maximum shear stress in a 6 mm diameter bolt when tightened by a force
of 50 N at the end of a 150 mm spanner. What would be the corresponding stress in
a 10 mm diameter bolt?
(177 MN/m2;  38.1 MN/m?
A gear wheel is keyed to a 50 mm diameter shaft by a square section key of width w mm
and length 50 mm. The load on the wheel teeth amounts to 5000 N at a radius of 150 mm.
If the shear stress in the key is to be twice the maximum shear stress in the shaft, calculate
the width w.
(9.85 mm)
A solid circular shaft is connected to the drive shaft of an electric motor by a solid flanged
coupling, the drive being taken through eight bolts, of 12 mm diameter, on a pitch circle
diameter of 225 mm. The bolts carry the whole driving torque and are loaded in shear
only. Calculate the shaft diameter if the maximum shear stress in the shaft is to be equal
to the shear stress in the bolts.
(80.3 mm)
A length of hollow steel shaft is used to drill a hole 3 km deep in rock. The power exerted
is 180 kW and the speed of rotation of the drill is 60 rev/min. If the inner and outer
diameters of the shaft are 150 mm and 175 mm respectively, calculate: (a) the maximum
shear stress in the shaft; (b) the twist of one end relative to the other, in revolutions.
G = 84 kN/mmz
(59.3 MN/m?  3.84 rev)
Calculate the power which will be transmitted at 220 rev/min by a hollow shaft of 150 mm
inside diameter and 50 mm thick, if the maximum shear stress is 70 MN/m2 Find the
percentage by which the shaft will be stronger if made solid instead of hollow and the
external diameter is the same.
(4.32 MW; 14.88 per cent)
A hollow shaft driving a ship's screw is to carry a torque of 13 kN m and is to be of
150 mm diameter externally. Calculate the inside diameter if the maximum shear stress
is not to exceed 40 MN/m2  Calculate the angle of twist in degrees on a 5.5 m length
and the minimum shear stress. G = 84 GN/m2
(127 mm; 2°; 33.9 MN/m?

Chapter 16

Shear force and bending moment

16.1 Shear force

The shear force in a beam at any section is the force transverse to the beam tending
to cause it to shear across the section. Figure 16.1 shows a beam under a transverse
load Wat the free end 0; the other end A is built in to the wall. Such a beam is called
a cantilever and the load W, which is assumed to act at a point, is called a concentrated
or point load.

Consider the equilibrium of any portion of beam CD. At section C, for balance
of forces, there must be an upward force F equal and opposite to the load Wat D.
This force F is provided by the resistance of the beam to shear at the plane B; this

w
|

A !
ﬂ ! o/ | ¢
f A ' Al
| | | |
I ! I |
M\ A Fi

) S e —

| v | /
I // : //
|
k/ { 7/

Fig. 16.1
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OON

Negative bending moment
Beam hogs

Positive bending moment
Beam sags

W = Load
M = Applied bending moment

Fig. 16.5

does not Ipatter which side of the section is considered but all loads to that side must
be taken into account, including any moments exerted by fixings.

16.4 Bending moment diagram

The variation of bending moment along the beam is shown in a bending moment

diagram. For the cantilever beam of Fig. 16.6, the bending moment at any section
X is given by:

bending moment = — Wx (negative, since the beam hogs at X)

Sinc.e there is no other load on the beam, this expression for the bending moment
applies for the whole length of beam from x =0 to x =/. The moment is proportional
to x and hence the bending moment diagram is a straight line. Hence the diagram

l w
1 | X

- A X

Fixing

moment Q{: L — 1D

Positive
bending
moment

Fig. 16.6
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can be drawn by calculating the moment at two points and joining the two corresponding
points on the graph by a straight line.

At D, x =0 and bending moment = 0
and at A, x=I[ and bending moment = — W]

Since the bending moment is everywhere negative, the graph is plotted below the line
O—O0 of zero bending moment, Fig. 16.6. At the fixed end A, the wall exerts a moment
WI anticlockwise on the beam; this is called a fixing moment.

16.5 Calculation of beam reactions

When a beam is fixed at some point, or supported by props, the fixings and props
exert reaction forces on the beam. To calculate these reactions the procedure is:

. equate the net vertical force to zero
. equate the total moment about any convenient point to zero.

Note: Distinguish carefully between ‘taking moments’ and calculating a ‘bending
moment’:

1. The Principle of Moments states that the algebraic sum of the moments of all
the forces about any point is zero, i.e. when forces on both sides of a beam

section are considered.
2. The bending moment is the algebraic sum of the moments of forces on one side
of the section about that section.

Example Draw the shear force and bending moment diagrams for the cantilever beam loaded
as shown, Fig. 16.7. The vertical load of 2 kN at C is partly supported by a force of 3 kN
at the prop B. State: (a) the reaction at the built-in end; (b) the greatest bending moment and
where it occurs; (c) where the bending moment is zero.

SOLUTION

Reaction

The net external load = 3 — 2 = 1 kN, upwards. For balance therefore, the vertical reaction
at the built-in end A is 1 KN downwards.

Shear force diagram
The diagram is drawn by making use of the fact that on any unloaded portion of the beam
the shear force is uniform and the graph between loads is a horizontal line. Starting at the left-
hand end, draw a line to scale from the zero line O—O of length and direction corresponding
to that of the reaction at A, i.e. 1 kN downwards.

Between A and B the shear force is uniform and of amount — 1 kN (using the sign convention
given). At B it changes by +3 kN. The shear force just to the right of B, in BC, is therefore:

—1+3=2kN

The shear force is uniform from B to C and changes by —2 kN at C. At C it is therefore zero,
as it should be at a free end (just to the left of C the shear force is of course +2 kN). The
complete shear force diagram is shown in Fig. 16.7.
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Fig. 16.7

Bending moment diagram
The diagram is drawn by making use of the fact that on unloaded portions of the beam the
bending moment is represented by straight lines. The bending moment is therefore calculated
at the load and reaction points; the corresponding points on the diagram are then joined by
straight lines.

At B, bending moment = —2 x 0.25 = —0.5kNm

At A, bending moment = —2 X 0.95 + 3 X 0.7 = 0.2kNm

0 (at the free end)

At C, bending moment

The greatest bending moment is at B and is 0.5 KN m. The greatest bending moment occurs
at a point where the shear force changes sign.

The bending moment is zero at the section a distance x from the end A, found by simple
proportion from similar triangles in the bending moment diagram, Fig. 16.7,

x _07-x
0.2 0.5

Thus x = 0.2m = 200 mm

ie.

Since bending moments of opposite sign indicate bending of opposite curvature, the points of
change of sign are important. Where the bending moment changes sign and the value is zero
as at the section 200 mm from end A, the curvature of the beam changes and this is called
a point of contraflexure or inflexion.

Example The beam shown, Fig. 16.8, is simply supported at C and B, and loaded at A and
D by concentrated masses of 1 tonne and 3 tonnes, respectively. Draw the shear force and
bending moment diagrams.
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1 tonne 3 tonnes

8m 2m,

9.8 kN 29-‘1 kN
3
L = 19.6 kN A = 19.6 kN
+98
Shear
0 1 0 force
diagram
{— kN
-9.8 \
-19.6
+39.2
Bending
moment
diagram
0 \/ 0 kN m
-19.6
Fig. 16.8
SOLUTION
Reactions

A ‘simple support’ is one in which the beam is rested as on a knife-edge. The reaction at B
is found by taking moments about C for all the loads on the beam, i.e. equating clockwise
and anticlockwise moments about C. The weight of 1 tonne = 9.8 kN and the weight of 3
tonnes = 29.4 kN. Thus

98 x 2+ R x 8=294Xx6
therefore R = 19.6 kN

Similarly, taking moments about B:

L x8=294x2+98x10
therefore L 19.6 kN

(Check: L + R = 19.6 + 19.6 = 39.2 kN = net downward load)

Shear force diagram
The diagram is drawn by remembering

. the shear force changes abruptly at a concentrated load
. the shear force is uniform on an unloaded portion of the beam
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Using the given sign convention, we may start at the left-hand end and draw the diagram by
following the arrows representing the loads and reactions. Thus we draw:

at A, 9.8 kN down, then a horizontal line to C
at C, 19.6 kN up, then a horizontal line to D

at D, 29.4 kN down, then a horizontal line to B
at B, 19.6 kN up to the zero line again

Note that in this method, we have followed the changes in shear force along the beam.

Bending moment diagram

At the free ends A and B, the bending moment is zero. At C, considering the left-hand portion
AC,

bending moment = —9.8 X 2 = —19.6 kN m

(negative, since the 9.8 kN load at A tends to make the beam hog at C). At D, considering
the left-hand portion AD,

bending moment = —9.8 X 8 + L X 6
= —78.4 + 117.6, since L = 19.6 kN
= +39.2kNm

This is the greatest bending moment in the beam. The values of the bending moment at A,
B, C and D are plotted in Fig. 16.8 and the bending moment diagram completed by joining
the resulting points by straight lines. Note that the two points of greatest bending moment occur
at C and D where the shear force changes sign.

Example For the beam ABC, Fig. 16.9, find the vertical reaction at the pin-joint A and the
bending moment at B. The beam is supported by a cable at B.

SOLUTION
Reactions
The joint at the pinned end A may be assumed frictionless and therefore carries no bending
moment. We are interested only in forces transverse to the horizontal beam, hence only vertical

C
e
2m
2 Mg
R
Ll
19.6 kN

Fig. 18.9
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components of the tension in the cable and the reaction at A need be considered. The weight

of the 2 Mg mass is 2 X 9.8 = 19.6 kN.
Let L and R be the vertical forces at A and B, respectively. To find R, take moments about A,

19.6 X 6
29.4 kN (upwards)

1

i.e. R x4
therefore R

Since the net vertical force is zero, assuming L to act downwards,
—-L+R—-196=0

thus L=+4294 - 196
= +9.8 kN (downwards)

At B, considering the right-hand portion BC,

bending moment = —19.6 X BC
= —19.6 X 2
= —392KkNm

This is negative since the load at C tends to cause the beam to hog at B.

Problems . _
1. Draw the shear force and bending moment diagrams for the cantilever beams shown

in Fig. 16.10. State in each case: (a) the shear force between points A and B; (b) the
bending moment at points A and B.

((a) 60 kN; 540 kN m; 240 kN m; (b) 17.3 kN; 52 kN m; 0; (¢ 42.3 kN;

08 kN m; 0; (d) 300 kN; 0; 90 kN m)

80 kN 8
4 8m —
A B
5 tonnes
- >
300
5m {20 kN 2m
20 kN
@ © 60 kN
A
(-]
ﬁ A B 60 \\\\\Q )
L ]
- 3m ] B 1500 mm
300 mm

®) @
Fig. 16.10

2. Draw the shear force and bending moment diagrams for the simply supported beams
shown in Fig. 16.11. State in each case: (a) the reactions L and R; (b) the greatest shear
force in the beam; (c) the bending moment at point A.

((a) L, 22.54 kN; R, 16.66 kN; 22.54 kN; 13.4 kN m; (b) L, 6 kN; R, 24 kN,
14 kN; 30 kKN m; (¢) L, 21.23 kN; R, 8.17 kN; 19.6 kN; 9.8 kN m)
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10 Mg/m

A i B
s e
Lt# 4m VTR

L) x

196 kN +aex

+ 196

Fig. 16.16

At B, x = 4m and shear force = 196 — 98 x 4
= —196 kN
At centre of beam, x = 2, thus
shear force = 196 — 98 x 2
=0

The shear force diagram is as shown.

Bending moment diagram
For section X: load on AX = 98 x kN
distance of centroid of load on AX from X

moment of load about X

1
X m

—98x X~x
= —49x kN m
moment of reaction L about X = +196 x kN m

The total bending moment at X is given by:

4
Shear force and bending moment M"

196 x — 49 x2kN m

The calculated values of the bending moment are set out in the following table:

x (m) 0 1 1.5 2 2.5 3 4
Bending moment (kN m) 0 147 184 196 184 147 0

The bending moment diagram is a parabola and symmetrical about the middle of the beam.
The maximum bending moment is at the middle, the point at which the slope of the curve is
zero and the shear force changes sign. Therefore

maximum bending moment = 196 kN m

16.7 Combined loading

When a beam carries both concentrated and uniformly distributed loads it is necessary
to consider the beam and its loading in convenient portions and obtain expressions
for the shear and bending moment in each portion separately. This is because the
formulae for bending moment and shear force change at each concentrated load.

Example Draw the shear force and bending moment diagrams for the beam shown, Fig.
16.17(a). The beam is simply supported at A and D.

SOLUTION

Reactions

To determine the support reactions L and R, the distributed load over AC may be taken as
acting at its centroid, 1 m from A.

Total distributed load = 15 X 2 = 30 kN
moments about A: R X 4 =10 x 1.5 +30 x 1+ 20 x 4.5

thus R = 33.75kN
moments about D: L X 4 =10 x 2.5 +30 x 3 — 20 x 0.5
therefore L = 26.25 kN

(Check: L + R = 26.25 + 33.75 = 60 kN = net downward load.)

Shear force diagram
For length AB, Fig. 16.17(b), consider shear force at section X due to load on left-hand portion
of beam AX:
load on AX = 15x
the shear force at X is: L — 15x = 26.25 — 15 xkN

I

This gives a straight line graph.

At A, x = 0 and shear force = 26.25 kN

At B, x = 1.5 m and shear force = 26.25 — 15 X 1.5
= 3.75 kN
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These v.al.ucs are plotted in Fig. 16.17(c). The shear force diagram is completed for portion
AB by joining the plotted points by a straight line as shown.

Refer to Fig. 16.17(d). Consider shear force at X in BC due to loads on left-hand portion AtC, x

of beam AX. Shear force at X is

At B, x = 1.5 m and shear force = 16.25 — 15 x 1.5 = —6.25 kN
2 m and shear force = 16.25 — 15 X 2 = —13.75kN

These values are plotted in Fig. 16.17(¢) and the shear force diagram completed as far as point C.
26.25 — 10 — 15x = 16.25 — 15 xkN The portion CD is unloaded, hence the shear force is uniform at —13.75 kN.
At support D, the shear force changes abruptly due to the reaction R upwards, Fig. 16.17(f).

i.e.  shear force to right of D = —13.75 + 33.75

i5m 10 kN 20 kN = 20 kN
A l 15 kN/m The shear force is uniform at 20 kN along DE since this portion of the beam is unloaded. The
8 ¢ o J' E complete shear force diagram is shown in Fig. 16.17(f). Since it is made up of straight lines,

it could have been drawn by calculating the shear force at the principal points and joining the

L R (a) plotted points by straight lines.
2m 1 2m 05m
| -

Bending moment diagram

Consider bending moment at X due to load on portion AX, Fig. 16.18(b)

A@( B bending moment due to reaction L = 26.25 x kN m

;EEE:____ ) bending moment due to load on AX = —15x X %x

2625 ] ] l = —75x’kNm
therefore total bending moment at X = 26.25x — 7.5x?kN m

26.25

Calculated values of the bending moment are tabulated below:

N 3.75 © x (m) 0 0.5 1 1.25 1.5
o ) o Bending moment (kN m) 0 11.25 18.75 21.1 22.5
l 3 isx |1OWN
A BY X C The bending moment diagram for portion AB is shown in Fig. 16.18(c).
e JE Consider the bending moment at X in BC due to load on portion AX, Fig. 16.18(d)
26261 . @ bending moment at X = 26.25x — 15 x X —;—x - 10(x — 1.5)
’ =15+ 1625x — 7.5x2kNm

Values of the bending moment in BC are given below:

26.25
kN (0) x (m) 1.5 1.75 2
275 Bending moment (kN m) 22.5 20.44 17.5
[o) d o

s 25K The bending moment diagram for length BC is shown in Fig. 16.18(e).
-13.75

In the lengths CD and DE, there are no distributed loads and the bending moment diagram
is therefore completed by calculating the bending moment at D and E, plotting these values
and joining these points by straight lines. At D, considering portion DE:

Bending moment = —20 X 0.5 = —10kN m
kN S.F.D. (') At E, bending moment = 0
0 3.7 0 The completed bending moment diagram is shown in Fig. 16.18(e). Often only a sketch may
l be required, in which case the values of the bending moment at the principal points should
-85 be marked as indicated. The greatest numerical value of the bending moment is at B (where

-13.75 the shear force changes sign) and is 22.5 kN m. There is also another ‘peak’ value at D, of

Fig. 16.17 10 kN m, where the shear force again changes sign.
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—10kN m
Fig. 16.18

Problems

1. Draw the shear force and bending moment diagrams for the cantilever beams shown
in Fig. 16.19. State the greatest value of shear force and bending moment in each case.
((a) 15 kN; 15.5 kN m; (b) 50 kN; 39 kN m)
2. The cantilever beam shown in Fig. 16.20 is partially supported by a load P exerted by
a prop distant x metres from the built-in end. Calculate the value of P if x is 1.6 m,

in order that the bending moment at the built-in end shall be zero.
If the load in the prop is 10 kN and the bending moment at the built-in end is to be

zero, what is the value of x required?

(1.764 kN; 282 mm)
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600 mm . 10 kN 40 kN
5 kN/m E 10 kN/m Z
;——. Z — 4
| 1000mm | 600mm [ | 1m _[04am| o6m E
Lol 1 ” L) 1 T E
[
(a) (b)
Fig. 16.19
//// 100 kg/m
/ M-
- x .
2.4 m' _
Fig. 16.20

3.  Draw shear force and bending moment diagrams for the simply supported beams shown
in Fig. 16.21. State the values of the reactions L and R and the bending moments at

the points A and B, in each case.
((a) L, 16.86 kN; R, 22.74 kN; 14.11 kN m; 11.37 kN m; (b) L, 27.6 kN; R,
19.9 kN; 27.6 kN m; 49.75 kN m)

20 kN
1 Mg/m 10 kN

] A A 15KN/m ls

A ‘B
L
2m 1m L [ 25m ! 26 m R
L]
05m

(a) (b)
Fig. 16.21

4.  For the simply supported beams shown in Fig. 16.22, determine the greatest value of
the bending moment. State the values of the reactions L and R.
((a) 725 kN m; L, 7.25 kN; R, 4.75 kN; (b) 20 kN m; L, 27.2 kN; R, 14.8 kN)

10 kN
1m 20 kN

‘ 10 kN 2 kN/m ‘ l 8 kN/m
-
L { . — L -
4am .
| ol
]

(a) ®)

Fig. 16.22
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16.8 Condition for a maximum bending moment

Consider an element of a beam cut off by transverse sections A and B (Fig. 16.23)
such that AB = dx. For simplicity, let AB be unloaded, although the remainder of
the beam may be loaded.

Let shear force at A = F upwards. Since element AB is not loaded the shear force
at B is F, downwards. These forces F are the forces exerted on the element by the
other parts of the beam.

Let the bending moment at A = M, clockwise. Then owing to the effect of the
length dx, there must be a change in bending moment dM between A and B. Thus:

bending moment at B = M + dM, anticlockwise

EL /' ‘\—ll_ll_li—lll_'
F17 1F

Fig. 16.23

Figure 16.23 is the free-body diagram for the element which is in equilibrium,.
Therefore, taking moments about point A,

M+ FXde=M+ dM

ie. dM = F dx
or ﬂ:p
dx

Therefore, if the bending moment is expressed as a function of x and this expression
differentiated with respect to x, the shear force is obtained. dM/dx is the slope of
the tangent to the bending moment curve. The point at which the tangent is horizontal
corresponds to zero slope and a maximum or minimum bending moment. This point
is a ‘turning point’ on the curve where the slope of the bending moment diagram
changes sign and so accordingly does the shear force change sign passing through
zero. Thus for maximum (or minimum) bending moment

aM o
dx
i.e. F=0

Hence the bending moment is a maximum when the shear force is zero.
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a’
1
1
(o]
S.F.D. \'
]
|
L |
b
a .. _b”
o B.M.D. o
Fig. 16.24

This result remains true when the portion AB of the beam is loaded. It is true for
any point at which the shear force has zero value. For example, Fig. 16.24 shows
a simply supported beam under a ‘concentrated’ load W which, in practice, is distributed
over a small length of beam ab. If W is assumed uniformly distributed over ab then
the shear force diagram for this region is the line a’b’, slightly inclined to the vertical,
and the bending moment curve is a”b”. At the midpoint of ab, the shear force is
zero and the bending moment therefore takes a mathematical maximum value under
the load. A convenient method of finding the greatest bending moment on a beam,
particularly with complex loading, is to find by inspection where the shear force is
zero or changes sign (see previous worked examples).

Example Calculate the position and magnitude of the maximum bending moment in the simply
supported beam loaded as shown in Fig. 16.25.

SOLUTION

Moments about A: R X 5 =40 X 4 X 4
therefore R = 128 kN

and L + R = 160 kN

thus L = 32 kN

To determine the maximum bending moment, first find the positions of zero shear force by
drawing the shear force diagram.
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L)
32 kN 4
(o] X D[\ (o]
[+
X
S.F.D.
—88 kN
Fig. 16.25
At C: shear force = 32 kN
At D (just to left-hand side):  shear force = 32 — 40 x 3
= —88kN
At D (just to right-hand side): shear force = 32 — 40 x 3 + 128
= 40 kN

The shear force diagram is shown in Fig. 16.25. The shear force is zero at D and at X. At
D, bending moment is 20 kN m.

At X, by simple proportion

CD 32 + 88
thus x = CX
= 0.267 x CD
=0.267 x 3
=0.8m

Hence, at X, bending moment

L x AX — £ x 40 x x?

32 x 2.8 — 1+ X 40 x 0.8
= 76.8 kN m

The greatest value of the bending moment therefore is at X, distant 0.8 m from C between
C and D, and its magnitude is 76.8 kN m.

Problems

1. Draw the shear force and bending moment diagrams for the beams shown in Fig. 16.26.

State the maximum values of bending moment and shear force and where they occur.
((@) 2.5 kN m, 1 m from Lh. end; 5 kN, 1 m from Lh. end; (b) 7.67 kN m,
5 m from Lh. end; 5.17 kN, 6 m from r.h. end)

2. For the simply supported beam shown in Fig. 16.27, find where the shear force is zero
and hence obtain the maximum bending moment.
(840 mm from l.h. end; 3.53 kN m)
3.

Figure 16.28 shows a loaded cantilever beam propped at a point 3.5 m from its left-
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Fig. 16.28

hand end. Draw to scale the shear force and bending moment diagrams. Find the maximum
bending moment and state where it occurs. o
(225 kN m, at the built-in end)
4. Draw to scale the shear force and bending moment diagrams for the pin-.ended beam
shown in Fig. 16.29. State the maximum values of the shear force and bending mome.nt.
If the cable is at 40° to the beam what is the tension in the cable? State the reaction
at the pin-joint.
(113.8 kN at 2.5 m from Lh. end; 46.6 kN m at 1.077 m from L.h. end;
315 kN, 257 kN)
5. Determine the maximum shear force and bending moment in the beam shown in Fig.
16.30. Where does the maximum bending moment occur?
(15.29 kN; 11.46 kN m, at the 10 kN load)
6. State the position and magnitude of the maximum bending moment in each of the simply
supported beams shown in Fig. 16.31.
((a) 1.86 m from 1.h. end, 102 kN m; (b) 2 m from Lh. end, 26.5 kN m)

Qatye 125m 10N

[~ ttonneim |
80 kN/m
4 a 1.5 m L im _‘3‘
| T
25
e u s Mo Fig. 16.30
Fig. 16.29 0.5m
2s5m  20KN o o8 m 18 MM 4 2 m
| e u
025 m 3.5 m 025 m am o8m
@ ®
Fig. 16.31



Chapter 17

Bending of beams

17.1 Pure bending of an elastic beam

Thf: beam AB (Fig. 17.1) loaded by equal and opposite couples M at A and B, is
said to be spbjected to pure or simple bending, that is, bending without shear for’ce
At any section X—X, the bending moment is M. For equilibrium of any portion XB‘
th; cpuple must be balanced by an equal and opposite couple exerted by internal forces
within the beam. Thus M at B is balanced by the couple represented by the pair of
equz.ll and opposite parallel forces F shown in the free-body diagram for XB. These
are internal forces exerted by the portion AX on the portion XB at X—X. Thé: upper
force represents a tension in XB, the lower a corresponding compression. Thus the
top layers are stretched and lower layers are compressed.

'Th‘e internal forces are not actually point loads as shown in Fig. 17.1, but are
distributed across the depth of the beam as tensile and compressive stress’es in the
upper and lower portions of the section respectively. These stresses are not uniform
however, and in order to calculate them it is necessary to make the following’

assumptions:
1.  The beam is initially straight.

2.  Bending takes place in the plane of the applied bending moment (the plane of
the paper).

3. The cross-section of the beam is symmetrical about the plane of bending. If

voA |BM

N—F X \_/

o
)

F4—1—

/\M
—LF
e

Fig. 17.1
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not symmetrical the beam would twist as well as bend. In Fig. 17.2 Y=Y is
the plane of bending and the section shown is symmetrical about, and normal
to, the plane of bending.

The stresses are uniform across the width.

The material of the beam is elastic and obeys Hooke’s law.

The stresses do not exceed the limit of proportionality.

The moduli of elasticity in tension and compression are the same.

A plane transverse section of the beam remains a plane section after bending.
Each layer of the beam is free to carry stress without interference from adjacent

layers.

NIl A

These assumptions are justified since they are found to give substantially correct
values for the stresses due to bending.

Fig. 17.2

17.2 Relation between curvature and strain

Consider the initially straight portion of beam ABCD shown, Fig. 17.3(a). After
bending, the beam takes up the arc shape shown in Fig. 17.3(b). Plane cross-sections
remain plane, hence straight lines BA, CD remain straight after bending and meet
at some point O. Lines such as EF and SN are formed into part of circular arcs with
a common centre at O. Since the top layers are stretched and the bottom layers are
compressed there is a layer, the neutral surface, which is neither stretched nor
compressed. The lines SN’ and N’N’ represent the trace of the neutral surface,
the line N’ =N’ normal to the plane of bending being known as the neutral axis. The
radius of curvature R of the bent beam is measured from O to the neutral surface.

If 8 is the angle in radians subtended by the arc S'N” at O then, since the neutral

layer remains unchanged in length:
line SN = arc S'N’ = Rf

Consider the thin layer EF, distant y from the neutral surface:

initial length of EF = SN = Rf
final length of EF = E'F’
= (R + y)0
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Fig. 17.3

thus extension of EF = (R + y)§ — RO

= y0
therefore strain in EF, ¢ = 20
RO
=2
R
The stress in the layer EF, normal to the beam section, is given by:
oc=F X ¢
= B
R
o E
or — = —
y R

Since E is constant for the beam and R is constant for the portion considered, the
stress o varies across the depth with the distance y from the neutral axis. The distribution
of stress across the depth of the beam is sketched in Fig. 17.3(b), tensile stress being
plotted to the left of the base O0—0, compressive stress to the right. The maximum
stress (;)ccurs at the outside surfaces such as AD and BC where y takes its largest values
y2 and y,.
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17.3 Position of the neutral axis

The position of the neutral axis is found from the fact that there is no net axial force
on the beam. Consider a small strip of width b, thickness dy, Fig. 17.4. Let dF be
the axial load on the strip due to the bending stress, then
dF = stress X area
=g X bdy

but a:ﬂ

= =
X
S
&

thus dF =

Fig. 17.4

The total load on the section is the sum of the elementary loads, therefore

F=[dF
=S%xbdy

and, since the total axial load is zero,

5%xbdy=0

thus Syxbdy=0

since E and R are constants. But y X b dy is the moment of area b dy about the neutral
axis N—N. Hence \yb dy represents the moment of the whole area about the neutral
axis and this is zero only if the neutral axis passes through the centroid of the cross-
section. This result is true for any shape of cross-section.

Notes: 1. The above results do not apply completely to a strip which is wide compared
with its depth. 2. In a symmetrical section, y, = y, and the maximum tensile and
compressive stresses are therefore equal. In a non-symmetrical section, the numerically
largest bending stress will occur at the outer layer most distant from the neutral axis,
and may be tensile or compressive.
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Example Calculate the maximum stress in a coil of steel rod 4 mm diameter due to coiling
it on a drum of 2 m diameter (Fig. 17.5). E = 200 GN/m?.

SOLUTION

Radius of curvature = 1 m approx.

The greatest distance of outside surface from the neutral axis N—N is 2 mm. The maximum
stress due to bending is

E

o =—y

R

9

400 x 10° N/m? = 400 MN/m?

Fig. 17.5

Problems

1.

A steel strip forming a bandsaw is wrapped round a 400 mm diameter drum. If the strip

thickness is 1 mm, calculate the maximum stress due to bending. E = 200 kN/mm?.

(500 MN/m?)

Aluminium alloy tube of 20 mm diameter is wound on a drum of 3 m diameter. Calculate

the maximum bending stress in the tube. E = 70 GN/m?.

(467 MN/m?)

Calculate the minimum diameter of drum on which copper strip 2.5 mm thick may be

wound if the maximum bending stress is not to exceed 350 MN/m?. E = 100 GN/m?.

(714 mm)

A steel strip of rectangular cross-section 10 mm thick is bent to the arc of a circle until

the steel just yields at the top surface. Find the radius of curvature of the neutral surface
if the yield stress of the material is 270 MN/m?. E = 195 kN/mm?.

(3.61 m)

17.4 Moment of resistance

The moment of resistance of a beam is the moment about the neutral axis of the internal
forces resisting the applied bending moment. For equilibrium, the internal moment
of resistance must be equal and opposite to the applied bending moment. Figure 17.6
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Fig. 17.6

shows the section of a beam on which the bending moment is M. Let o be the stress
produced in a thin strip at a distance y from the neutral axis N—N. Then, if dy is
the thickness of the strip,

load on strip = dF = stress X area

g X bdy

The moment of this load about the neutral axis is:

dM =dF X y
=gbdy Xy
E
but = —
ul o Ry

E
thus dM = ;y X by dy

E, »
= —by“ d
R 'y ay
Hence total moment of resistance, M = SdM
E
= [=by*d
gt &y
_E 2
=g |
- £,
R

where [ = gby2 dy, is the second moment of area of the section about the neutral

axis. Hence
M
1

x| x|

. o
and since —
y
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then A—l=£=l
Ry

17.5 | of rectangular and circular sections

For a rectangular section of width » mm, depth d mm (Fig. 17.7) the second moment
of area about an axis through the centroid parallel to the width is
- bd mm*
12

For a circular section, diameter d mm, the second moment of area about any axis
through the centre, i.e. a diametral axis, is

b
% IT 1
nG;A: ;'G 5"
7/
Fig. 17.7

Example A rectangular section beam has a depth of 100 mm and width 24 mm, and is subject
to a bending moment of 2.5 kN m. Calculate (a) the maximum stress in the beam and (b) the
radius of curvature of the neutral surface. E = 206 GN/m?.

SOLUTION
(@)  The axis of bending is the axis through the centroid parallel to the 24 mm sidé, therefore

bd’3 0.024 x 0.13

I: = = -6 4
) m 2 X 107%m
0=M _Mx = 12.5 108 N/Z
17 T 2 x q0-s XY T 182 x 100y Nim

where y is in metres. Now the bending stress o takes its greatest value at the outside
surface where

d
y= & =005m

hence o, = = 12.5 x 10® x 0.05 = + 62.5 x 106 N/m?
£ 62.5 MN/m?

The positive answer denotes a tensile stress at one outer surface, the negative a compressive
stress at the other outer surface.
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I 2 x107° x 206 x 10°
25 x 10°

165 m

Example A beam of symmetrical I-section has the following dimensions: flange 150 mm wide,
30 mm thick; web 30 mm thick; total depth of beam 200 mm. Calculate the second moment
of area of the beam section about an axis through the centroid parallel to the flange face. If
the beam is simply supported over a length of 2 m and carries a uniformly distributed load
of 6 t/m run, calculate the maximum bending stress in the beam.

Yemax
6 tonne/m G G ——L
| — }
ﬁ'f 2m |i D c
Fig. 17.8
SOLUTION

The beam section is symmetrical about the centroidal axis G—G, Fig. 17.8. Hence [ is given
by the difference between [ for the rectangle ABCD and 7 for the two cross-hatched rectangles
shown. For whole rectangle ABCD:
bd?
12
150 x 2003
12

= 10® mm*

For each cut-out rectangle

b = 60 mm
d = 140 mm
60 x 140°

1

therefore 1
12

0.137 x 108 mm*

For the I-section, by difference
Ig = 108 — 2 x 0.137 x 108

= 72.6 x 10 mm* = 72.6 x 10-% m*

Note: This method of calculation does not apply when the I-section is not symmetrical about
G—G (see Section 17.7)

6 tonne/m = 6 X 9.8 = 58.8 kKN/m
total load on beam = 58.8 X 2 = 117.6 kN
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thus reaction at each support = l_l;i = 58.8 kN

The maximum bending moment occurs at the middle of the beam: therefore

maximum bending moment M_,, = 58.8 x 1 — 58.8 x 1 x 0.5
= 29.4kNm

The maximum bending stress occurs at the outside surface of the section of maximum bending
moment, therefore

. . M
maximum bending stress, o,,, = —I—ymax

29.4 x 10° x 0.1
72.6 x 107¢

40 x 10° N/m? = 40 MN/m?

I

Example The cantilever beam shown in Fig. 17.9 is loaded by a single concentrated load
W kN at its free end. It is of hollow section 90 mm outside diameter, 80 mm inside diameter.
Calculate the maximum value of W if the bending stress is not to exceed 60 MN/m2.

90 mm dia

Fig. 17.9

SOLUTION
Since the beam cross-section is symmetrical about the neutra} axis, the second moment of area
is found by subtracting that of the inner circle area from that of the second moment for the
whole area. For a circular section:

wd*

64

I =

Therefore for hollow section

1r><90“_‘n'><804

I 1
64 64

= 1.21 x 10% mm*
=121 x 107% m?

Allowable moment, M = g I

ymax

= M X 1.21 % 10—6
0.045

1610 Nm = 1.61 kN m
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The maximum bending moment on the cantilever is W X 0.24 kN m. Therefore

W x 0.24 = 1.61
i.e. W = 6.71 kN
Problems

1. A light-alloy beam, rectangular section 5 mm deep, 12 mm wide, rests on supports

200 mm apart and carries a central load of 70 N. Calculate the maximum bending stress.

(70 MN/m?)

2. A light wooden bridge is supported by six parallel timber beams, each 300 mm deep,

and 200 mm wide. Each beam may be considered as simply supported over a 4.5 m

span. If the allowable bending stress in the timber is 5.60 MN/m?, calculate the greatest
uniformly distributed load the bridge can support.

(179.2 kN or 18.3 Mg)

3. The crane beam shown in Fig. 17.10 is made up of two 25 mm thick steel plates each

400 mm deep at the middle section. Calculate the maximum allowable central load W

if the span is 4.5 m and the ultimate tensile stress of the steel is 370 MN/m?. Allow

a factor of safety of 6 and assume that maximum stress occurs at the central section.

(73 kN or 74.5 tonne)

3

10 mm
€
E
|| 10 mm <
!} 10 mm'L
w T | 100 mm ]
Fig. 17.10 Fig. 17.11

4. Calculate the maximum bending moment which may be applied to the cast-iron section
shown in Fig. 17.11 if the ultimate tensile stress of the material is 280 MN/m? and a
factor of safety of 10 is to be used.

(=69 x 1075m* 3.22 kN m)

5.  Calculate the maximum allowable uniformly distributed load, in kilograms, on a channel
which is used as a cantilever of length 3 m. The channel is to be loaded along its whole
length (flange uppermost) and the maximum bending stress permitted is 72 MN/m?.
Centroid, 150 mm below top face; relevant I of section about centroid = 86 X
10® mm*,

(935 kg/m)

6. The bar of section shown in Fig. 17.12 is simply supported over a span of 1 m and carries
a central load of 20 kN. Find the maximum bending moment and the maximum bending
stress in the material.

( = 77.44 x 10 mm*; 5 kN m; 194 MN/m?)

7.  The steel joist shown in section in Fig. 17.13 is simply supported over a span of 3 m.
Calculate the maximum bending stress in the joist and the stress at the inside face of
each flange due to a load of 10 Mg midway between the supports.

(I = 60.63 x 10° mm*; 121.3 MN/m?; 91 MN/m?, one tensile, other compressive)
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Fig. 17.12 Fig. 17.13

8.  Acast-iron pipe is carried over a span of 6 m and may be considered as simply supported
at each end. The pipe is 200 mm bore, 10 mm thick and full of water. Calculate the

maximum bending stress in the pipe. Density of water = | Mg/m?. Density of cast iron
= 7.2 Mg/m3.

(10.5 MN/m?)

17.6 Strength of a beam in bending

For a given maximum stress o, the greatest moment which may be applied to a beam
is given by

Mpw = -2 x 1

max

i.e. M, is proportional to / and inversely proportional to Ymax» the distance of the
extreme fibres from the neutral axis. For a rectangular section

3
1= _I% and Ymax = 'zl—d
3
hence M, = M
5d
=2 x ba?

6

which is proportional to the square of the depth of the beam (see Section 17.8).

For the same area of section (or weight per unit length) the I-value for various beams
varies widely with the shape of section. Thus Fig. 17.14 shows four typical sections,
each having an area of about 8750 mm’. The table indicates the corresponding / and
maximum moment which can be carried for the same maximum bending stress of
75 MN/m?,

Comparison of these figures shows that the standard rolled steel joist is by far the
strongest in bending. Evidently in building up a beam section, it is advantageous to
place the greatest area at the largest possible distance from the centroid.

For steel having the same strength in tension as in compression, a symmetrical section
is usually adequate. For cast iron, however, which has a lower strength in tension
than in compression, the centroid of the cross-section should lie nearer to the tension
flange so that the greatest stress occurs at the compression flange.
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Fig. 17.14

17.7 Calculation of | for complex sections

In dealing with complex and asymmetrical section's, the previous methodlof c'alculatnt;i
I is insufficient. Also the position of the centroid and tt}us the neutra axis may )
unknown. It is necessary therefore first to locate the f:entroxd and then obtain the secon
moment of area about the neutral axis. The calculation of the second momt.a?tlrec.]un:;s
the theorem of parallel axes. The theorem of parallel axes states that 1 'dG 1sd Ie
second moment of area of a section about an axis G—G through the centroid and I
is the second moment about an axis X—X parallel to G—G, then

Ix = Ig + AR?

where A is the area of the section and h the perpendicular distance between the axes
G-G and X~-X, Fig. 17.15.

Area A

G
]

X X

Fig. 17.15

The method of calculation for various sections is illustrated in the following examples.

Example Calculate the second moment of area of the T-section shown, Fig. 17.16, about a
line X—X through the centroid parallel to the flange face.

SOLUTION
To find position of centroid
Area of section = 5600 mm?

120 x 20 x 10
24 000 mm?®

Moment of flange area about edge A—A
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20mm | 120 mm |

A
y T }
< —
180 mm
Fig. 17.16
Moment of web area about A—~A = 160 x 20 x 100

= 320 000 mm?

therefore total moment = 344 000 mm?

Let distance of centroid from A—A be ¥, then
(total area) X y = 344 000

ie. 5600 x y = 344 000

thus = 61.4 mm

=
|

Calculation of I_y
Flange: second moment of flange about its own centroid:

bd?
12

120 x 203
12

8 x 10* mm*

I =

Distance of centroid of flange from axis X—X through centroid of section is
61.4 — 10 = 51.4 mm

Second moment of flange about axis X—X is
Ingge = I + Ah?

8 x 10* + 120 x 20 x 51.42

6.42 x 10 mm*

Web: I for web about its own centroid is:

bd® 20 x 160°
12 12

Distance of web centroid from axis X—X is
100 — 61.4 = 38.6 mm
I, about X—X = I; + Ah?

Ig = = 6.83 x 10 mm*
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6.83 x 10° + 160 x 20 x 38.6%
11.6 x 10° mm*

Therefore total I of section about X—X = lgpee + Tuen

6.42 x 106 + 11.6 x 10°%
18.02 x 10° mm*

1l

The solution can be conveniently set out in tabular form; thus, in millimetre units:

Part Flange Web
b 120 20
d 20 160
A 2400 3200

x 203 3
I about own centroid 120 x 207 _ 0.08 x 10° 20 x 1607 _ 6.83 x 10°
bd*/12 12 12
h 51.4 38.6
Ah? 6.34 x 108 477 x 10®
I about X—X 0.08 x 10° + 6.34 x 10° 6.83 x 10° + 4.77 x 10°

= 6.42 x 10° = 11.6 x 106
Total Iy = 18.02 x 10° mm*

Problems

Calculate the second moment of area of each of the sections shown in Fig. 17.17 about an
axis X—X through the centroid.

Answers:

(@ 13.8 x 10 mm*

(b)  Centroid 33.7 mm from top flange face; [ = 3.19 x 10° mm*

() Centroid 117.2 mm from top edge; I = 87.5 x 10° mm*

(d) Centroid 75 mm from top flange face; I = 3.686 x 10°® mm*

() Centroid 78.8 mm from top edge; I = 26.4 X 10° mm*

(f)  Centroid 38.6 mm from top edge; I = 5.42 x 10°% mm*

(g0 Centroid 3.13 mm from centre of 150 mm circle; I = 23.3 x 10 mm*
(h)  Centroid 45.8 mm from base; / = 13.9 x 10° mm*

Example The beam section shown in Fig. 17.18 is subjected to a bending moment M kN m
acting in the sense shown. If the maximum tensile and compressive stresses are limited to
30 MN/m? and 45 MN/m?, respectively, calculate the maximum allowable value of M.

SOLUTION
Using the method of the previous example, it will be found that §, the distance of the centroid
from AA is 75 mm and Iy = 15.66 X 10% mm®.
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240 mm

10 mm

160 mm

(a)

Fig. 17.18

Use the formula M = f—l
y

In tension, y... = 0.075 m and o, = 30 MN/m?

6 -6
therefore M= 30 X 10° x 1566 x 1077 _ 6270 N m
0.075

6.27 kN m

In compression, y,,, = 0.105m and o, = 45 MN/m?

45 x 106 x 15.66 x 10~°

therefore M= = 6720 N m
0.105
= 6.72kNm
The maximum allowable bending moment must be the smaller of the two values found, i.e.
6.27 kN m
Problems

1. Fig. 17.19 shows the section of a cantilever beam 3 m long, which is to carry a
concentrated load of 500 kg at its free end. Calculate the maximum tensile stress in the
beam if the flange of the channel is uppermost.

(Centroid 27.2 mm from top face; /7 = 3.025 x 10° mm?; stress 132 MN/m?)

2. Calculate the maximum bending moment which can be carried by a cast-iron bracket
having the T-section shown in Fig. 17.20, if the maximum bending stress permitted is
14 MN/m?.

(Centroid 44 mm from bottom face; / = 4.63 x 10° mm*; moment 853 N m)

3. A light bridge is to be supported by a number of beams of the section shown in Fig.
17.21 in which the top flange is uppermost. The beams are simply supported on a span

")) ) of 7 m and carry a load of 20 kN at the midpoint. The maximum allowable stress in
the beam material is 125 MN/m?. Calculate the minimum number of beams required.

Fig. 17.17 (Centroid 56.4 mm from bottom face; I = 8.56 X 10° mm®*; number of beams,

18.5, say nineteen)

50 mm dia ’

25 mm | Hi E\\i\i\\\\\\\\i

—-1 160 mm

40 mm 80 mm
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80 mm
20 mm 20 mm
120 mm 80 mm
:I«) mm
1 160 mm

+

Fig. 17.19 Fig. 17.20

80 mm

Fig. 17.21

Fig. 17.22

4. In the cast-iron bracket lever shown in Fig. 17.22, the pull P is perpendicular to the

bracket arm. Considering section X—X, find the maximum allowable value of P if the
stress due to bending is not to exceed 15 MN/mZ.

(I = 56.2 x 10° mm*; 175 N)

17.8 Modulus of section

The'relation betyveen moment of resistance (equal to the bending moment) and
maximum stress in a beam under pure bending may be written as
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M M

g = =2
I/ymax Z
where Z = I/y ., is called the modulus of section.

Where only maximum stresses are required, this is a useful and convenient method
of working since the values of Z are tabled for standard rolled steel sections. For
a rectangular section of breadth b and depth d, Fig. 17.7, y . = d/2 and I =
bd?/12, hence

3 2
;b2 _ bd

dar 6
For a circular section, diameter d,
7 md64 _ xd’
a2 32

For a tubular section, diameters d, and d,,

n(ds — dY) _ w@d} - db
64 X d2/2 32 d2

If the allowable working stress is known then Z can be calculated, and for this value,
a suitable section may be found from tables. The strength of a section is directly
proportional to its modulus of section (see Section 17.6).

Throughout this chapter the examples and problems have been worked in terms
of I-values but students should rework those involving maximum stresses using the
modulus of section.



Chapter 18

Combined bending and direct stress

18.1 Principle of superposition

The stress at any point of a structure, beam or strut carrying several loads may be
found by considering each load separately as if it acted alone. The total stress is then
the algebraic sum of the stresses due to each separate load. This is the method of
superposition.

A particular case is that of combined bending and direct stress due to a single load.
The cantilever shown in Fig. 18.1(a) is subject to the axial load F offset from the
centroid of cross-section G. This produces two effects: (a) a simple compression;
(b) a bending moment about an axis through G. The stress due to each effect may
be calculated separately and added to give the total stress. The method of superposition
does not apply if one load alters the character or effect of another. For example, the
cantilever, Fig. 18.1(b), subject to an axial load F and a transverse load W, may deflect
sufficiently under the transverse load so as to increase the moment due to F. Only
when this deflection is negligible does the principle of superposition apply.

N n. F \4
%‘ e § w l

— N

5 \% F
\ \ -t
N N
@ (b)

Fig. 18.1

18.2 Combined bending and direct stress of a loaded column

A short concrete column is loaded in compression by a concentrated load W at point
A on the axis of symmetry, distant e from the centroid G of the cross-section, Fig.
18.2. 1t is required to find the maximum eccentricity of the load if there is to be no
tensile stress in the concrete and to obtain the value for a rectangular section.
The moment applied to the column is the moment of the load about an axis through
the centroid. Thus the eccentric load W may be replaced by: (a) a compressive load
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Fig. 18.2

W at the centroid G; (b) a couple or bending moment M=W X e about the axis X—

X through the centroid G.
Let A be the area of section, I the second moment of area

of any point in the plane of the section from X—X:

about X —X, y the distance

Direct compressive stress = —

> | =

. M
Bending stress = + 7 ¥,

tensile in EG when y is positive, compressive in GF when y is negative.

w M
Total stress at any point distant y from X=X = - " + T y

Figure 18.3 shows the variation of direct, bending and total stress across the sectiqn.
The effect of the eccentricity of loading is that the line of zero stres')s (neutral axis)
is shifted to the left of the centroid. The form of the total stress diagram depends
on the magnitudes of the direct and bending stresses. '

The maximum tensile stress is at E. For no tension at any point, the stress at E

must be zero. Now M = W x eand atE, y = yii therefore

4 W Xe
= —-—+
stress at E 4 7 i
= 0, for no tensile stress
Wey, _ W
hence ] p
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Fig. 18.3

or e = L

Ay,

For a rectangular section, breadth b, depth d, A = db, I = bd*/12, ¥, = 1d.

Therefore i
bd*/12

bd x 1d

d

6

Thus for no tension in a rectangular section, the load must act on or within the distance

d/6 from the centroid. This is known as the middle-third rule.

Combined bending and direct stress T3

Example A short hollow cast-iron column (Fig. 18.4) is to support a vertical load of 1 MN,
The external diameter of the column is 250 mm and the thickness 25 mm. Find the maximum
allowable eccentricity of this load if the maximum tensile stress is not to exceed 30 N/mm?,
What is then the value of the maximum compressive stress?

1MN

Fig. 18.4

SOLUTION
(working throughout in N and mm; 1 MN = 10° N).

A= {—(2502 — 2000 = 17.7 x 10° mm?

I= 6—”4(2504 — 2004 = 113.5 x 10 mm*

1 x 10°

T x 10 - 08 N/mm? (compressive)

direct stress =

bending moment = 10%
where e is the eccentricity of the load from the centroid in millimetres.

My . 10° X e x 125
1 113.5 x 10°

It

maximum bending stress

%+ 1.1e N/mm?
1.1e — 56.5 = 30 N/mm?
78.5 mm

maximum tensile stress

therefore e

maximum compressive stress = — 1.1le — 56.5
= —1.1 x 78.5 — 56.5
= 143 N/mm? = 143 MN/m?
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Example A screw clamp is tightened on a proving ring as shown, Fig. 18.5. From measurement
of the deflection of the ring the clamping force is estimated as 11 kN. Find the maximum tensile
and compressive stresses in the material at section A—B due to bending and direct loading.
Area of section = 480 mm?, Iyy = 6.4 X 10° mn?.

90 mm
B

Fig. 18.5

SOLUTION

The resisting force exerted by the ring puts section A—B of the clamp under a direct tensile
load of 11 kN and a bending moment = 11 x 10°(0.09 + 0.016) = 1166 N m about the axis
X—X, through the centroid of section. Since the effect of the resisting force exerted by the

ring is to tend to open out the clamp, the top portion of the section is in tension and the bottom
in compression.

3
Direct stress = _x 1 22.9 x 10° N/m?
480 x 10-°

22.9 MN/m? tension

I

Bending stress at top face =

= x 0.016
Y =64 x 10° x 10-7

= 291.5 x 10% N/m?
291.5 MN/m? (tension)

_ 1166
6.4 x 10° x 10~12

—437.3 x 105 N/m?
= — 437.3 MN/m? (compression)

M 1166
1

Bending stress at bottom face

x 0.024

1l

At top face, maximum stress = 22.9 + 291.5
= 314.4 MN/m? (tension)

and at bottom face, maximum stress = 22.9 — 437.3

~ 414.4 MN/m? (compression)

Example A uniform masonry chimney of outside diameter 3 m, inside diameter 2.4 m is
subjected 1o a horizontal wind load of 1.8 kN/m of height. The weight of masonry is
17.5 kN/m. Calculate the maximum chimney height to avoid tensile stress at the base section.

Fig. 18.

6

SOLUTION
Total wind load on height # m (Fig. 18.6) = 1800 2 N

Bending moment at base section due to this load

Combined bending and direct stress 385

1800 h x
= 900 h> N

+h

m

1 of section = 614(34 —24% =235m’

Y max

Maximum tensile stress at base

Total weight of chimney =

Compressive stress at base due to dead load =

1.5m
My 900 h? x 1.5
1 2.35

575 h? N/m? at point A

volume X specific weight

area of section X height
Ah x 17 500

A
= 17 500 AN/m?

For no tensile stress at base, total stress at A = 0.

Therefore 575 h? — 17500k =0 or h = 30.4m

x specific weight

Ah x 17 500

Problems .
A SO mm diameter tie bar carries a pull of 80 kN offset a distance of 3 mm from the

axis of the bar. Calculate the maximum and minimum tensile stresses in the bar.

1.

(21.25, 60.35 MN/m?)
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2. The cranked tie bar shown in Fig. 18.7 carries a load of F kN. Calculate the maximum
value of F if the tensile stress in section X—X is limited to 75 MN/mZ2.

(90.3 kN)

Fig. 18.7

3. A short cast-iron column of rectangular section 50 mm x 30 mm carries a load of F kN

as shown in Fig. 18.8. Calculate the greatest value of F if the maximum tensile stress
is limited to 15 MN/m?.

(2.8 kN)

50 mm F

=

177777777777 777777777

Fig. 18.8

¥

ol

: 30 mm 20 mm dia
1

| A X} s

T"" B e .\_:..——...‘___._._..

T

| S S e Y

] - Ly T.)
1

DR RN AN R unen gy F — - — . . . — 1. F
40 kN
J X
120 mm 20 mm dia.
Fig. 18.10 Fig. 18.11

4. Fig. 18.9 shows an expansion loop in a steam pipe. The pipe has an external diameter
of 100 mm and internal diameter of 90 mm. If the end load F is 5 kN, calculate the
maximum tensile stress in the pipe.

(63.3 MN/m?)
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The aircraft undercarriage shown in Fig. 18.10 is constructed of alloy tube. Calculate
the maximum tensile and compressive stresses in the tube A if it is 50 mm outside diameter
and 10 mm thick.
(416.2 MN/m? tensile, 480 MN/m? compressive)
Two blocks A and B are connected by two short 20 mm diameter bars as shown, Fig.
18.11. Calculate the maximum pull F at a distance of 10 mm from the axis of symmetry
which may be exerted if the tensile stress at the section X—X is limited to 150 N/mm?,
(65.8 kN)
Calculate the maximum force F which can be exerted in the press frame shown (Fig.
18.12) if the tensile stress is limited to 100 N/mm?. What is then the maximum
compressive stress?

(1.3 MN; 50 MN/m?)

—

’240 mr:‘ 80 mm

E
—f :
Section at X-X = &
Fig. 18.12
8.  The pillar of the radial drill shown, Fig. 18.13, is made of a hollow steel tube of 160 mm

outside diameter and 120 mm inside diameter. Calculate the maximum tensile stress in
the pillar.

(22.35 MN/m?)

' 5000 N
1200 mm
I o
[ -1 I
-
Fig. 18.13
9. A steel chimney is 36 m high, 1.5 m external diameter, 20 mm thick. It is rigidly fixed

at the base and is acted upon by a horizontal wind pressure of intensity 1.1 kN/m? of
projected area. Calculate the maximum stress in the steel at the base if steel weighs
74 kN/m?.

(34.1 MN/m?)
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Fig. 18.14

10.  The cl.amp shown, Fig. 18.14, exerts a force of F N on the workpiece. If the section
X—X is to carry a maximum tensile stress of 65 N/mm?, find the maximum clamping
force.

(2.77 kN; centroid of section is 11 mm from top face, / about
centroid = 36 200 mm%)

18.3 Further notes on factors of safety: limit-state design

In Chapter 14, factors of safety were defined in terms of elasticity, i.e. an allowable
stress is taken as a fraction of the ultimate or yield stress. In simple tension, ‘failure'
may be assumed to take place when the stress reaches the elastic limit stress but for
complex stresses arising from a combination of loads producing bending, torsion, shear
and axial stresses, several theories are advanced; these are - maximum strain,
maximum shear stress and direct or shear strain energy. Further, in regard to fields
of engineering such as reinforced concrete, beams, foundations, columns, steel
structures and so on, factors of safety derived from elastic considerations alone are
not thought to be sufficiently reliable or capable of producing economical designs.
In British Standards Codes of Practice factors of safety are now based on limit-state
design, considering both ‘ultimate failure' and 'serviceability’, aimed at lifetime safety
and codifying the data and procedures developed and used by engineers in design
practice over the years. A limit state is a level of performance at which an element
or structure is deemed unfit. An ultimate limit state refers to possible collapse due
to weakness, e.g. yielding, buckling, stability, brittle fracture. A serviceability limit
state corresponds to performance in time in respect of such effects as deflection,
vibration, local cracks, compatibility of parts, etc.

Limit state design involves overall factors of safety based on partial factors for both
loads and materials, characteristic and design loads and strengths, types of loading,
methods of construction, approximations and assumptions in theories and calculations.

For a full explanation of these terms and methods of working in limit-state design,
reference should be made to advanced texts and to BS Codes of Practice, for example,
BS 5950 covering the structural use of steelwork in buildings, or BS 8110 dealing
with reinforced concrete.

Chapter 19

2.

Fluid at rest

19.1 Fluid

A fluid may be a liquid or a gas; it offers negligible resistance to a change of shape
and is capable of flowing. Liquid and gas are distinguished as follows:

A gas completely fills the space in which it is contained; a liquid usually has

a free surface, Fig. 19.1.
A gas is a fluid which can be compressed relatively easily; a liquid may be

considered incompressible.

Hydrostatics, or the statics of a fluid, is the study of force and pressure in a fluid

at rest.
Free
surface
Liquid
Fig. 19.1
—
P = P
Area A
Fig. 19.2

19.2 Pressure

A fluid in a closed cylinder (Fig. 19.2) may be put into a state of pressure by applying
a force P to the piston shown. Neglecting the weight of the fluid, the pressure p in

the fluid is the ratio:
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force P on piston

area A of piston P A

The derived SI unit of pressure is the same as that for stress, i.e. newtons per square
metre (N/m?). The name pascal (Pa) is also given to this unit but we shall use only
the form N/m’ and the following multiples: kN/m? = 103 N/m?, MN/m? =
10 N/m?, GN/m? = 10° N/m2. For pressure (but not for stress) we shall use also
the bar and its multiples. The bar is the name given to a special multiple of the unit
N/m?; this is a convenient unit for engineers as it is approximately the pressure
exerted by the atmosphere (1.013 bar). Thus,

1 bar = 10° N/m?
1 millibar (mbar) = 1073 bar = 100 N/m?
1 hectobar (hbar) = 100 bar = 107 N/m?2

Pressure in a fluid has the following important features:

1. The pressure at a point is the same in all directions.
2. The pressure exerted at a point on any surface is normal to the surface.

*

p

*
p

}

Fig. 19.3

' Figure 19.3 shows equal pressures acting on all surfaces of a very small body
immersed in a fluid. The pressure is everywhere normal to the surface. Similarly the
pressure exerted by a fluid on its container is everywhere normal to the vessel wall.

19.3 Transmission of fluid pressure

A simple hydraulic press is shown in Fig. 19.4. A load of weight W is supported
by a piston of area 4 in the cylinder D. Cylinder D is connected by a pipe to another
cylinder E which, in turn, contains a piston of area a. The cylinders are filled with
a liquid which is assumed incompressible. It is required to find the force F on the

y c FV
T D [ Ave4 /H_L

Area a—E _?_
Fig. 19.4
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piston in cylinder E in order to hold the load W in equilibrium. To do this, we make
use of the principle of work.
Let the piston in cylinder E move down a distance x causing the piston in cylinder

D to rise a distance y, then

a X x
AXYy

volume of liquid leaving E

It

and volume of liquid entering D
Since the liquid is incompressible

ax
Ay = ax or = —
y y 1

Work done by force F = F X x
and work doneonload W =W X y
Neglecting friction, the work done by F must be equal to the work done on W, therefore

Fx = Wy
=wx%
A
ie. F=Wwx2Z
A
Also—Ii =1’
a A

But F/a is the pressure in cylinder E, and W/A is the pressure in cylinder D. Hence
these two pressures are equal.

This is a demonstration of the principle of transmission of pressure, which states
that the pressure intensity at any point of a fluid at rest is transmitted without loss
to all other points of the fluid. The principle does not depend on frictionless pistons.
The effect of friction is merely to increase the effort F, required to hold the load W,
above the theoretical value W X a/A. This effect is true of machines in general.

Similarly, the principle of transmission of pressure does not depend on the fluid
being incompressible. It applies to gases provided the forces are applied sufficiently
slowly. (Owing to the compression of gas the work principle does not apply in a simple
form.)

19.4 Density; relative density; specific weight; specific gravity

The density p of a substance is its mass per unit volume. The derived units of density
are kilograms per cubic metre (kg/m3). Other forms may be used, e.g. tonne/m>,
kg/litre, g/millilitre. For reference,

1litre = 1dm’ =103 m?
1 Mg/m® = 1 tonne/m? = 1 kg/litre = 1 kg/dm>
1 kg/m® = 1gllire = 1g/dm’

The density of water is most important and should be remembered, thus,
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density of water

1000 kg/m* = 1 Mg/m® = 1 tonne/m’
= 1 kg/litre
(For sea water p = 1030 kg/m3.)

The relative density of a substance is the ratio of its density to that of water (to

be correct, at its maximum density which occurs at 4 °C and atmospheric pressure.)
Thus

density of substance

relative density = -
density of water

For example, if the relative density of oil is 0.8, its density is 0.8 X 1000 =
800 kg/m>.

The specific weight of a substance is its weight per unit volume. Since the weight

of a substance is its mass multiplied by the acceleration due to gravity, g, the relation
between specific weight and density is

specific weight = density X g
14

Thus, for water,

specific weight of water = 1000 x 9.8 = 9800 N/m* = 9.8 kN/m*
The specific gravity of a substance is the ratio:

weight of substance
weight of equal volume of pure water

This is the same as the ratio of the masses, i.e. specific gravity and relative density
are the same. To simplify the presentation the terms ‘density’ and ‘relative density’
will be used throughout this text but students must expect to meet the terms ‘specific
weight’ and ‘specific gravity’ elsewhere.

In general, the specific weight w of a substance is given in terms of its specific
gravity s and the specific weight of water, by the expression

w = s X specific weight of water

Thus, if the specific gravity or relative density of petrol is 0.8 its specific weight is
0.8 x 9800, or 7840 N/m’.

19.5 Pressure in a liquid due to its own weight

Consider a vertical tube of liquid, Fig. 19.5, of height A, uniform cross-sectional area
A and density p.

Total mass of liquid column = density X volume

=p X Ah
Pressure p at depth & = weight of column _  pAhg
area of base A
p = pgh
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Pregsure

)

Fig. 19.6

It follows, therefore, that the pressure in a liquid due to iSts t(:wn wﬂe;ight i: 5;;)3(;2:21;11
, 0-0. Figure 19.5 shows the vert

to the depth h below the free surface qure . ariation

i i f liquid. If the atmospheric pres.

ith depth of the pressure in an open tank o i
me freepsurface of the liquid is p, (Fig. 19.6), the total pressure p at depth h in the
liquid is

p =P, t rgh
2

The pressure of the atmosphere is usually about ‘10.1.3 kITI/m. or'1.0;3 22:,1 Ir;
general atmospheric pressure is taken as 1 bar, (this is the justification for g
non-standard unit for pressure).

19.6 Measurement of pressure

A container at zero absolute pressure is one v\(hich is completely empty. The ab(i?h:}::
pressure of a liquid is measured above th1§ Zero. :The absolute prt;szurf o
atmosphere is measured by a barometer, which consists of a tube slelza e I':li A 7p
and standing with its open end in 5}11 mgrcur)f ba;th o;;ir:f:c: ;h:t a(t:m<l)3s)[’) tﬁzel,)rini 1 p]e'o‘f

t the mercury rise to a height k above its free . .
i;znsmissibilityyof pressure, the upward pressure exerted by the mei]cury (;E ttl::: t;t;z
at D is equal to the downward pressure p, exerted by the atmosphere

surface C. But

pressure at D = pgh
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a

where p is the density of mercury. Hence at D, the atmospheric pressure is given by
Pa = pgh

For mercury, p = 13.6 x 10° kg/m®, hence the height of a mercury barometer
corresponding to an atmospheric pressure of 101.3 kN/m? is given by
= Pa
pg
101.3 x 10°
13.6 x 10° x 9.8

=076 m or 76 cm or 760 mm

Thus the pressure of the atmosphere is 101.3 kN/m? or 760 mm of mercury.

19.7 Measurement of gauge pressure

Gauge pressure is pressure measured above that of the atmosphere by a pressure gauge
or manometer. Hence the absolute pressure is the sum of the gauge and atmospheric
pressures,* thus:

absolute pressure = gauge pressure + atmospheric pressure

The simplest type of manometer is the piezometer tube, which is an open tube fitted
into the top of the vessel containing liquid, whose pressure is to be measured, Fig.
19.8. If the vessel contains liquid under pressure, the free surface of the liquid in
the open tube will rise to a height & above the centre line of the vessel. The gauge
pressure is:

p = pgh

* All pressures stated in this book denote absolute pressures unless otherwise stated. Atmospheric
pressure is normally taken as 101.3 kN/m? (1.013 bar). For large pressures the unit used for
atmospheric pressure is the atmosphere = 101.3 kN/m’.

e
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—

/

Fig. 19.8 Piezometer tube

The height A is known as the pressure head and is often expressed in metres, centimetres
or millimetres of water. For example, a head of 10 mm of water corresponds to a

pressure given by
p = pgh = 1000 x 9.8 x (10 X 1073) = 98 N/m?
Atmospheric pressure, 101.3 kN/m’>, is equivalent to a head of water given by

h:-p—=Mz10.4m

0g 1000 x 9.8
A pressure head is often expressed as an equivalent head of water. Thus a head of
2 cm of oil of relative density 0.8 is equivalent to a head of 2 X 0.8 = 1.6 cm of water.

19.8 Measurement of pressure differences

The pressure difference between two pipes containing a.liquid may be measured by
an inverted U-tube, formed by two piezometer tubes combined, Fig. 19.9. The pressure
difference is measured by the distance & between the two liquid le\fels. For e).(ample,
if the pipes and tube contain oil of relative density 0.8, a difference in head
h of 10 mm corresponds to a pressure difference of

pgh = (10* x 0.8) x 9.8 x 0.01 = 78.4 N/m?

Fig. 19.9 Inverted U-tube

The upper part of the tube is fitted with an air vent. By adjusting this vent the levels
in the arms of the tube may be brought to a convenient part of the scale, whatever



396 Applied mechanics

the pressure difference may be. The U-tube is more usually used to measure difference
of pressure at two points in the same pipe, e.g. friction loss.

19.9 Total thrust on a vertical plane surface

Consider a plane surface of area A immersed vertically in a liquid of density p. The
pressure on one side of the surface is normal to the surface and gives rise to a resultant
force or thrust on that side, Fig. 19.10.

Water line o]
Y
le b ol
x
x .
— _dx
D E f
y
G

Fig. 19.10

Pressure p on one side of thin strip DE at depth x = pgx

Area of strip of breadth b, thickness dx = b X dx
force on strip = p X b dx
= pgx X bdx
= pgbx dx
therefore total force F on area A = gp gbxdx = p gg bx dx

But \bx dx is the total moment of area 4 about an axis through O in the water surface
and 1t is equal to A X %, where X is the depth of the centroid G of the plane surface
below the water line. Hence

F=pg X A% = pgA %

Thus the total thrust on an immersed plane vertical surface is proportional to the depth
of the centroid of the wetted area below the free surface. Note, however, that the
line of action of the total thrust does not pass through the centroid but through a point
called the centre of pressure, which has yet to be found.

19.10 Centre of pressure

The centre of pressure is the point of application of the resultant force due to liquid
pressure on one face of an immersed surface. To determine the depth ¥ of the centre
of pressure we use the principle of moments. The sum of the moments about the water
surface O—O (Fig. 19.11) of the forces on all the thin strips such as DE must equal
the moment F X ¥ of the resultant thrust F about O—O.
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Fig. 19.11

Force on strip DE = pressure X area of strip

or dF =p x bdx
= pgx X bdx, since p = pgx
Moment of this force about 0—O = dF X x
= pgxb dx X x
= pgx’b dx

Therefore, total moment about 0—0 = pgxzb dx and this is equal to the moment
F x y of the resultant force F about O—O. Hence

Fxy= pggxzb dx, since pg is a constant

But szb dx is the total second moment of area I, of the area 4 about O—0, so that
Fxy=pg xlIo

Now F = pgA%, where % is the distance of the centroid G below O-0O. Thus

AX
second moment of area about 0—0
first moment of area about 0—O

Note that this refers to wetted area only. This last expression is conveniently rewritten
'~ as follows:

Let I = second moment of area 4 about axis through G parallel to water
surface 0—0

= Ak?
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where k is the corresponding radius of gyration. Then the parallel axis theorem for

second moments of area states:
Io = Ig + Ax?
Hence

Io
Ax

Ig + Ax?
Ax

}‘):

k2
=T+X_

x
Thus the distance of the centre of pressure C below the centroid G is

GC =

- X

~<

|7

This expression tends to zero as the distance ¥ becomes very large. Hence the centre
of pressure is always below the centroid of the wetted area, but tends to coincide
with the centroid at very great depth.

The second moment of area I and the corresponding k? for rectangular and
circular areas are shown in Fig. 19.12.

|<_"_.1,

oo b xd*
ar = ¢ s = o4
d2 d2
2
Kk = 12 kz_ 6
Fig. 19.12

Example A lock gate has sea-water to a depth of 3.6 m on one side and 1.8 m on the other.
Find (a) the resultant thrust per metre width on the gate, (b) the resultant moment per metre
width tending to overturn the gate at its base, Fig. 19.13. Density of sea-water = 1.03 Mg/m’.
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36m

)

0.6

1.8 m

m

Fig. 19.13

SOLUTION
On left-hand side:

depth of centroid, X =
total force F, from left to right =

1.8 m
pgAx

= (1.03 x 9.8) x 3.6 x 1 x 1.8

Depth of centre of pressure, y =
where k=
Therefore y =

65.4 kN/m width
k2
X+ —
X
d2
12
3.6
12

= 1.08 m?

.0
18+ 8
1.8

2.4 m

Thus the total thrust on the left-hand side acts at 1.2 m from the base. Moment of total force

about the base is:
65.4 x 1.2 = 78.5 kN m/m width

Similarly, on right-hand side:

=09m
F, =103 x 9.8 x 1.8 X 1 x 0.9 = 16.4 kN/m width
1.82 1
y =09 + X — =12m
y=094 T X 0o
moment of force F, about base = 16.4 x 0.6
= 9.84 kN m/m width
resultant thrust (from left to right) = F|, — F,
= 654 — 16.4
= 49 kN/m
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net overturning moment = 78.5 — 9.84

= 68.7 kN m/m width, clockwise

Example A fuel tank contains oil of relative density 0.7. In one vertical side is cut a circular
opening 1.8 m diameter closed by a trap door hinged at the lower end B (Fig. 19.14) and held
by a bolt at the upper edge A. If the fuel level is 1.8 m above the top edge of the opening,
calculate (a) the total force on the door, (b) the Jorce P in the bolt, (c) the force on the hinge.

0.7 x 1 = 0.7 Mg/m?
1.8 +09=27m
pgAx

0.7 x 9.8 X % X 1.82 x 2.7

47.2 kN

0.075 m

P x 1.8 =472 x (0.9 — 0.075)

P = 21.6 kN

X
A H
G
-—*F [}
B
Fig. 19.14
SOLUTION
(a) Density of fuel, p
Depth of centroid of door, %
therefore total force F on door
(b)  Depth of centre of pressure C below centroid G
k? d?
T x 161
2
therefore GC = —L
16 x 2.7
Moments about hinge B: P X AB = F x CB
therefore
()  Resultant horizontal force on hinge

= water thrust — bolt force
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F-P
=472 - 21.6
25.6 kN

Problems

1.

A tank 1.2 m high, 0.9 m wide and 2.4 m long is filled with water. Find the total force
and the position at which it acts for (@) an end, (b) a side, (c) the base.
((a) 6.35 kN at 0.4 m above base; (b) 16.95 kN at 0.4 m above base;
(¢) 25.4 kN at midpoint)
A lock gate is of rectangular section 7.2 m wide. The depth of water on the lower side
is 2.4 m, the depth on the opposite side is A metres. The maximum allowable resultant
thrust is 1.5 MN. Calculate the maximum value of A if this thrust is not to be exceeded.
(6.95 m)
A sluice gate 0.9 m wide, 1.8 m deep, weighs 3.5 kN and works in vertical guides.
The water surface on one side of the gate is 0.3 m below the upper edge of the gate.
If the coefficient of friction between the gate and the guides is 0.4 find the force required
just to lift the gate.
(7.47 kN)
A dock gate 18 m wide has sea-water of density 1.03 Mg/m? to a depth of 6 m on one
side and 3 m on the other. Find (a) the resultant thrust on the gate, (b) the resultant
moment tending to overturn the gate about its lower edge.
(2.45 MN; 5.72 MN m)
A dock gate 6 m high and 9 m wide is pivoted at its base A and held vertical by a cable
at the top of the gate, Fig. 19.15. There is a total depth of 3 m of salt water of density
1.03 Mg/m® on one side of the gate. Find the tension in the cable.
(79 kN)

Fig. 19.15

6.

A tank of water has vertical sides and a rectangular opening in one end. The opening
is covered by a door hinged along its top edge A (Fig. 19.16) and held by four bolts
at the lower end B. The opening is 0.6 m wide and 1.5 m deep and the hinge at A is
1.2 m below the water surface. Find (a) the depth at which the resultant water thrust
acts on the door, (b) the load on each bolt, (c) the load on the hinge at A.

(2.05 m; 2.42 kN; 7.52 kN)



402 Applied mechanics

12.4 m
Fig. 19.16 _
126 m

Fig. 19.17

T

Fig. 19.18

7. A tank with vertical sides contains oil of relative density 0.8 to a total depth of 1.8 m.
A hole 0.6 m diameter is covered by a trap door, the lowest point of which is level with
the base of the tank. Find (@) the total thrust on the door, (&) the depth below the surface
of the line of action of this thrust.

(3.33 kN; 1.515 m)

8. A vertical dock gate of rectangular section 2.4 m deep and 1.2 m wide pivots about a
hinge at its lower edge. It is held in position by four 12 mm diameter cables attached
to its upper edge. The cables are at 45° to the horizontal. If sea-water has a density
of 1.03 Mg/m3, calculate (a) the maximum thrust on the dock gate, (b) the stress in
the cables, (c) the vertical and horizontal forces on the hinge.

(34.9 kN; 36.4 MN/m?; 11.63 kN; 23.3 kN)

9. A concrete reservoir dam has a vertical face on the water side and dimensions as shown,
Fig. 19.17. The top water level reaches 2.4 m below the crest of the dam. Find the
magnitude of the resultant thrust per metre run on the base (@) when the reservoir is
empty, (b) when the reservoir is full. State in each case where the line of action of the
resultant thrust cuts the base. Density of concrete, 2.4 Mg/m?.

(1.69 MN; 2.6 m from B; 1.86 MN, 4.53 m from B)
10.  Fig. 19.18 shows a pivoted sluice gate of mass 1450 kg covering a rectangular opening
0.9 m by 0.9 m. The pivot of the gate is 1.2 m above the base of the opening. The gate
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is just about to open when the head of water is 1.35 m above the base of the opening,

Find the distance of the centre of gravity of the gate from the pivot.
(415 mm)

19.11 Inclined surface

The method of finding the total force on an inclined surface, and the_ depth.of the
centre of pressure, is similar to that for the vertical surface. The variable distance
x is now measured along the plane of the incline however, Fig. 19.19.

i
|
|
|

Fig. 19.19

Consider element DE of the inclined plane, distant x from the water lipe 0-0,
x being measured along the incline. The pressure p on the element at vertical depth

AB is given by
p =pg X AB
= pg X xsin @
where @ is the acute angle made by the plane with the water surface.
Force dF on the element = p X area of element
pgxsinf X bdx
pgbx sin 8 dx

where b is width of element and dx = thickness of element.
| dF

= g pghx sin 6 dx

= pg sin 0 S bx dx

But { bx dx = total moment of area A about 0—0 = A4 X X where £ is the distance
OG of centroid G from O—O and A is the area of wetted surface. Therefore

Total force F on surface

F = pgAx sin 0
Now £ sin 8 is the vertical depth h of centroid G below O—-O. Thus
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F = pgAh

The total force on the inclined surface is determined by the vertical depth & of the
centroid. The force is, however, normal to the surface at C, the centre of pressure.

19.12 Centre of pressure for inclined surface
Referring to Fig. 19.19,
force dF on element DE = pgbx sin 6 dx
moment of force dF about O = dF X x

= pgbx? sin 0 dx
Sp gbx? sin 6 dx
= pg sin 0§ bx? dx
= pgsind X I,

and total moment about O

where 1o = {bx? dx = total second moment of area A about water line O—O. The
total moment exerted by the elementary forces is equal to the moment of the resultant
force F about O, i.e.

pglosind = F X §

where y is the distance OC of centre of pressure C from O, measured along the inclined
surface. But

F = pgAxsin 6
hence pglpsin@ = pgdisinf x y
I
thus y = -2
Y Ax

From the parallel axis theorem
Io = Ig + A%* = A(K® + %)

where Ig is the second moment of area about the centroid G and k the radius of
gyration about G. Therefore

}_’=A(k2+x2)
Ax
2
or y=x+k;—

which is the same as for a vertical surface. Note, however, that £ and y are now
measured along the inclined surface. 1t follows that the distance GC of the centre
of pressure from the centroid of area is given by
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Example In Fig. 19.20, QR represents a trap-door, 3 m wide and 2.4 m deep, in the side
of a water tank. It is pivoted at Q and held against water pressure by eight bolts at R. Calculate
the force in each bolt. The water level is 1.8 m vertically above R.

o}
— | =
o
o
E —
«
Fig. 19.20
SOLUTION )
The vertical depth of centroid G of wetted surface OR is 0.9 m and the area of wetted surface is
4= _1'8 X 3 = 6.23m?
sin 60°
Total force F on surface OR = pgAh
= 1000 x 9.8 x 6.23 x 0.9
= 55200 N

The distance % of centroid G of wetted surface from water level O—O is

0.9
sin 60°

= 1.04 m

For wetted area,
dz
12

_i< 1.8 >2
12 \'sin 60°

0.36 m?
Distance GC of centre of pressure C from centroid G is

2
K_ 036 _ 0.347m
1.04

k2

b

QC

I

QO + OG + GC
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= <2.4 - .1'8 > +1.04 + 0347 =1.71m
sin 60°

If P is the force in each bolt then, taking moments about hinge Q,

8P x 2.4 = 55200 x QC
55200 x 1.71

hence P = 4920 N = 4.92 kN
Problems
1. A dam face is inclined at 50° to the water surface. The dam is 18 m wide and the depth

of water 6 m. Calculate (a) the total force on the dam face, (b) the depth below the
water surface at which the resultant force acts.
(4.14 MN; 4 m vertically)
The side of a tank makes 45° with the water surface. A trap-door 0.3 m diameter is
hinged at a point 0.9 m below the water surface and bolted against the water pressure
at the lowest point of the door. Calculate (a) the force in the bolt, (b) the load on the hinge.
(356 N; 340 N)
A tank of oil of relative density 0.8 contains a rectangular trap-door 3 m wide and 2.4 m
deep. The door makes an angle of 110° with the line of the oil surface and is hinged
at a point 0.6 m vertically below the surface. If the door is held against oil pressure
by four bolts along its lower edge, find the force in each bolt.
(14.85 kN)

Chapter 20

Fluid in motion

The science of a fluid in motion is most conveniently studied using energy methods.
It will be found that, in addition to potential and kinetic energy, a fluid may possess
pressure energy by virtue of the work done in introducing it into a container under
pressure. The fluid will be assumed to be an incompressible liquid; the flow of a
compressible gas is not considered.

20.1 Pressure energy

Consider a tank of liquid with free surface at B, Fig. 20.1. We calculate the work
done in introducing an additional volume of liquid at level A into the tank against
the pressure p at A. The liquid is to be forced into the tank by means of a small piston
of area a; the head h of liquid (and thus pressure p) is assumed constant while this
is done. The area a is assumed small enough for pressure p to be considered uniform
across the face of the piston. Friction between the piston and cylinder is neglected.
The force on the piston,

F=pXa
Free surface | g
h
HB
P

R \
A= r
Hy c X Area 8
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The work done in small slow displacement x is:
FXxXx=paxx

Since, if the piston is released, both liquid and piston would be forced out by the
liquid pressure, this work is not lost but is recoverable. It therefore represents energy
possessed by the liquid forced into the tank, i.e. pressure energy.

Volume of liquid entering tank = area of cylinder X length

=a X x

Mass of liquid entering tank = density X volume
=p X ax
Hence, the pressure energy possessed by unit mass of liquid is:

work done on liquid pax
mass of liquid pax

=P

P

Working in base units — newton, kilogram, metre and joule — the units of pressure
energy per unit mass are J/kg. The pressure energy per unit weight is p/pg, the units
are J/N or metres and this quantity is termed the pressure head. If a liquid is under
pressure p, h is the equivalent static head of liquid which produces the same pressure.

20.2 Potential energy
Since pressure at depth 4 is

P =pgh

then h=—-2— and gh=£
rg P

When measuring potential energy, a datum level is required; we will take level A
as datum. Now, since p/p is the pressure energy per unit mass, the quantity gh must
also represent energy. It is in fact equal in magnitude to the work done against gravity
in raising unit mass of the liquid slowly from A to B, Fig. 20.1. In rising from A
to B a particle of liquid of unit mass would gain potential energy of amount 1 X
gh. In falling from B to A it would lose potential energy and gain a corresponding
amount of pressure energy. Similarly, the head & represents energy per unit weight,
i.e. h is the potential energy per unit weight of liquid at B. Thus potential and pressure
energy may be converted one into the other, i.e. in a liquid at rest:

potential energy + pressure energy = constant

i.e. h + £ = constant, per unit weight
P8
and gh + £ — constant, per unit mass

o
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In any change, a gain in one term will be balanced by a correspond?ng loss in the
other, to keep the sum of the two constant. Thus at level B, the potentlaI' energy (pc?r
unit weight) is 4 and the pressure energy is zero; at level A, the potential energy 1is
zero and the pressure energy is i, where h is the height measured above a convenient
datum position.

The units of potential energy are the same as those of pressure energy.

20.3 Kinetic energy

Now let the piston of Fig. 20.1 be removed so that liquid may flow freely from the
opening (orifice) at A. Consider a particle of unit mass falling freely from the free
surface at B to level A and then escaping with velocity v. The potential energy lc?st
by the particle in falling is balanced by the kinetic energy gained in attaining a velocity
v just outside the tank at A.
Potential energy lost per unit mass = gh
Kinetic energy gained per unit mass = %—vz
Potential energy lost = kinetic energy gained

u2

1.€. 8 >

v?

h=—

therefore 22
or v = v (2gh)

Hence there is now an interchange of potential and kinetic energy, h is the potential
energy per unit weight therefore v2/2g is the kinetic energy per unit weight and is
termed the velocity head. If a liquid has a velocity v, then h is the equivalent head
of static liquid to produce this velocity at an opening.

20.4 Interchange of pressure and kinetic energy

It is not necessary for any particle to have actually fallen from B to A before flowing
from the orifice. If already at the level A it will possess pressure energy plog al.’ld
this in turn may be converted into kinetic energy on escaping. Thus we may write
(per unit weight):

pressure energy lost = kinetic energy gained
2
or p_v
pg 28
This assumes that p is the pressure measured above that of the atmosphere outside
the jet of liquid at A, i.e. the gauge pressure. This is usually the case.
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20.5 Bernoulli’s equation (conservation of energy)

We have seen that, for an incompressible liquid in motion, there are three forms of
energy to be considered:

. pressure energy, p/pg;
kinetic energy, v2/2g;
. potential energy, H, per unit weight;

and there may be an interchange between any of these forms of energy. This is
expressed by Bernoulli’s equation which states that, for a liquid in motion:

pressure energy + Kkinetic energy + potential energy = constant

or, for unit weight of liquid,
2

2 Y 4 H = constant [1]
7 4
and, for unit mass of liquid,
2
LA gH = constant [2]
p 2
or p ++pv’ + pgH = constant 3]

where the height H is measured above an arbitrary datum level. In calculations
engineers find it useful to deal with ‘heads’, i.e. pressure head, p/pg, velocity head,
v2/2g, and head (height of liquid) H. Note that p is the gauge pressure.
Bernoulli’s equation shows that a ‘loss’ or reduction in one term is always balanced
by an increase in one or both of the other energy terms. Thus a drop in pressure p
may accompany a corresponding increase in height H, or in velocity v. In eqn {3],
p is referred to as the static pressure and the quantity %pv2 which is a pressure arising

from the velocity is called the dynamic pressure. The equation holds in the above
form provided:

there is no loss of energy by friction or leakage
. the flow is steady

Bernoulli’s equation is a statement of the principle of conservation of energy for the
particular case of a liquid in steady motion.

20.6 Pipe flow: equation of continuity

If subscripts 1, 2 denote two points A, B, respectively, in a pipe, Fig. 20.2, then
for a liquid flowing in the pipe from A to B, Bernoulli’s equation is

y 2 2
ﬂ+_")_l_+H|=&+_UZ_+H2
rg  2g g 28

or p; + ¥pvi + pgH, = p; + $pv} + pgH,

This equation alone is usually insufficient to solve problems on pipe flow. We must
find a second equation based on a liquid being incompressible. The volume of liquid
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H,

Datum

Fig. 20.2

passing any section per second must therefore be'the same. Df:noting the cross-sectional
areas of the pipe by 4, and A, the volumetric flow is given by
Q = Aw; = A
vy _ Ay
v A
This is known as the equation of continuity and, when the pipe dimensions are known,

gives the ratio of the velocities at any two points in the pipe. Th; equatipn states that
the velocity of flow is inversely proportional to the area of pipe section.

or

20.7 Flow rate

The volumetric flow rate is
Q = Av

The corresponding mass flow rate per second is
m=p X @ =pAv

where p is the density of the liquid. _
The weight of liquid flowing per second is pgAv.

For water Q(m’/s) = Q x 10° litres/s
and m=Q x 10° kg/s = Q Mg/s

since the density of water is 1 kg/litre.

20.8 Variation in pressure head along a pipe

Figure 20.3 shows the pressure head at two points A and B of an inclined pipe co.nne?cte‘d
to an open tank and containing liquid at rest. The pressure head of the liquid 1s
measured by the head & in the piezometer tubes, since

h=2

PE
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Fig. 20.3

The total head of liquid at the free surface in the tank is H, and at point A the potential
energy is H;. Since the liquid is at rest the difference H — H, corresponds to the
pressure head, &, and for point B the difference H — H, corresponds to &,. Hence

H=H|+hl=H1+&
124

=H, +hy=Hy +22
P8

Figure 20.4 shows the corresponding piezometer head levels for a flowing liquid
in a pipe of uniform section. Since the pipe has constant area of section, the velocity
v and, therefore, the velocity head v?/2g, is constant along the pipe. Neglecting
friction and losses, the total energy is the same at all points along the pipe. If the
liquid in the tank is assumed at rest, then Bernoulli’s equation is

energy at free surface = energy at A = energy at B

2 2
i.e. H=H1+&+U—=H2+&+v_
g 2g og 28

1 Datum

v

Fig. 20.4

Figure 20.5 shows the variation in head along a horizontal diverging pipe connected
to a cylinder of liquid at constant pressure p. Since the area at B is greater than that
at A, the velocity head v2/2g decreases between A and B and the pressure head h
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Fig. 20.5

shows a corresponding increase. As before, the total energy remains constant along
the pipe.

Example Oil flows along a horizontal pipe which varies uniformly i{l section frozm 1(010 mr;
diameter at A to 150 mm diameter at B. At A the gauge pressure Is 126 kN/m* a latt.
140 kN/m?. Find the flow rate in litres per second and kilograms per second. The relative
density of the oil is 0.8.

SOLUTION

T 012 = 7.854 x 1073 m?

Area of section at A 4

Ll -3 2
and  area of section at B = " x 0.152 = 17.7 x 107’ m

From equation of continuity,

v A2
vy A,
17.7
= X vy, = 2.25v,
therefore v, = 854 2

Density of oil, p = 0.8 x 1,000 = 800 kg/m®. Applying Bernoulli’s theorem to points A
and B,
po vt _p2 ¥
g 28 p8 28
2
126 x 10° + v} _ 140 x 10° LY
800 x 9.8 2 x9.8 800 x 9.8 2 x98

i.e.

thus v} —-v3i=35

Substituting for v, in terms of vy
(2.25v,2 — v3 =35

i.e. v, = 2.94 m/s

Therefore Q = Ay,
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17.7 x 10-3 x 2.94
0.052 m3/s = 52 litres/s
The mass of one litre of oil is 0.8 kg, therefore

mass flow rate = 52 x 0.8 = 41.6 kg/s

E:xample. Water flows down a sloping pipe which has one end 1.3 m above the other. The
Dipe section tapers fror.n 0.9 m diameter at the top end A t0 0.45 m diameter at the lower end
B. The flow of water is 9 t/min. Find the difference in pressure between A and B,

SoLuTION

Area of pipe at A = % X 0.9 = 0.637 m?

and  area of pipe at B = _41r_ x 0.452 = 0.159 m?

m = 9000 kg/min
therefore Q = 9000 litres/min

9000 x 10-3
60

= 0.15 m%/s

From equation of continuity,

m3/s

Q=4 = Ay,
i.e. 0.15 = 0.637v; = 0.159%,
therefore v, = 0.235 m/s
and vy = 0.944 m/s
Applying Bernoulli’s equation,

)4 02 2
H+5 + dopg 4 P2 Y

rpg  2g g 28
i.e. 1.3 + P 0.23 =0+ Py 0.944°
1000 x 9.8 2 x98 1000 x 9.8 2 x 9.8
thercfore P2 — p; = 12 330 N/m?
= 12.3 kN/m?

Problems

1. A tank con.tains oil of .relative density 0.85 to a depth of 2.4 m. It discharges through
:1h 25d;m;11a dlam.etTr straight pipe at a point 6 m below the bottom of the tank. Calculate

e discharge in litres per second and tonnes per hour and also find the oi
a point half-way along the pipe. e e ol pressure &
) . ‘(6.28 litres/s; 19.25 t/h; —25 kN/m? gauge or 76.3 kN/m? abs.)
. The diameter .of apipe ta;?ers gradually in the direction of water flow as the level drops
9 m from point A to point B. At A the gauge pressure is 210 kN/m? and the pipe
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diameter 200 mm; at B the diameter is 100 mm. What is the pressure at B when the
flow rate is 72 litres per second?
(259 kN/m? gauge)
3. A horizontal pipe tapers gradually from 150 mm to 300 mm diameter in the direction
of flow. At the narrow section a pressure gauge reads 140 kN/m?. At the wide section
the pressure is 280 kN/m?. Neglecting losses, calculate the flow rate of water in cubic
metres per second, litres per second and tonnes per hour.
(0.306 m®/s; 306 litres/s; 1102 t/h)
4. Oil of relative density 0.9 flows through a horizontal pipe which reduces smoothly from
75 mm to 50 mm diameter. If the gauge pressure at these points is 70 kN/m? and
49 kN/m?, respectively, find the velocity at the larger diameter and the flow rate in
tonnes per minute.
(3.4 m/s; 0.81 t/min)
5.  Oil of relative density 0.8 flows at the rate of 216 litres/s through a falling pipe which
tapers gradually in the direction of flow. The diameter at a point A is 0.6 m and at a
point B, 3.6 m vertically below A, it is 0.3 m. The gauge pressure at A is 84 kN/m?.
Calculate the pressure at B.
(109 kN/m? gauge)

20.9 The flow of real fluids

So far we have assumed the fluid to be perfectly frictionless and the pipe walls to
be perfectly smooth. A frictionless fluid would flow as in Fig. 20.6, each layer
travelling in a smooth path without interference from adjacent layers. Such a smooth
regular flow is called laminar or streamline. In practice we have to consider the effects
of both fluid friction and pipe wall friction.

//—,\\ Entry
Fig. 206 Fig. 20.7

20.10 Viscosity

The viscosity of a liquid is the internal resistance to a change of shape. Typically viscous
liquids are treacle, glycerine and thick oils; all liquids are viscous in some degree.

20.11 Flow at low velocities

Consider now a viscous liquid entering smoothly and slowly into a pipe. Owing to
wall friction, liquid sticks to the wall surface, forming a boundary layer which is at
rest relative to the pipe, Fig. 20.7. Owing to the viscosity of the liquid, a drag force
or shear stress is exerted on the remainder of the moving liquid by the boundary layer.
The velocity of the liquid outside the boundary layer is, however, roughly uniform
across the pipe, decreasing within the boundary layer to zero at the pipe wall.
As the liquid continues down the pipe the boundary layer thickens until it completely
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4

Fig. 20.8

fills the pipe. Tl'1e flow is now said to be fully developed; this occurs at a distanc
ec']ual. to a few pipe diameters from the entry. The distribution of velocity across th:
pipe is now parabolic in form, Fig. 20.8. Note, however, that viscous flow is still
regular, i.e. streamline or laminar. The viscous drag forces in the liquid involve
loss of pressure and thus a drop in pressure head along the pipe. This drop in pressur:

%s proportional to the mean flow velocity

is propprtional to the length of pipe

varies inversely as the square of the pipe diameter
is greater with more viscous liquids

is independent of pipe roughness

Xlscous.ﬂo.w of this nature occurs with very viscous oils at low speeds and with
ordinary liquids such as water when the pipe diameter is very small indeed.

N 2 2 o
o~ 9 pusilyg
gtV st

@ ® ©
Fig. 20.9

20.12 Onset of turbulence

{\t high veloc‘ities the liquid flow loses its regular streamline form and takes on an
1r1:egllar motion. Figure 20.9 shows the effect of flow velocity on the motion of a
Fhm stream of dye injected into water flowing in a pipe. In Fig. 20.9(a) the velocit
is lo.w, .the flow laminar and the dye flows as a thin thread. At a higher velocit )
the llquxq takes on a sinuous wavy motion as shown by the dye, Fig. 20.9(b). F inally’
at sgfﬁcxently high velocities, the dye thread breaks up and takes or; the 'irre ulz;
motlon.of th'e qlain flow. This irregular motion is called furbulence, Fig. 20 %(c)
For a glven.hquld and pipe diameter, there is a critical velocity above wl’1ich t.urbu.lencé
sets in. This cri.tical velocity increases with the viscosity and density of the liquid
:r:.il dwe(:l:ease's w.1th the pipe diameter. That is, turbulence is more likely with liq?Jids
o lg m\;l'u:zs;tyzlsn Ilr;alrfed El::lx;f:r ;gfs For water this critical velocity would be about
Turbulence arises from the initial presence of a boundary layer; liquid near th
boundary tends to drag behind the main stream to disturb a uniform flow. On :
turbulence has set in the viscosity of the liquid is no longer of great importance La e(;s
of liquid near the pipe wall still adhere to it however, even though the liquid is tu'rbul);nt'
a laminar boundary layer remains but is thinner than in viscous flow. When the pipc;
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surface roughness is such that the irregularities are larger than the boundary layer
thickness then pipe roughness becomes important.

20.13 Pressure loss in turbulent flow

The drop in pressure head due to turbulence does not obey the same laws as in viscous
laminar flow. The loss is now:

proportional to the square of the mean velocity

proportional to the length of pipe, as before

inversely proportional to the pipe diameter

nearly independent of liquid viscosity, but does depend on pipe roughness

In most practical pipeline applications turbulence may usually be assumed to occur.
This is almost always the case for water flow. Note that the pressure loss in turbulent
flow is much greater than that for viscous laminar flow.

20.14 Eddy formation

The retarded boundary layer formed at the pipe wall as a result of pipe friction and
liquid viscosity can — under certain conditions — give rise to the formation of eddies
or vortices. Eddies occur at a discontinuity in the pipe surface, such as a sudden
enlargement or contraction, rapid increases in pipe diameter, sharp bends and valves.
At a discontinuity of section or obstruction the boundary layer breaks away from the
pipe surface to form the eddy, with a consequent further loss of pressure at the
obstruction, Fig. 20.10. The reader may compare this effect with his experience of
a wind gust behind a rapidly moving vehicle.

Although eddies may be formed whether the flow is initially laminar or turbulent,
turbulence of any sort in the oncoming liquid tends to promote the onset of eddies.
The latter may perhaps be thought of as a turbulence on a larger scale, but localized
near the obstruction. The formation of eddies involves a further source of pressure
loss which is proportional to the square of the mean liquid velocity. Eddy formation
at an enlargement in a pipe is prevented by allowing the pipe to open out only very

999%” 1292+~
_ leean,

Fig. 20.10
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gradually. Similarly the provision of smooth changes of section (streamlining) at the
downstream side of an obstruction helps to reduce eddies and the loss of pressure.

20.15 Energy of a liquid and pressure loss

Figure 20.11 shows the effect of pressure loss due to friction on the pressure head,
for liquid flow through a uniform horizontal pipe connected to a reservoir at constant
pressure p. Since the area of cross-section of the pipe is uniform, the velocity head
v%/2g is uniform along the pipe. The head A lost in friction is given by:

hi=h; — h,
or hl—hf=h2

More generally we can say that:

energy lost in friction

total energy at A] —
[ & ] [ between A and B

} = total energy at B

2 2
i.e. H] +p_l+ﬂ-—hf=H2+p_2.+ﬁ
g 28 g 28
vi v%
or H +h +—=—hy=H, +hy +=
2 2g
p - - "~~l 2
h=— —— v?
g h, , “‘ng
2
P
= - = - —
\/ ' ) ’
Fig. 20.11

This is Bernoulli’s equation per unit weight of liquid modified to allow for friction
loss in the pipe-line. The mechanical energy ‘lost’ reappears, of course, as heat. Note
that the energy quantities in this equation refer to unit weight of liquid. The actual
energy per second is found by multiplying each term by the weight of liquid flowing
per second. Thus, for example, A is the head lost in friction in metres and if m is
the mass rate of flow of liquid per second, then the weight of liquid flowing per second
is /g, and hence the energy lost in friction per second, i.e. the loss of power, is given by

mgh¢l/s or ighy W
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Example A 50 mm diameter pipe-line Jfalls a vertical distance of 30 m from an open oil res'ervoir
and discharges into an open tank, Fig. 20. 12. The head of oil ab?ve the pipe .entrance isbm
and the loss of head due to pipe friction is 3.6 m. Calculate the discharge in litres per s.ec.ond
and in tonnes per hour. Relative density of oil is 0.8. What is the loss of power due to friction,
in kilowatts?

A
-

6m

. SR

\Y

Fig. 20.12

SOLUTION . '
Total head available, measured above pipe exit B:

= head at entry + fall of pipe — friction head
=6+ 30— 3.6

324 m

2

v
1 t 't = —
Velocity head at exi 2

The pressure at exit and at the free surface of the reservoir is atmospheric. Therefore there
is no change in pressure energy between A and B. Thus

kinetic energy at B = potential energy at A

— =324
and 2%
i.e. v =+ x 9.8 x 32.4)
=252 m/s

(This result may be arrived at directly by applying Bernoulli’s equation.)
The volumetric flow rate is given by

Q = Av

% x 0.052 x 25.2

= 0.0495 m*/s
= 49.5 litres/s

The mass flow rate,
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m = 49.5 x 0.8 kg/s
_ 49.5 x 0.8 x 3600 tonne/h
1000
= 142.5 tonne/h
Power loss due to friction = rgh,
= (49.5 x 0.8) x 9.8 x 3.61/s
= 1395 W
=1.395 kW

Problems

1. A horizontal pipe of 50 mm diameter connected to a cylinder of water at 210 kN/m?
gauge pressure discharges freely to the atmosphere. If the head lost in friction in the
pipe is 4.2 m, calculate the discharge in litres per minute.

2172)

2. Water is pumped up from a level A to level B, a vertical height of 11 m, through a pipe
tapered in diameter from 100 mm at A to 150 mm at B. The pressure head at A is 24 m
of water and at B 13.5 m. The friction loss of head between A and B is 1.5 m. Find
the discharge at B in cubic metres per second and the energy loss due to friction in watts.

(0.055 m’/s; 809 W)

20.16 Measurement of pipe flow rate: Venturi meter

The flow rate Q of liquid in a closed pipe is measured by a Venturi meter. This consists
of a constriction in the pipe line, Fig. 20.13. The pipe converges in the direction
of flow from the flange A to the throat B, and then diverges gradually to the full pipe
diameter at C. Manometer tubes are inserted in the pipe at A and at the throat B.
The rate of flow of liquid in the pipe is then proportional to the square root of the
difference in pressure or manometric head h between the pipe and the throat. This
is proved as follows:
Applying Bernoulli’s equation to points A and B, assuming no loss:

2 2
H+2 Y g P20
rg 28 rg 2
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and, since for a horizontal pipe, H; = H,, then

vi_vi_p_p
28 28 pg P8
but P2 h, the measured difference in pressure
g [2:4
2 2
hence —2 — YL —p 1
28 2%

The velocity v, at the throat B is obtained from the equation of continuity, i.e.

vdy = v14,

. 4,
ie. v, = v

A4;

Substituting for v, in eqn {1]:
(v 4/4)) — v

h
2g
A2
0 2<—'— - > = 2gh
r U] A% g
(A /A4y - 1

The required theoretical volumetric flow rate in the pipe is

Q,=A4; X vy

2 gh
=A1\/———i2—'
(A/A)” — 1

or 0, = CvVh

where C=A1\/———igz—
(A /A4y — 1

This quantity C is a constant for a given meter. The flow rate O, is therefore seen
to be proportional to the square root of the difference in head A between pipe and throat.

20.17 Coefficient of discharge for a Venturi meter

In practice, owing to friction in the convergent portion, the discharge from the pipe
is less than C v/ h. Due to friction, the pressure at the throat is reduced and # is then
greater than the theoretical value, giving a discharge rate which is too large. To correct
this, the theoretical value must be multiplied by a coefficient less than unity. The
coefficient of discharge C, for the meter is defined as the ratio:
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a
o
Fig. 20.14
actual discharge Q
theoretical discharge Q,
i.e. Cd = Q

CVh
and actual discharge, Q = C4 x C v h

C is usually about 0.97; for very small meters it may be as low as 0.9. The
discharge coefficient C, for a meter may be found experimentally by weighing the
actual discharge and hence calculating the flow rate Q, and at the same time measuring
the difference of head k. If Q is plotted against Vh,a straight line graph is obtained,
Fig. 20.14:

ab (4]
Slope = — = =

PE = T ~ W

0
and Cy =
¢ cVh

1 ab

= — X —

C bc

The constant C is determined from the dimensions of the meter.

Example The flow in a 600 mm diameter horizontal water main is measured by means of a
Venturi meter with a throat diameter of 300 mm. The difference in pressure between pipe and
throat corresponds to 250 mm of mercury. Find the flow in cubic metres per second if the
discharge coefficient for the meter is 0.99 and the relative density of mercury is 13.6.

SOLUTION

At pipe, A4, = % x 0.62 = 0.283 m?

At throat, A4,

% x 0.3 = 0.0707 m?
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2g
Constant C = 4, A A — 1

= 0.283 J ——(242’(_9'3
= 0.323 (m and s units)
250 mm of mercury corresponds to 0.25 X 13.6 = 3.4 m of water. Thus
Q=Cyx Cvh
=0.99 x 0.323 x V3.4
= 0.59 m%s

Problems
1. A Venturi meter has an inlet diameter of 100 mm and a throat diameter of 50 mm. What
will be the difference of head in metres of water between inlet and throat if the flow
rate is 15 litres/s of water? If the flow rate is doubled, what would then be the difference
in head?

(2.78 m; 11.12 m)
2. A Venturi meter is to be designed to measure a maximum flow rate of 400 t/h in a 150 mm
diameter pipe line, with a maximum difference of head between flange and throat of
3.6 m. Calculate the corresponding throat diameter required, assuming no losses. If the
throat diameter chosen is 100 mm, what would be the flow rate for a head of 3.6 m?
(116 mm; 0.074 m?/s or 266 t/h)
3. The measured discharge of water through a Venturi meter is 78 Mg/h. The inlet and
throat diameters are 120 mm and 55 mm respectively. The pressure drop between inlet

and throat is 42 kN/m?. Find the discharge coefficient for the meter.
(0.975)

20.18 Discharge through a small orifice

Liquid under a static head & is allowed to flow through an orifice, whose diameter
is small compared with the head, Fig. 20.15. The velocity v of the issuing jet is then
obtained by equating the pressure energy or head of the liquid in the tank to its kinetic
energy or velocity head at the jet. Thus, neglecting energy losses, the theoretical
velocity of flow v is given by

Fig. 20.15
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N

=h

& |

or v =V (Qgh)
If A is the area of the orifice, the theoretical flow rate Q,, is given by
Q. = 4 x V(2gh)

20.19 Coefficient of discharge for a small orifice

In practice, this flow rate is never achieved and we define a coefficient of discharge
C4 by the ratio

actual discharge Q
theoretical discharge @,
Q
A~ (2gh)
Thus the actual flow rate is
Q= C4 x AV(2gh)

The value of C4 is about 0.6—0.7. The value depends slightly on the head h and
on the shape and condition of the orifice. C, is increased by the use of a sharp-edged
orifice. Failure to attain the full theoretical discharge is due mainly to two reasons:

i.e. Cd =

1. The theoretical velocity is not achieved due to friction losses.
2.  The full area of the orifice is not utilized.

20.20 Coefficient of velocity

Since the liquid is in motion near the inside of the orifice, there will be a loss of head
due to friction between liquid and tank wall. The velocity of the jet will therefore

be slightly less than the theoretical value and the coefficient of velocity C, is defined
by the ratio

actual velocity of jet

theoretical velocity of jet

v

C, = ——-
Ve T g

20.21 Vena contracta: coefficient of contraction

Figure 20.16 shows a jet issuing from a sharp-edged orifice. The liquid in the tank
streams into the orifice as shown, with the result that each particle of liquid has a
component of velocity perpendicular to the jet axis at the opening. The effect is to
cause the jet to contract just after leaving the orifice. The section of the jet where
it first becomes parallel, and the area is least, is known as the vena contracta. The
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= ; IAreaa

Fig. 20.16

jet velocity therefore reaches its greatest value at the vena contracta. The ratio of
the area of the vena contracta to the actual orifice is termed the coefficient of contraction
C.

. area a of jet at vena contracta
ie. C. =

area A of orifice

a

A
Hence the effective area of the jet is
a=C.x A

The coefficient of contraction for small sharp-edged circular orifices is usually about
0.63-0.65.

20.22 Relation between the coefficients
The actual velocity of the jet is C, v/(2gh), hence the actual discharge,

Q = effective area X actual jet velocity

=a Xv

C.A xC,V(2gh)

C.C, x AN (2gh)

By comparison with the equation @ = Cq X 4 v (2gh) it is seen that

Cd=CCXCV

20.23 Power of a jet

If a jet has a velocity v, then the kinetic energy — the energy of motion — of a particle
of mass m is %muz. If /n is the mass rate of flow of fluid per second, then the energy
per second or power of the jet is %r‘nuz. Thus

1 2

power = 5 mv
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If p is the density of the fluid and a the area of cross-section of the jet, then
volume of fluid per second = area of section x velocity

and mass of fluid per second, mm = p X volume per second
= pav

2

hence power = 3 imv? = 1 pqp3

The units of power (energy per second) are joules per second, i.e. watts, when the
density p is in kg/m>, mass flow 7 in kg/s and velocity v in m/s.
When the jet flows from an orifice, the actual velocity v is given by C,v(2gh)
and the actual discharge 1 by
pCaAN (2gh) = p(C.A) x C,(2h)

where A is the area of the orifice.

Example A hydraulic machine is driven by a jet from a nozzle of 25 mm diameter in a water
main under a gauge pressure of 700 kN/m?. Neglecting any loss of energy find the power
supplied to the machine.

SOLUTION
3
Pressure head across machine, # = 70.;8+0010 =714 m

Velocity of jet, v = V(2gh)
=2 x 9.8 x 71.4)
= 37.4 m/s
Q=Av

= % X 0.0252 x 37.4

= 0.01835 mi/s
Mass of water per second, in = 0.01835 x 10? kg/s

2

Kinetic energy of jet = zlr'nu
= 3 X 0.01835 x 10° x 37.42
= 12 850 J/s
therefore power supplied = 1120(‘;30 = 12.85 kW

Example Water flows from an orifice in the side of a tank. The head of water above the centre
line of the orifice is 12 m and the opening is 30 mm diameter. The coefficient of velocity for
the orifice is 0.95 and the coefficient of discharge 0.6. Find the power of the jet.

SoLuTioN

Theoretical velocity = vV (2gh) = V(2 x 9.8 x 12) = 15.35 m/s
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Actual velocity, v = 0.95 x 15.35 = 14.55 m/s
Actual discharge, 0 = C44 v (2gh)

= 0.6 x % x 0.032 x 15.35

= 0.0065 m?/s

(Note that C, includes C,)
Mass flow rate, ;1 = 0.0065 X 103 kg/s

= 6.5 kg/s

Energy per second of the jet = 3 inv?

=3 X 6.5 x 14.552J/s
ie. power = 690 W

20.24 Experimental determination of orifice coefficients

The most easily obtained coefficient is Cy, the coefﬁci.ent of ('iischarge. It is found
directly by weighing the liquid discharged in a given time while the head h is kept
constant. The coefficient of velocity C, is found from the geometry of t-he jet.
Figure 20.17 shows a jet issuing horizontally from an orifice. {\t a point distant
y below the centre of the orifice, the distance of the centre of the jet f.rom the vena
contracta is x. We may assume each particle of liquid to act as a projectile, travelling

without interference from other particles. . . T
If v is the actual horizontal velocity at the orifice, then the distance x is given by

xX=u Oor v =

~ %

where 7 is the time of flight from A to B. ¢ is also the time taken for a particle to
fall freely a distance y from rest, hence y is given by

Fig. 20.17



428 Applied mechanics

Hence
X X

V= — =

t vV (2y/g)

=5 [ &
2y

The theoretical velocity = +/ (2gh)

hence C, = actual velocity
theoretical velocity
- v _ xVgny
v (2gh) v (2gh)
_ X
2V (yh)
Finally, the coefficient of contraction is obtained from the relation:
C
Ce= ¢

t()Jc may t3e ob.tained by direct measurement of the Jet diameter at the vena contracta
ut this is neither an €asy nor an accurate method.

5Ixahn:1ple A tank of oil. discharged through an orifice of 10 mm diameter. The measured
[-lsc rge was. 13.6 kg/rr.un when the head of oil in the tank was 1. 8 m measured from the centre
ine of the orifice. The jet issued horizontally, falling a distance of 330 mm in a distance of

1.5 m. The relative densi ] ] i ]
Lo The ensity of the oil was 0.76. Find the coefficients of discharge, velociry and

SoLuTION

Density of oil = 0.76 x density of water
= 0.76 x 1 kg/dm?
Discharge = 13.6 kg/min

therefore Q= 13.6 -3 m?
0.76 x 60 X 1073 mi/s

= 0.000298 m®/s
Q = Cy x AV(2gh)

where k is head of oil in metres.

thus 0.000298 = C, x % X 0.012V(2 x 9.8 x 1.8)
ie. Cy = 0.637
=%
Y 2Voh)
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_ 1.5
2(0.33 x 1.8)
= 0.975
Ci=C.xC,
therefore C. = 007 0.65
0.975

Problems
1. Atank of oil, of relative density 0.8, discharges through a 12 mm diameter orifice. The
head of oil above the centre line of the orifice is kept constant at 1.2 m and the measured
discharge rate is 16 kg/min. Calculate the coefficient of discharge for the orifice.
0.61)
2. Alarge tank contains water to a depth of 0.9 m. Water issues from a sharp-edged orifice
of 25 mm diameter and is collected in a circular tank of 0.9 m diameter. The water level
in the cylinder rises 600 mm in 5 min. Calculate the discharge coefficient for the orifice.
0.62)
3. A square section sharp-edged orifice is to discharge 90 kg of water per minute under
a constant head of 750 mm. Assuming a coefficient of discharge of 0.63, find the length
of the side of the orifice.
(24.9 mm)
4. A tank of water on level ground has a sharp-edged orifice in the side 400 mm from the
bottom. The coefficient of velocity of the orifice is 0.98. Find how far from the orifice
the jet will strike the ground when the head of water in the tank is 2.4 m above the orifice.
(1.92 m)
5. In an experiment on an orifice the following results were obtained: orifice diameter,
6.5 mm; discharge of water, 23.4 kg in 4 min; fall of jet, 300 mm in a horizontal distance
of 1175 mm; head of water above centre line of orifice, 1.2 m. Calculate the coefficients
of discharge, velocity and contraction.
(0.605; 0.98; 0.617)
6. A jet issues horizontally from an orifice under a head of 1.2 m. The ordinates of its
path, measured from the vena contracta, are 1.5 m horizontally and 525 mm vertically.
Obtain, from first principles, the coefficient of velocity for the orifice.
0.99)
7. A pressure vessel contains water at 2.1 MN/m? gauge pressure. A jet issues from a
nozzle of 50 mm diameter, having a coefficient of velocity 0.95 and coefficient of
discharge 0.65. Find the power of the jet.
(157 kW)
8.  Water flows from an orifice in the side of a tank. The head of water above the level
of the orifice is 3.6 m and the opening is 25 mm diameter. If the coefficient of discharge
for the orifice is 0.64 calculate the power of the jet.
93 W)

20.25 Impact of jets. Rotodynamic machinery

When a jet of fluid impinges on a plate or vane or passes a bend in a pipe, the effect
of the sudden change in the magnitude and/or direction of its velocity is to cause a
dynamic pressure or force to be set up. The average force exerted on the vane is found
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by applying Newton's second law which states that the rate of change of momentum
(or momentum per second) is equal to the applied force and takes place in the direction
of the force.

Prime movers such as the water wheel, Pelton wheel, steam and gas turbines, make
use of the energy of jets of fluid - gas, water, steam - impacting on a succession
of curved vanes or buckets attached to the periphery of a rotating rotor or impeller.
The change in velocity of the fluid, in magnitude and direction, passing over the moving
vanes is found from a relative velocity diagram for the flow at inlet and outlet to the
vanes. The assumptions made are that the flow is steady and that the area of section
of the jets is small compared to that of the vane. From the mass flow rate of fluid
over the vanes and its change in velocity, its rate of change of momentum can be
found and this is equal to a tangential force which produces rotation of the rotor. Thus
the fluid does work on the machine, making power available at the expense of its
own initial energy. Similarly, in rotodynamic machines, such as compressors, fans
and pumps, the rate of change of momentum over the vanes or blades is determined
in the same way but in these machines power is absorbed since the machine does work
on the fluid. In the author's Mechanical Engineering Science, these principles are
applied to the impact of jets on stationary flat and curved plates and a brief description
is given of steam turbines. For further work on fluids at rest or in motion and coverage

of rotodynamic machines, students are referred to advanced textbooks on fluid
mechanics.

Chapter 21

Experimental errors and the
adjustment of data

21.1 Experiment

The object of a student's experiment may be one or more of the following:

to verify a textbook theory

to carry out a standard industrial test, such as a hardness or tensile test

to determine the performance of a machine

to determine a physical constant, such as the acceleration due to gravity, the
discharge coefficient for an orifice or the modulus of elasticity of a metal

The object of the experienced investigator, however, might be to carry out an
experiment when an adequate theory is not known, to verify or reject a new theory
or to provide data on which a theory may be based. Whether student or experienced
investigator, however, the scientific method used is fundamentally the same, i.e.

to alter only one variable at a time
to test the experimental method to show that it is valid, i.e. actually measures
the effect it is designed to measure

° to test the reliability of the experiment, i.e. that the results are repeatable by
any competent investigator and free from errors

The scientist who subjects a theory to experimental test may often try to devise
an experiment to show that the theory is false rather than to show it is correct. The
engineer or the student will not usually go so far in expressing doubt. Nevertheless,
it is the discrepancy between theory and experiment that is often of greatest interest,
and the errors that are of greatest importance in testing the reliability of the experiment.
For example, a knowledge of the errors and of their source will often show how the
experiment may be improved.

21.2 Error and discrepancy

We distinguish between error and discrepancy as follows:
Error is the difference between a measured quantity and the true value. Since the
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true value is often unknown, the term ‘error' usually refers to the estimated uncertainty
in the result. If Ax is the absolute error in measurement of a quantity of magnitude
X, the relative error is defined as the ratio Ax/x. The percentage error is given by
Ax/x X 100 per cent.

Discrepancy is the difference between two measured values when errors have been
minimized, corrected or taken into account. For example, an experimental
determination of the ultimate tensile strength of a steel will often differ from that given
in a handbook. Nevertheless, since the properties of a steel may vary from batch to
batch, the experimental value may be the more reliable for the batch from which the
specimen was taken. Similarly a discrepancy may exist between an experimental and
a theoretical result. For example, the period of vibration of a spring-supported light
mass may differ from that calculated. A suitable graphical procedure may show that
a more advanced theory is required to take into account the mass of the spring.

Note, however, that we are not justified in suggesting a discrepancy between theory
and experiment, unless the sources of error have been fully investigated.

21.3 Classificationof errors

Errors may be of four kinds, each of which requires different treatment; they are:

. mistakes

. constant or systematic errors
. accidental or random errors
. errors of calculation
Mistakes

Mistakes are usually avoidable and are due to inexperience, inattentiveness and faulty
use of the apparatus.

Doubtful results should be repeated immediately if possible. For this reason, a graph
of measured values should be plotted as the test proceeds; mistakes can then be seen
immediately. Where a physical disturbance occurred or an obvious mistake was made,
the measurement should be rejected. If there is no evident reason why a doubtful result
should occur this result should be retained, but repeated if possible. Sometimes it
may be possible to repeat the measurement several times, then the doubtful value will
have only a small effect on the average value.

Corummtoremmkel To~

Constant or systematic errors may be due to: (a) the instrument; (b) the observer;
(c) the experimental conditions.

(@) The instrument

An instrument may read consistently high or low; the error involved is constant and

may be allowed for by calibration against a standard. This type of error is vividly

illustrated by comparing the scales of a number of rules made of different materials.

A difference of length over a few centimetres is often visible to the naked eye.
Constant errors are usually determinate, i.e. they may be allowed for, or a correction
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made. For example, a spring balance may read 0.1 kg when unloaded. This zero error
may be allowed for by subtracting 0.1 kg from all readings. Note, however, that it
is sometimes necessary to check whether an error is uniform along the scale or varies
with the reading. A complete calibration of an instrument involves checking every
major scale reading against an accurate standard.

We have to distinguish now between accuracy and precision. A precision instrument
will give consistent readings, perhaps to several significant figures, but will be accurate
only if calibrated. For example, a micrometer may be read more precisely, to
thousandths of a millimetre, by using a rotating drum and a vernier scale. However,
only if the screw is accurately made and the micrometer correctly calibrated can we
regard it as accurate.

A similar term used in connection with an instrument is its sensitivity, or change
in reading for a given change in a measured quantity, e.g. number of scale divisions
of a balance per kilogram. A spring balance having a large deflection for each newton
increase of force is said to be very sensitive. It will measure deflection very precisely
if supplied with a vernier scale, but will be accurate only if the scale is carefully marked,
calibrated and set.

When an instrument, e.g. a dial gauge, relies on gears or other mechanism having
friction or back-lash, readings should all be taken on an increasing scale or all on
a decreasing scale. A reversal of the mechanism should be avoided if possible. For
example, when measuring the load on a specimen in a testing machine by a movable
poise the latter should be moved continually in one direction and never reversed, at
least up to the maximum load. If by chance the poise overshoots, the investigator
should wait until the pull on the specimen has caught up with the measured load.

(b) The observer

Personal errors are due to the reaction or judgement of an observer. They are sometimes
constant, at least over a short period oftime. For example, two observers each operating
an accurate stop-clock will usually obtain a different time reading on receiving the
same signal. The delay in stopping the clock is personal to the observer and can be
taken into account. However, in starting and stopping the clock to obtain two
consecutive readings the delay errors, if the same, will cancel. It is usually advisable
that a given set of readings be all taken by the same observer. Note, however, that
the personal error may vary from day to day, or vary due to boredom and tiredness
in a long experiment.

(c) Experimental conditions
Accurate calibration of an instrument often depends on experimental conditions such
as the temperature and barometric pressure. For this reason, very accurate
measurements and the checking of standard gauges are usually made in a room designed
to remain at a constant temperature. When the instrument is used under conditions
different from that in which it was calibrated, a correction can often be made. For
example, the change in length of a metal scale is proportional to the change in
temperature.

Finally, an experiment is said to be accurately performed if it has small systematic
errors.
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AGeldental or random errors
If. measurement is repeated under similar conditions the values do not usually agree
exactly. There is a scatter in the results about a mean value due to the accidental or
random error.
A random error has the following properties: (a) a small error occurs more frequently
than a large error; (b) a result is just as likely to be too large as too small.
Random errors may occur due to the following:

. by an error of judgement; as when reading to 0.001 mm a micrometer scale
divided at 0.01 mm intervals, without the aid of a vernier

. unnoticed fluctuating conditions of temperature or pressure

. small disturbances

. lack of definition; for example, the diameter of a rod of wood cannot be stated
so precisely as that of a ground steel bar, even though the most accurate
micrometer be used

The effect of random errors on the result can be reduced by; (a) taking a mean
value of a set of readings of the same measurement; or (b) drawing a smooth curve
through a set of points on a graph. Graphical methods are considered in Section 21. 12.

An experiment which has small random errors is said to be performed precisely,
but not necessarily accurately.

Errors of calculation

For practical purposes the electronic calculator has largely eliminated errors of
calculation in comparison with the obsolete slide rule and tables of logarithms. Arising
from their speed and ease of use mistakes can easily be made with calculators. A rough
check should always be made by rounding up the figures involved, the calculation
should be repeated several times and the sequence of steps varied. Long calculations
should be broken down as much as possible and particular care should be taken where
mixed factors of numbers, squares, trigonometrical functions, etc., are involved.

21.4 Justifiable accuracy

In experimental work we must justify the accuracy of the results we give. For most
practical purposes, the use of a slide rule gives answers of a sufficient accuracy (to
two significant figures). However, if the measured data is accurate to, say, four
significant figures, the modern calculator gives the necessary accuracy but since a
result is usually given to a larger number of decimal places, it must always be rounded
up to the significant figure justified by the least accurate of the original data.

215 Possibleerrors

It is necessary to make an estimate of the possible error involved in a particular
measurement. For example, a stop-clock divided in | second intervals may involve
a possible error of about 0.5 s; a stop-watch reading to 0.2 s may have an error of
about 0.2 s. Similarly, a good micrometer having a scale divided into 0.001 mm
intervals may have an error of 0.0002 mm and a dial gauge, reading to 0.002 mm,
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may have an error of the same magnitude, possibly more, if not carefully calibrated.
A useful exercise is to check a commercial dial gauge against an accurate set of gauge
blocks.

21.6 Propagation of error, or derived error

An experimental result is often calculated from two or more measured quantities. An
error in each measured value results in an error in the derived (calculated) value.
For example, suppose an average speed v to be derived from measurements of distance
s and time ¢ by the formula:

If the time taken to travel 100 m is 20 s, the derived speed is 100/20 = 5 m/s. If,
however, the possible error in the time is +0.1 s, the derived speed would be 100/20.1
= 4.975 m/s, or 100/19.9 = 5.025 m/s, approximately.

Thus, if the time is 0.1 s too great, the speed will be recorded as 0.025 m/s too
low: and if the time is 0.1 s too short the speed will be recorded as 0.025 m/s too great.

21.7 Region of uncertainty

In the above example of a derived error, the (random) error in time ¢ could be either
positive (high), or negative (low), i.e.

At = x0.1s

Hence the error in velocity is more exactly expressed as:
Av = +0.025 m/s

(assuming error in s negligible). The result of the experiment is therefore stated as:
v =5 +£0.025 m/s

Thus v lies between 5.025 and 4.975 m/s, i.e. v has some value in the region of
uncertainty between these two values.
The magnitude of the term +0.025 indicates the reliability of the result.

21.8 Accepted value

If the value, v = 5 m/s is obtained by taking the average value of a number of tests,
it then represents the best estimate of the velocity and, subject therefore to the Judgement
and common sense of the experimenter, becomes the accepted value for that quantity.

21.9 Error derived from the sum of two quantities

Let a value z be derived from the sum of the measured quantities x and y. Thus

z=x+y
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If Ax and Ay are errors in x and ¥, the corresponding error Az in z is given by:
Z+ Az =(x+ Ax) + (v + Ay)

Subtracting these two equations gives:
Az = Ax + Ay

Hence the (absolute) error in z is the sum of the errors in x and y.

E.Tcample" .A 8auge block of thickness 10.00 mm has an error of +0.005 mm. It is combined
with a similar block of thickness 20.00 mm, which has a possible error of 0.0075 mm. Find
the possible error in the thickness.

SOLUTION
The total thickness of the combined gauge block is
10.00 + 20.00 = 30.00 mm
and the possible error in the thickness is therefore
+(0.005 + 0.0075)
= +0.0125 mm

Note. that the magnitudes of the errors have been added inside the bracket without regard to sign.
It is not so evident that if the values of two quantities are subtracted, the error is still the

sum of the errors (i.e. regions of uncertainty) of the two quantities. This is demonstrated in
the following example.

Example The initial temperature of a thermometer is 12 = 0.2 °C. The final temperature
is 48 + 0.4 °C. What is the possible error in the rise of temperature?

SOLUTION

The initial temperature lies between 11.8 and 12.2 °C and the final temperature lies between
47.6 and 48.4 °C, Fig. 21.1. Hence the rise in temperature lies between:

(a) greatest final value and least initial value
(b) least final value and greatest initial value

Therefore, rise in temperature lies between

48.4 — 11.8 = 36.6 °C

and 47.6 — 12.2 = 35.4 °C
thus mean rise = 366 + 354
2
=36 °C
Region of uncertainty = + _%‘Szi
= +0.6 °C
thus rise in temperature = 36 = 0.6 °C
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Fig. 21.1

The region of uncertainty could have been obtained immediately by adding the magnitude of
the two separate errors; thus:
error of rise = (0.2 + 0.4)
= 0.6 °C, as before

Note, however, that if the errors in the temperatures had been each of one sign only
(+ or —), the error in the difference or rise in temperature would be found by subtracting
the errors (due regard being paid to sign). Thus if

initial temperature = 12 + 0.2 °C
48 — 0.4 °C
then error in rise of temperature = —0.4 — (+0.2)
—0.6 °C

and final temperature

Finally it may be remarked that the production engineer will have recognized a
similarity between the ideas of limits and tolerances in practical gauging and the ideas
of errors and regions of uncertainty in experimental work.

21.10 Graphical methods
The object of drawing a graph may be one or more of the following:

. to show how one measured quantity varies with another (all other conditions
remaining unaltered), e.g. the variation of the extension of a spring with load
. to determine a physical constant from the slope of the graph, e.g. stiffness of
a spring
to eliminate or reduce the effect of random errors on the resuit
to derive a mathematical relationship between the measured quantities and hence
deduce a physical ‘law’

The types of graph which may be met with will be usually one of the following: (a)
straight-line graphs; (b) curves which may be reduced to a straight-line graph by a
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suitgble mathematical method; (c) empirical curves, whose shape is initially unknown
but is determined by using the experimental results alone.

21.11 The straight-line graph

The construction and use of a simple straight-line graph will be illustrated in the
following example.

Table 21.1

Load (N) 0 2 4 6 8 10 12 13 14 15 16
Extension x (mm) O 0.55 095 1.50 1.95 2.575 3.15 3.75 4.5 5.75 6.6

Table 21.1 gives the extension (x millimetres) of a spring for various values of the
load (W newtons). It is required to find a value for the stiffness of the spring.

In mathematics, it is customary to plot the independent variable horizontally, along
the base, and the dependent quantity is plotted on the vertical ordinate. Time is always

16

14 -

12 /

™~

Load W (N)
@
\

Extension x (mm)
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plotted horizontally. In this example, the extension x obviously depends on the load
W, which may have any independent value. Hence we should normally plot W along
the base and x along the vertical axis. However, it is conventional for engineers to
plot a load—extension diagram as in Fig. 21.2, i.e. with the extension plotted along
the base. As will be seen, this allows the spring stiffness to be obtained directly from
the slope of the graph.

Through the points plotted in Fig. 21.2 is drawn the best straight line such that
as many points lie on one side of the line as lie on the other. In this case, however,
it can be seen that above a load of about 12 N the points deviate in a regular manner
from a straight line. The spring has evidently been overloaded. If this curved portion
is of interest, a smooth curve is drawn through the experimental points so that any
scatter occurs evenly about the curve. The stiffness S of a spring is defined for an
elastic spring as the ratio

g = loaq _ w
extension x
This refers only to the portion of the load—extension graph which obeys Hooke’s
law, i.e. the straight-line portion.

Evidently each experimental point is in error by some amount (i.e. does not lie
on the straight line), hence the stiffness calculated from the values for each point would
be in error. The best result for the stiffness is therefore obtained from the gradient
of the straight line, and it should be noted that the line need not pass through the origin.

To obtain the most accurate value of the gradient, the results are re-plotted in Fig.
21.3 to a larger scale. The point A has been disregarded as it is doubtful whether
it lies on the straight or curved portion of the graph. The right-angled triangle abc
is completed and the stiffness calculated from the slope, thus:

W_be

S =—

x ac

_ 8N
1.975 (mm)

= 4.05 N/mm = 4.05 kN/m

Note that for accuracy points a and b should be as far apart as possible and on the
straight line.

Since the plotted points lie close to, and fairly on either side of, the straight line,
the error in the slope is probably small.

It may be remarked that if there had been appreciable scatter in the results, it would
have been insufficiently accurate to use only four or five points to determine the straight
line.

21.12 Equation to a straight line

If, for a set of values of a certain quantity x, there corresponds a single set of values
of another quantity y (such that when y is plotted against x a smooth curve is obtained),
then y is said to be a function of x. That is, there is a functional relationship between
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Fig. 21.3

y and x. If the graph of y against x is a straight line, there is said to be a linear
relationship between y and x.

It may be shown that the equation of a straight line is of the form
y=mx + c

where m is gradient be/ac of the line (Fig. 21.4) and c is the value of y at which
the straight line cuts the vertical axis.

In the special case when ¢ = 0, and the line passes through the origin, we have
y=m

Y
x

or = m, a constant

We now say that y is proportional to x, i.e. doubling the value of x will result in
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ol
x

Fig. 21.4

doubling the value of y. Note that this is only true when the straight line passes through
the origin.

21.13 Equations which may be reduced to a straight line
If theory suggests a possible relationship between x and y such that
y = ax’

where a and n are unknown constants, then this equation may be put into the form
of a straight line as follows: Taking logs of both sides of the equation

logy =nlogx + loga
or putting ¥ = log y, X = log x, and C = log a, then
Y=nX+2C

This is the equation of a straight line. Hence we plot Y against X to obtain the straight
line shown, Fig. 21.5. As before, the slope of the line is n and the intercept with
the Y axis is C. Hence a and n may be calculated.
Again suppose
y=ae¥*
where e = 2.7128. .. , then taking logs to base 10

logyg y = nx logyg e + logjp a
therefore Y =0.4343nx + C

where Y = log, y and C = log,o a. Hence a straight line is obtained by plotting
log,o y against x, Fig. 21.6. The gradient is now 0.4343n and the intercept is logyo a.
Note that the above method does not apply to curves of the form

y=mx"+ ¢
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Y =logy
Y = log,gy
A
o X = log x o) x
Fig. 21. ,
9. 21.5 Fig. 21.6

In this case the value of the ind

e
For example, if n = 2L then % 7 st tsually be known or guessed beforehand.

=M\/x+c
mX + C

I

iv:here X = +/x. This is the gquation of a straight line. Hence, if our choice n =
I(\:Iorretcr:, a graph of y against Vx will be 3 straight line, Fig. 21.7
ote that unless the equation connecting y and x is reduced to a straight line form

by some algebraic device. it j :
Ce, 1t 1s usually d ;
m n, a, eto, y difficult to obtain the value of the constants

L
2

o X = JX
Fig. 21.7

21.14 Choice of axes

When choosing the axes of a straight-

in mind: line graph, the following points should be borne
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1. Choose the scales so that the actual angle which the line makes with the axis
is approximately 45°.

2. The smallest scale division of the graph paper should correspond roughly with

the magnitude of the random error (scatter) of the plotted values.
3. The origin should generally be shown.

There is an important exception to this last point, however. For example, Table
21.2 gives corresponding values of two quantities x and y. These values are plotted
in Fig. 21.8. As shown, the points are too close together and the slope of a straight
line drawn through them cannot be determined accurately.

Table 21.2
X 6 6.5 7 7.5 8 8.5 9
y 4.10 4.25 4.38 4.54 4.66 4.80 4.96
37
5 -#/r
-
+
B*’

4 / A
y 3

2

1

00 2 4 6 3

Fig. 21.8 Incorrect graph

The values are re-plotted correctly in Fig. 21.9. As a warning, the words ‘false
zero’ are added at the intersection of the axes. This is often necessary since, when
comparing two graphs from different sources, the shape and position of each curve
is the first thing that strikes the eye and a misleading impression can be obtained.

To obtain the equation of the straight line from the graph of Fig. 21.9, the method
is as follows: Choose the points a, b on the line and read off the corresponding values
of x and y. Thus

4.2
5.0

ata, x = 6.35, y
and ath,x =9.17,y
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Since both pairs of values satisfy the equation of a straight line, y = mx + ¢, we
must have the pair of equations:

42 =635m + ¢
and 5.0 =9.17m + ¢

5.0 b
48 /

46 b absolute pressure 393

/ acceleration 1,66
14 +

angular 73
/ centripetal 103
4.4 + gravitational 2, 68, 86, 170
accelerometer 175
active force 87
4.2 /.

satellite 174
suspension 90
afterburner 237

4.0 airspeed 236
60 65 7.0 7.5 8.0 8.5 9.0 amplitude of sh.m. 135
False x angle of
zero attack 248
friction (repose) 38,42

Fig. 21.9 Correct graph twist 332

angular velocity 103
velocity-time graph 155
atmosphere 393
Solving for m and ¢, we obtain atmospheric pressure 393
auto-rotation 249
slope, m = 0.284, say, 0.28

balance of

and  intercept, ¢ = 2.40 ﬂférﬁ.s 1527
Owing to the ‘false zero’, this intercept c is not the value of y where the line cuts bagikrlcnrgftOf 256
the vertical axis. tracks - 110

bar (and multiples) 390
bending moment 342
diagram 344

pure 362

simple 362
Bernoulli's eguation 238, 410
boundary

friction 54

layer 415

brake (shaft) power 240
Brinell test 321
built-in beam 10
by-pass engine 236

cant 110

centre of pressure 248, 396
centrifugal force 105
centripetal force 104

characteristic gas
constant 238
equation 238
Charpy test 316
circular frequency of s.h.m.
coefficient of

adhesion 95
contraction 425
discharge 420, 424
drag 89

fluctuation of speed 208
friction 39

linear expansion 281
restitution 229
rolling resistance 55
compressible flow 237
conical pendulum 150
conservation of

energy 194, 410
linear momentum 216
creep 320

Index

critical speed (velocity) 107, 147,416

curvature, radius of 36

dead loads 3
density 391
deterministic structure 22
double shear 327
downforce 89
drag force 88, 174,248
ducted fan 236, 243
ductility 309, 314
dynamic
balance 119, 122
instability 107
pressure 88, 410

efficiency

joint 298

machine (mechanical) 201
plant 202

propellor 244

screw 56

elastic

bodies 222
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elastic - cont.
limit 306
modulus 274, 310
elastometers 324
elliptical orbit 173
elongation (test piece) 309
encastre beam 10
endurance limit 320
energy 187
equation of
continuity 238, 245, 410
motion 84
equilibriant 4
equilibrium
conditions 8
of forces 3, 8
errors of calculation 431
random 432
systematic 433
escape velocity 173
expansion, thermal 281

factor of safety 309, 388
fatigue 319

fibres 324

Firth Hardometer 323
flow-rate 238, 411
fluctuation of

energy 208
speed 208
flywheels 175, 207

force 1, 82, 85, 88
Formula 1 cars 89
free-body diagram 9
frequency of sh.m. 134

gas turbine 235

gauge

length 309

pressure 394

geostationary  orbit 172
geosynchronous  orbit 172
glass transition temperature 323
gravity

acceleration due to 12 66,68,86,
force 1, 83

specific 391

groundspeed 236

gyration, radius of 160
gyroscope 175

hardness 321
head
loss in friction 418
of water 395
pressure 395, 408
velocity 409
Hooke's Law 274, 315
hoop stress 295
hydraulic press 390
hydrostatics 389
hypersonic  speed 236

I (moment of inert
for circular secti

ia)
ons

for complete sections
for rectangular sections
formulae for rotors

impact
loads 217,292
tests 316
impulse 212, 217
angular 232
specific 266

160, 162
398
373

398

160, 163

incompressible  flow 237
indeterminate  structure

indicated airspeed
inelastic bodies 2
inertia 81

couple 162

236
24

force 86, 98, 105

moment of see |

22

International ~ Standard Atmosphere

1zod test 316

jet 235

energy 425, 259
power 425
propulsion 235
thrust 236
velocity 425

Kepler's Laws of Motion 171
kilowatt -hour 210

kinetic energy of 187

jet 425

rotation 195

translation 195

kinetic friction 38

laminar flow 415

Law of Conservation of Mass
laws of friction 38

lateral strain 287

lead of screw 55

lift

of aircraft 248

of vehicles 89

limit, elastic 306

limit of proportionality 396
limit -state 388

limiting friction 37

linear momentum 212
litre 391

load

concentrated 341

dead 3

impact 292

uniformly distributed 351
wind 24

load-extension  diagram 306

low-earth  orbiter

Mach
cone 238
number 236

173

239

(ISA)

239

malleability 313
manometer 394
mass |, 81, 85

method of

resolution or joints 31

sections 31
middle-third rule 382
modulus  of

elasticity 274

rigidity 332

Moh's scale of hardness 321
moment
of area 365
of inertia see |
of resistance 342, 366
second, of area 367

momentum

angular 233
conservation of 216
linear 212

necking 308

negative lift wings 90
neutral

axis 363

surface 363
newton (and multiples) 1
Newton's Law of
Gravitation 170, 175
Impact 229
Motion 81,236

offset stress 315
orbit 171
overhauling 58

parallel axes theorem 373
parallelogram  of forces 4
pascal 274, 390
passive

satellite 174
suspension 90
period of

orbit

s.h.m. 134

permanent set 307
piezometer tube 394
pin-joint 10

pitch of screw 55

plastic stage 307

plastics 323

Poisson's ratio 287
polar orbit 173

polar second moment of area 335
polygon of forces 5
polymers 323

potential energy 187, 408
power 200, 205, 269
pressure 389, 393
centre of 248, 396
dynamic 88, 410
energy 407

head 395, 408

Index

principle of moments 6
proof stress 314
propellant 262

prop fan 243
proportional  limit 306

radius of gyration 160
ramjet 235

reaction propulsion 235
reactive force 87
redundant frame 22
reheat pipe 183

relative
density 391
velocity 69
resilience 289, 316
resistance

moment of 342
rolling 37, 54, 88
track 88
resolution of forces 4,7
resonance 147
reverse thrust 243, 254
rocket
clusters 263
forces on 265
propulsion 173, 262
staging 263
Rockwell test 323

Scleroscope hardness test (Shore) 323
Scotch yoke mechanism 131

scratch hardness test 321

screw threads 55

secant modulus 399

second moment of

area 367

mass 160

shear force 341

strain 331

stress 327

shear-force  diagram 341

Sl units  xv, 1,2, 85

side thrust on rails 109

simple harmonic motion (s.h.m.) 130
simple support 347

single shear 327

sonic speed 236, 239

Space Shuttle 263

specific

gravity 39

impulse 266

modulus of elasticity 312
weight 391

speed 64

critical 107, 147,416

of sound 239, 336

stalling 248
spoilers 90, 254
spring constant (stiffness) 183
static

balance 121

friction 39
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Itadc - cont.

pressure 410

thrust 240

statically

determinate  structure 22
indeterminate  structure 22
steady flow 237, 410
stiffness of

frames 22

materials 275

shafts 336

springs 183

strain

direct 274

energy 191, 289

shear 331

temperature  (thermal) 281
strength

of beams 372

of joints 298

of shafts 336

shear 327
tensile 273
stress
axial (direct) 273
bending 362
hoop 295
shear 327

stress-strain  curve 310
streamline  flow 415

strut 22

subsonic speed 236
sunsynchronous  orbit 173
superelevation 109
superposition,  principle of 380
supersonic  speed 236

temperature strain 281
test piece, standard 311
therorem of parallel axes 373
thermoplastics 313, 315
thermosets 323

thrust of a

jet 235, 245

liquid 396

tie 22

torque 94, 182
torsional

rigidity 332

stiffness 336

toughness 316
track resistance 88
tractive effort 91
transonic speed 236
triangle of forces 3
troposphere 239
turbofan 235
turbojet 235
turboprop 235, 243
turbulence 237, 416

ultimate

shear stress 327

tensile stress 308

universal gravitational constant

variable force 88, 213
vectors 2,236

vectored thrust 235
velocity 66

angular 73, 103
diagram 69,75
image 74

triangle 74
velocity-time  graph 66
vena contracta 424

Venturi
meter 420
tunnel 90

Vicker's hardness test 323
viscosity 415

viscous friction 53
volumetric  strain 287

waisting 308

watt (and multiples) 200

‘Natt hour 201

weight  1,83,85

wind loads 24

windspeed 236

work 180
done by a torque 182
hardening 307
principle of 390

yield stress 307
Young's modulus 274, 310

170
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